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‘We summarize our recent construction [ 1-3] of new fuzzy hyperspheres S X of arbitrary dimension
d € N covariant under the full orthogonal group O(D), D = d+1. We impose a suitable energy
cutoff on a quantum particle in R” subject to a confining potential well V(r) with a very sharp
minimum on the sphere of radius » = 1; the cutoff and the depth of the well diverge with
A € N. Consequently, the commutators of the Cartesian coordinates X' are proportional to the
angular momentum components L;;, as in Snyder’s noncommutative spaces. The X' generate
the whole algebra of observables A, and thus the whole Hilbert space H, when applied to
any state. H, carries a reducible representation of O (D) isomorphic to the space of harmonic
homogeneous polynomials of degree A in the Cartesian coordinates of (commutative) RP*!; the
latter carries an irreducible representation p of O(D+1) > O(D). Moreover, Ay is isomorphic
to o (Uso(D+1)). We identify the subspace Cn € A spanned by fuzzy spherical harmonics.
We interpret {Ha}aen, {Ca}aen as fuzzy deformations of the space Hy = L2(S%) of square
integrable functions and the space C(S?) of continuous functions on S¢ respectively, {Ax } e
as fuzzy deformation of the associated algebra A of observables, because they resp. go to
Hy, C(S9), As as A diverges (with fixed 7). With suitable 7 = A(A) Aoy 0, in the same limit
Ap goes to the (algebra of functions on the) Poisson manifold T*S4: more formally, {AAren
yields a fuzzy quantization of a coadjoint orbit of O(D+1) that goes to the classical phase space
T*S?. These models might be useful in quantum field theory, quantum gravity or condensed

matter physics.
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General O(D)-equivariant fuzzy hyperspheres Gaetano Fiore

1. Introduction and preliminaries

In the past decades noncommutative space(time) algebras have been introduced and studied
as fundamental or effective arenas for regularizing ultraviolet (UV) divergences in quantum field
theory (QFT) (seee.g. [4]), reconciling Quantum Mechanics and General Relativity in a satisfactory
Quantum Gravity (QG) theory (see e.g. [5]), unifying fundamental interactions (see e.g. [6, 7]).
Noncommutative Geometry (NCG) [8-11], i.e. differential geometry on noncommutative spaces,
has become a sophisticated machinery. In particular, fuzzy (noncommutative) spaces have raised
a big interest as a non-perturbative technique in QFT based on a finite discretization alternative
to the lattice ones. A fuzzy space is a sequence {A},en of finite-dimensional algebras such that
An = A =algebra of regular functions on an ordinary manifold, with dim(A,,) % .
Contrary to lattices, A, can carry representations of Lie, beside discrete, groups. Fuzzy spaces can
be used also to discretize internal (e.g. gauge) degrees of freedom (see e.g. [12]), or as a new tool
in string and D-brane theories (see e.g. [13, 14]). In the seminal Madore-Hoppe Fuzzy Sphere (FS)
of dimension d = 2 [15, 16] A,, ~ M,(C). A, is generated by coordinates x’ (i = 1,2, 3) fulfilling

[xi, x/] = vj—jjsijkxk, r?=xixt =1, neN\{l}; D
these are related viax? = 2L;/Vn2—1 to the standard basis {L; }f’: , 0f s0(3) in the unitary irreducible
representation (irrep) (7!, V1) of dimension n = 2[+1 [i.e. V! is the eigenspace of the Casimir
L? = L;L; with eigenvalue /(I + 1)]. Fuzzy spheres S¢ of dimension d = 4 and any d > 3 were
introduced resp. in [17], [18]; other versions of d = 3,4 or d > 3 in [19-22]. Unfortunately, while
for the d = 2 FS [15, 16] A, admits a basis of spherical harmonics, for the d > 2 fuzzy S¢ a product
of spherical harmonics is not a combination thereof, but an element in a larger algebra A,,.

