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Neutrino evolution, of great importance in environments such as neutron star mergers (NSMs)
because of their impact on explosive nucleosynthesis, is still poorly understood due to the high
complexity and variety of possible flavor conversion mechanisms. In this study, we focus on so-
called "fast flavor oscillations", which can occur on timescales of nanoseconds and are connected
to the existence of a crossing between the angular distributions of electron (anti)neutrinos. Based
on the neutrino radiation field drawn from a three dimensional neutron star merger simulation, we
use an extension of the two-moment formalism of neutrino quantum kinetics, and perform a linear
stability analysis to determine the characteristics of fast flavor instabilities across the simulation.
We compare the results to local (centimeter-scale) three-dimensional two-flavor simulations using
either a moment method or a particle-in-cell architecture. We get generally good agreement in
the instability growth rate and typical instability lengthscale, although the imperfections of the
closure used in moment methods remain to be better understood.
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1. Moment neutrino evolution equations and linear stability analysis

A statistical ensemble of (anti)neutrinos is commonly described in cosmological and astrophys-
ical environments by (one-body reduced) density matrices (–)

𝜚(𝑡, r, p), which are Hermitian matrices
in flavor space. The diagonal components generalize classical distribution functions, while the
off-diagonal components account for flavor coherence. Our goal is to study neutrino evolution
using angular moments. The first three moments (number density, flux and pressure) are defined
by: ©­­«
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The evolution of (–)
𝜚 is dictated by the Quantum Kinetic Equations (QKEs) [1–3], which we can rewrite

in terms of the angular moments (1). For this study, we consider mono-energetic neutrinos, neglect
collisions and restrict the Hamiltonian governing flavor transformation to the self-interaction mean-
field part, which is responsible for fast flavor instabilities (FFIs) when an electron lepton number
crossing is present [4]. Under these assumptions, the moment QKEs read:

i
(
𝜕𝑡𝑁 + 𝜕 𝑗𝐹

𝑗
)
=
√

2𝐺𝐹

[
𝑁 − 𝑁

∗
, 𝑁

]
−
√

2𝐺𝐹

[
(𝐹 − 𝐹

∗) 𝑗 , 𝐹 𝑗
]
, (2)

i
(
𝜕𝑡𝐹

𝑖 + 𝜕 𝑗𝑃
𝑖 𝑗
)
=
√

2𝐺𝐹

[
𝑁 − 𝑁

∗
, 𝐹𝑖

]
−
√

2𝐺𝐹

[
(𝐹 − 𝐹

∗) 𝑗 , 𝑃𝑖 𝑗
]
, (3)

with similar equations for antineutrinos. These are only the first two equations of an infinite
hierarchy, that we truncate thanks to a closure relation 𝑃𝑖 𝑗 (𝑁,F). For consistency with the NSM
simulation we are studying, we use a semi-classical generalization of the maximum entropy closure
(MEC) — see [5, 6] for details. In the following, we restrict to two-flavor oscillations between the
𝑒 flavor and the 𝑥 flavor (heavy lepton flavor neutrinos).

Linear stability analysis (LSA) In order to determine if Eqs. (2)–(3) lead to a flavor conversion
instability, we add flavor off-diagonal sinusoidal perturbations to the moments, such that:

𝑁 =

(
𝑁𝑒𝑒 𝐴𝑒𝑥𝑒

−i(Ω𝑡−k·r)

𝐴𝑥𝑒𝑒
−i(Ω𝑡−k·r) 𝑁𝑥𝑥

)
, 𝐹 𝑗 =

(
𝐹

𝑗
𝑒𝑒 𝐵

𝑗
𝑒𝑥𝑒

−i(Ω𝑡−k·r)

𝐵
𝑗
𝑥𝑒𝑒

−i(Ω𝑡−k·r) 𝐹
𝑗
𝑥𝑥

)
. (4)

At first order in the perturbations, the linearized equations (2)–(3) read (𝑆k + ΩI) · 𝑄 = 0, with
𝑄 = (𝐴𝑒𝑥 , 𝐵

x
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𝑥𝑒) the vector of perturbations (see details in [6]). We

call 𝑆k, which depends on the wavevector k considered, the “stability matrix”. Non-zero solutions
for 𝑄 are obtained by numerically solving det (𝑆k +ΩI) = 0, which has eight solutions for Ω(k), of
which the eigenmode with the largest value of Im(Ω) will dominate. We scan for all values of k,
such that, for a given set of classical moments, the fastest growing mode is:

