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Low-energy nuclear recoils induced by elastic neutrino nuclear coherent scattering with nuclei
in pure materials have become an important topic of research, in particle physics. We present
a detailed model to compute the ionization efficiency for nuclear recoils in silicon (quenching
factor) based on original integral equation, which is capable of describing recent measurements at
low-energy. We take as case example a silicon based reactor antineutrino experiment and compare
the effect of this quenching factor in the calculation of the CE𝜈NS rate with that of other curves
that have been previously used. We are going to discuss the universal applicability of this model
to other materials, such as noble liquid TPCs, which in recent years have become relevant for
neutrino low energy CENS searches. Finally, a general discussion of the different effects that
directly account for the conversion of nuclear recoil energy (eVnr) into electron equivalent energy
(eVee) in ionization detectors.
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1. Introduction

Coherent elastic neutrino-nucleus scattering (CE𝜈NS) is a Standard Model prediction [1] that was
observed by the COHERENT collaboration using the neutrinos produced by the Neutron Spallation
source at Oak Ridge National Laboratory first, using CsI[Na] ionizaton detectors [2] and later, in
an independent way, with a liquid argon (LAr) detector [3]. Signals from CE𝜈NS-induced nuclear
recoils have eluded promising reactor neutrino experiments based in semiconductor ionization de-
tectors like CONNIE [4] and CONUS [5], because of high backgrounds near the threshold (50-100
eV), and the fact that a large fraction of the deposited energy does not find its way to ionization
electrons due to quenching effects. Similarly, dark matter (DM) interactions in direct detection
experiments are expected to produce low nuclear recoil energy depositions (< 1keVnr) in ionization
detectors [6]. In general, for ionization experiments specialized in rare events detections, it is
crucial to know the nuclear recoil ionization efficiency in order to properly reconstruct the energy
of such events.

The visible energy signal in a pure ionization detector is directly related to the energy used to
liberate free electrons. Considering the situation where a neutral particle produces an initial nuclear
recoil that kicks-off an atom from its site in the detector sensitive material, we define the ionization
efficiency (quenching factor) as the ratio of the electronic energy 𝐸𝑒𝑒 to the total recoil energy 𝐸𝑅.
Lindhard et al.[7] proposed to divide the recoil energy in two parts, the energy given to electrons
𝐸𝑒𝑒 and the energy that goes to nuclear collisions 𝐸𝑛, and derived a general integral equation for
studying this partitioning. His famous formula 1 for ionization efficiency that formally takes into
account only effects of nuclear collisions and electronic excitation at energies above ≈ 50 keV,
describes the data in this regime, e.g, for Ge and Si [8].

In recent CE𝜈NS and direct DM searches the energy threshold is below the interval where Lindhard’s
formula is valid, and a reformulation of the theory is needed. At first, the most important addition
to Lindhard theory to describe low energy measurements is to include the effect of atomic binding
energy [8]. In this work, we expand the study to understand ionization efficiency at low energies [9],
incorporating a variable binding energy model and a semi-classical model for electronic stopping
valid for light elements.

2. Integro-Differential Equation For Pure Element (crystal) Ionization Detectors

As in Lindhard’s theory [7], we assume that 𝐸𝑅, the total energy deposited in the material by the
incoming particle, can be written as the sum of the total energy given to electrons 𝐸𝑒𝑒 and the
total energy given to atomic motion 𝐸𝑛, so that 𝐸𝑅 = 𝐸𝑒𝑒 + 𝐸𝑛. We can divide 𝐸𝑒𝑒 (𝐸𝑛) in to
electrons (nucleus) kinetic energy 𝐸0

𝑒𝑒 (𝐸0
𝑛) plus the electron (nuclei) binding energy𝑈𝑒 (𝑈𝑛), that is:

𝐸𝑒𝑒 = 𝐸𝑒𝑒0+𝑈𝑒 and 𝐸𝑛 = 𝐸0
𝑛+𝑈𝑛. By defining the total binding energy𝑈 = 𝑈𝑒+𝑈𝑛 we can deduce

the relation 𝐸𝑅 = 𝐸 +𝑈 where 𝐸 is the kinetic energy of the moving atom. For binary collisions, it
is convenient to use the Ziegler scaling length 𝑍 = 𝑍0.23