Im(Ω)max ≡ max
k

{
Im [Ω(k)]

}
corresponding to a wavevector kmax . (5)

2. Search for fast flavor instabilities in a neutron star merger

We apply our linear stability analysis on the results of the classical general relativistic two-
moment radiation hydrodynamics simulation of the merger of two 1.2 𝑀⊙ neutron stars from [7].
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This simulation provides the set of classical moments (
(—)
𝑁𝑒𝑒,

(—)
𝑁 𝑥𝑥 ,

(—)
F𝑒𝑒,

(—)
F𝑥𝑥) for each point in a box

of size (136 km×136 km×68 km). We focus on the results from a snapshot taken 5 ms post-merger.
The snapshot we study and the results from LSA across the simulation are represented Fig. 1.

We identify a “structure” of FFI, with generally smaller growth rates as we go further away from
the remnant (which is expected since the neutrino density decreases).

Figure 1: Left: 3D volume rendering of the matter density in the snapshot taken 5 ms post-merger in the
simulation [7]. Right: volume rendering of the FFI growth rate predicted with moment-LSA. Three colored
contours are centered respectively around the growth rate values 7 × 109 s−1, 2 × 1010 s−1, and 7 × 1010 s−1.

We show in Fig. 2 the predicted characteristics of FFI on a slice of the simulation, taken
at constant 𝑋 ≃ 6 km (other slices are presented in [6]). These confirm the smallness of time-
(∼ 0.1 ns) and length- (∼ cm) scales of FFI in a NSM, which shows the challenge an inclusion of
FFI in a large-scale hydrodynamics simulation represents. In addition, we compare the unstable
regions found from LSA with the known criterion of existence of an electron lepton number (ELN)
crossing. The regions where such a crossing exists can be determined for the MEC following [8, 9].
These regions are superimposed in light blue on the left panel of Fig. 2. There is generally an
excellent agreement, which is a success since the moment method only has access to a very limited
angular information. We attribute the differences to the imperfections of our closure [6].

Figure 2: Predictions from moment LSA for the slice {𝑋 = 6 km}. Left: instability growth rate and regions
where an ELN crossing is predicted (light blue areas). Right: wavenumber of the fastest growing mode.
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Quantitative comparison In order to assess the quality of our LSA, we compare its predictions
with full non-linear numerical simulations of the QKEs, based either on a moment method (FLASH)
or a particle-in-cell multi-angle architecture (Emu). Results are shown in Table 1 for the “NSM 1”
point located at (𝑋 ≃ 20 km, 𝑌 = 0 km, 𝑍 ≃ 20 km) and studied in [5, 10]. The overall agreement is
satisfying ; the remaining differences can be attributed to the details of the moment implementation
in FLASH, and the limitations of the maximum entropy closure that is used throughout moment
calculations, but only to set the initial conditions in Emu.

LSA FLASH Emu

Im(Ω)max (1010 s−1) 7.25 8.1 5.6
𝑘max (cm−1) 5.68 6.4(4) 4.8(4)

Table 1: Linear stability analysis [6] and simulation [5, 10] results for the “NSM 1” point of the simulation.

Conclusion

A two-moment method with closure offers a more computationally efficient way to study FFI
compared to multi-angle calculations, and LSA allows us to predict the overall characteristics
with good accuracy. There are some clear shortcomings, most of them due to the imperfection
of the closure relation [6], but the flexibility and time-efficiency of LSA will allow for a more
comprehensive study and assessment of better closure prescriptions in the future.

Using moments is an important improvement of our description of neutrino evolution in neutron
star mergers, as it connects directly to the quantities used in classical simulations. Along with its
intrinsic reduced computation time, these features open a new path towards the in situ inclusion of
neutrino flavor transformation in large-scale simulations. To this end, future research will need to
tackle the design of a proper quantum closure, and include other flavor conversion mechanisms [11],
such as “slow” modes, matter-neutrino resonances, collisional instabilities...
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