1 +𝑍0.23
2 [10], where 𝑍1 and 𝑍2 are the atomic

numbers of the incident ion and the target atom, respectively, 𝑎 = 0.8853𝑎0/𝑍 , and the Bohr radius

1 𝑓𝑛 = 𝑘𝑔(𝜀)/(1 + 𝑘𝑔(𝜀)), 𝑔(𝜀) = 𝜀 + 3𝜀0.15 + 6𝜀0.7, with 𝜀 = 11.5𝐸/keV and 𝑘 = 0.133𝑍2/3/𝐴1/2
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𝑎0, to define 𝜀 = Q𝐸 , 𝜂 = Q𝐸𝑒𝑒, 𝜈 = Q𝐸𝑛 and 𝑢 = Q𝑈 with Q = 𝑎/2𝑒2𝑍1𝑍2 = 16.2616/𝑍𝑍1𝑍2
keV−1. We also assume that the energies averaged over many cascades initiated by a moving atom
with kinetic energy 𝜀, satisfy 𝜀𝑅 = 𝜂(𝜀) + 𝜈̄(𝜀). The ionization efficiency for nuclear recoils
𝜀𝑅 = 𝜀 + 𝑢, is given by

𝑓𝑛 =
𝜂(𝜀)
𝜀𝑅

=
(𝜀 + 𝑢 − 𝜈̄(𝜀))

(𝜀 + 𝑢) . (1)

From the general integral equation for 𝜈̄ [7] we can derive an integro-differential equation using
the following approximations [9]: 1) electrons not contribute to atomic motion, 2) 𝐸0

𝑒𝑒 and 𝐸0
𝑛

are small compared to 𝐸 and 3) nuclear and electronic interactions are separable. It is also
necessary to define the electronic stopping power 𝑆𝑒 = 𝑁−1

𝑒 (𝑑𝐸/𝑑𝑅)𝑒 =
∫
𝑑𝜎𝑒 (Σ𝑖𝑇𝑒𝑖), where 𝑁𝑒

is the electron number density and 𝑅 is the distance traveled by the projectile, and the electronic
straggling Ω2 = ⟨(Δ𝐸 − ⟨Δ𝐸⟩)2⟩. In terms of the reduced quantities 𝜀 and 𝜌 = 𝜋𝑎2𝑁𝑒𝑅, we can
write 𝑆𝑒 (𝜀, 𝑃,Λ, 𝑉 (𝑥)) = 𝑑𝜀/𝑑𝜌 and 𝑊 (𝜀, 𝑃,Λ, 𝑉 (𝑥)) = 𝑑𝜔2/𝑑𝜌, with 𝜔2 = (QΩ)2

2. Here, 𝑃
is the average impact parameter, Λ the inter-atomic separation and 𝑉 (𝑥) the inter-atomic potential
for two atoms in the media [10, 11] . These terms appear in the approximations required to expand
the Lindhard integral equation up to second order [9]. According to the above considerations, we
derive the following integro-differential equation that incorporate straggling:

−1
2
𝜀𝑆𝑒 (𝜀)

(
1 + 𝑊 (𝜀)

𝑆𝑒 (𝜀)𝜀

)
𝜈̄′′(𝜀) + 𝑆𝑒 (𝜀) 𝜈̄′(𝜀) =∫ 𝜀2

𝜀𝑢(𝜀)
𝑑𝑡

𝑓
(
𝑡1/2)

2𝑡3/2 × [𝜈̄(𝜀 − 𝑡/𝜀) + 𝜈̄(𝑡/𝜀 − 𝑢(𝜀)) − 𝜈̄(𝜀)],
(2)

where 𝑢(𝜀) is the binding energy and 𝑡 = 𝜀2 sin2(𝜃/2), with 𝜃 the scattering angle in the center
of mass frame. Here, 𝑓 (𝑡1/2) is related to the nuclear differential cross section in the Lindhard-
Scharff-Schiott (LSS) [12] approximation: 𝑑𝜎𝑛 = 𝜋𝑎2𝑑𝑡 𝑓 (𝑡1/2)/2𝑡3/2 [7]. Eq. (2) can be solved
with an appropriate parametrization for 𝜈̄, by applying a shooting method, for details [8, 9]. what
is described here implies that the ionization efficiency 𝑓𝑛 is a problem of many variables that
depends at least, on nuclear stopping, electronic straggling, electronic stopping power, average
impact parameter of the collisions, interatomic distance and the interaction between two atoms.
Most of these variables are not considered in Lindhad’s formula or in a data fit.

2.1 Binding Energy

When atomic collisions are active in the medium a fraction of the energy transferred to ions is used
to excite atomic inner degrees of freedom (𝑈𝑒) and to remove atoms from their sites in the lattice
(𝑈𝑛). To model 𝑈𝑒 we assume the semi-classical approach of Thomas-Fermi theory, where the
effective electron atomic binding is a continuous function of distance from nuclei. By means of
the semi-classical model, 𝑈𝑒 may be given in terms of the minimum approach distance 𝑥0 in the
binary collision, defined by the equation 𝐸 = 𝑉 (𝑥0), since we are neglecting any electron tunneling
or resonance effects beyond this distance. Thus,

𝑈𝑒 (𝐸, 𝜉𝑒) = 𝑈0

∫ ∞

𝑥0

𝑑𝑦 𝜙5/2(𝑦, 𝜉𝑒)/𝑦1/2, (3)

2Here we assume the approximation that electronic and nuclear straggling are equal
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where 𝜙 is the screening function of the interatomic potential𝑉 (𝑥),𝑈0 = (12.02/𝜉2/3
𝑒 )𝑍†

1𝑍 eV, with
𝑍† denoting the effective number of electrons in the atom and 𝜉𝑒 the scaling length, both defined in
[9]. The binding energy 𝑈𝑛 can be associated with the energy required to remove the atom from its
site in the lattice,𝑈𝐹 , creating a Frenkel-pair (FP) [13]. This energy is independent of the incoming
atom energy and is specified for each media, e.g. in Si 𝑈𝐹 = 23.6+15.2

−12.1 eV. We want to remark that
at higher energies 𝑈𝑛 is dominated by electron binding energy 𝑈𝑒, that in this limit is of the order
≈ 500 eV and when atom incoming energy is of the order of 𝑈𝐹 the situation is reversed 𝑈𝑒 ≪ 𝑈𝑛.

2.2 Electronic Stopping power

For ions moving freely in a pure crystal medium, collisions with outer atomic electrons activate
multiple inner electronic transitions or excitations, witch contribute to electron momentum transfer
that defines electronic stopping. For ion energies above ≈ (10)𝑍7/3

1 eV and lower than ≈ (105)𝑍2/3
1

eV the electronic stopping power can be modeled as a function proportional to velocity[14]. For
lower energies, the effects of Coulomb repulsion [15] between ions reduce the effective electron
density and excited levels available for electrons, dimming the electronic stopping power which is
not longer proportional to the velocity. For high energies Bohr stripping effect[16] and Z-oscillations
in ions [17] generate a modulation of electronic stopping power that provides better description
of the available data for Si, see Fig. 1. These effects are described by the general expression
𝑆𝑒 = 𝜉𝑒8𝜋𝑁𝑒2𝑎0

𝑍
†
1 𝑍

†
2

𝑍3

(
𝑣
𝑣0

)
𝜏(𝐸, 𝑍1

𝑍2
), where 𝑣0 and 𝑎0 are the Bohr velocity and Bohr radius,

respectively 𝜏 is a correction factor at low velocities, 𝑍†
1,2 are the effective number of electrons,

and 𝑁 is the atomic bulk density. The 𝜏 function depends on the minimal approach distance, the
inter-atomic potential, and the energy [9], while 𝑍

†
1,2 depends on electron Fermi energy [9]. In this

work, we use three different models for 𝑆𝑒: Tilinin [18], based on kinetic theory and semi-classical
analysis momentum transfer cross section, Kishinevsky [19], which considers non uniform velocity
at collision, and Arista [20], with uses the dielectric function. The result obtained by solving Eq.
(2) and applying Eq. (1) for Si is shown in Fig. 1. Let us notice that these approach is valid for low
atomic number media (𝑍 ≤ 20), since semi-classical picture breaks down at nuclear recoil energies
above ≈ 100 eV for heavier targets, underestimating 𝑓𝑛 at low energies. Thus, a formal quantum
approach has to be used for this case.

3. Liquid Argon and Xenon

Here we present a preliminary analysis to compute the total quanta, excitations and ionizations, for
noble liquid time-projection chambers (TPC) detectors, based on a constant binding energy model
and the Lindhard stopping power (𝑆𝑒 = 𝑘𝜀1/2) [8, 21]. The main signals (quanta) produced in
this detectors are photons 𝑛𝛾 and electrons 𝑛𝑒, where these are generated by ionizations 𝑁𝑖 and
excitations 𝑁𝑒𝑥 coming from the recoil atoms in the medium, where usually it is assumed that each
atomic ionization gives one electron and each excitation produce a single photon, 𝑁𝑖+𝑁𝑒𝑥 = 𝑛𝑒+𝑛𝛾 ,
unless it recombines [22] . In noble liquids ionization detectors some ionizations are quenched
by intermediate states of the atoms, producing a recombination that convert some fraction 𝑟 of
ionizations to photons, this can be modeled as 𝑛𝛾 = 𝑁𝑒𝑥 +𝑟𝑁𝑖 , from this we can derive for electrons,
𝑛𝑒 = (1− 𝑟)𝑁𝑖 . Furthermore for electrons and photons we also consider the following assumptions:

4
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total energy given to electrons is 𝜂 = 𝑓𝑛𝜀𝑅, the ratio among excitations and ionizations, 𝛽 = 𝑁𝑒𝑥/𝑁𝑖

doesn’t depend on the recoil energy, and recombination is given by Thomas-Imel box model [23].
Accordingly, 𝑁 = 𝑁𝑒𝑥 + 𝑁𝑖 = 𝑛𝑒 + 𝑛𝛾 = 𝑁𝑖 (1 + 𝛽), and 𝜂 = 𝑤𝑖𝑁𝑖 , where 𝑤𝑖 = Q𝑊𝑖 is the mean
energy to produce an ionization in the medium e.g. LAr, 𝑊𝑖 = 23.6 ± 0.4 eV [24]. Then by
Thomas-Imel box model the recombination fraction of ions is 𝑟 = 1− 1

𝜉
ln (1 + 𝜉), where 𝜉 = 𝐶0𝑁𝑖

and 𝐶0 is a constant obtained from data. Results of this study can be seen in Ref. [21], where the
values of 𝛽, 𝐶0, 𝑘 , 𝑈, and 𝑊𝑖 were obtained from a chi-square fit to available measurements up
to nuclear recoil energies of 100 keV. Quite good results are obtained for both, LAr and LXe, in
particular for energies below 10 keV. A discrepancy at higher energy is associated with the fact that
Bohr stripping effects were not taken in to account. For light yield we incorporate the quenching
Penning effect by means of the model described in [25] that required an extra free parameter 𝜂′.

4. Conclusions

We present a study of the ionization efficiency based on the Lindhard integral equation for pure
ionization media. The modeling of the electronic stopping power was improved for media with
atomic number 𝑍 ≤ 20 considering Coulomb repulsion effects, electronic straggling, and Bohr
stripping criteria. Se also define the physical parameters needed to compute ionization efficiency,
in order to call the attention of the community for future works. In the case of silicon there is a
good agreement with measurements from nuclear recoils from 3 MeV to 500 eV. Lower energies
measurements [26] could indicate that quantum corrections for electronic stopping power and
straggling may be needed. In plots of figure 3 from [21], is shown the light and charge yield as
a function of 𝑓𝑛, where in the low energy regime our model predict lower values of 𝑓𝑛 than the
Lindhard model (see plots of 𝑓𝑛, light and charge as a function of recoil energy [21]). This was
already observed in Xe for 𝐸𝑅 < 1 keV and expected for Ar, where future studies and measurements
are needed.
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Figure 1: (left) Ionization efficiency for Si according to Eq. (2) and data from [9] and [26], (right) electronic
stopping power ( Arista ) and measurements from [9], the red curve is the electronic stopping that best fits 𝑓𝑛

data. Analytical expressions for the central curve and the bands are shown in supplemental material.
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