The Hilbert space of a (zero-spin) quantum particle on configuration space S¢ and the space
of continuous functions on S¢ carry a (same) reducible representation of O(D), D = d+1; they
decompose into carrier spaces of irreducible representations (irreps) as follows

20¢dy o oyl o d
L5~ P, Vb = c(sh, @)
where Vll) is an eigenspace of the quadratic Casimir L? with eigenvalue
E; =1(I+D-2) 3)

(V3Z = V!); C(S?) acts an algebra of bounded operators on £?(S¢). On the contrary, each of
the mentioned fuzzy hyperspheres is based on a sequence parametrized by n either of irreps of
Spin(D) (so that r? oc L? is 1) [15-20], or of direct sums of small bunches of such irreps [21, 22].
In either case, even excluding the n’s for which the associated representation of O(D) is only
projective, the carrier space does not go to (2) as n — oo; hence, interpreting these fuzzy spheres as
fuzzy configuration spaces S¢ (and the x’ as spatial coordinates) becomes questionable. Moreover,
relations (1) for the Madore-Hoppe FS are equivariant under SO(3), but not under the whole
0(3), e.g. not under parity x' — —x’. These difficulties are overcome by our recent fully O(D)-
equivariant fuzzy quantizations [1, 3] S;‘( of spheres S¢ of arbitrary dimension d = D—1 € N
(thought as configuration spaces) and of 7*S¢ (thought as phase spaces), which we summarize here
(the cases d = 1, 2 had been treated in [2, 23]); in particular, we recover (2) as A — co.
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Our fuzzy quantization uses: 1. the projection of a quantum theory 7~ on R” below an energy
cutoff: 2. a dimensional reduction induced by a confining potential on S¢ ¢ RP. One can apply
it to quantize also other submanifolds M c R”. Given a generic quantum theory 7~ with Hilbert
space H, algebra of observables on H (or with a domain dense in H) A = Lin(H), Hamiltonian
H € A, for any subspace HcH preserved by H let P : H s H be the associated projector and

A=Lin(H) = {A=PAP | A€ A}.

By construction H = PH = HP. The projected Hilbert space H, algebra of observables A and
Hamiltonian H provide a new quantum theory 7~ [24]; we will ascribe the observable A the same
physical meaning of A in 7". If H, H are invariant under some group G, then P, A, H,7 will be
as well. The relations among the generators of A differ from those among the generators of A. In
particular, if 7~ is based on commuting coordinates x' (commutative space) this will be in general
no longer true for 7: [x',X/] # 0, and we have generated a quantum theory on a NC space. In
particular, if H c H is characterized by energies E < E below a certain cutoff E, then 7 is a
low-energy approximation of 7~ preserved by the dynamical evolution ruled by H. 7 may be used
as an effective theory for E < E, or may even help to figure out a new theory 7~ valid for all E if
at E > E physics is not accounted for by 7. If 7~ describes an ordinary (for simplicity, zero-spin)
quantum particle in the Euclidean (configuration) space R?, then H = L2(RY). If H = T+V,
with kinetic energy T and a confining potential V (x), then the classical region Bz in phase space
fulfilling H(x, p) < E and the one vg C RP in configuration space fulfilling V < E are bounded
at least for sufficiently small E, and the dimension dim(H) ~ Vol(8Bg)/hP of H is finite. In the
sequel we rescale x, p, H, V so that they are dimensionless and, denoting by A the Laplacian in R,

H=-A+V. 4)

We choose a sequence of pairs (V, E) satisfying the following requirements. V = V(r) has a very
sharp minimum, parametrized by a very large k = V"’(1) /4, on the sphere S¢ ¢ R? of radius r = 1;
we fix V = V(1) so that the ground state ¢ has zero energy, Ey = 0. We choose E fulfilling first of
all the condition V(r) =~ Vo+2k(r—1)? in v, so that we can approximate vz by the spherical shell

E-V,
2k

to zero, then in this limit v — §4, dim(H) — oo, and we recover quantum mechanics on s4.

lr—1] < and the potential by a harmonic one. If E—V, and k diverge, while their ratio goes

Letx=(xL..xP ) be Cartesian coordinates of RP, r2=xixi, 9;=0/0x"; A=0;0; decomposes as
A=8? + (D-1)r7'9, — r2L?, (5)

where 8, =9/0r and L> = L; jL;j/2 is the square angular momentum (in normalized units), i.e.

the quadratic Casimir of Uso(D) and the Laplacian on the sphere S¢, the angular momentum
components L;; =i (x/0; —x'0 ;) are vector fields tangent to all spheres r = const satisfying

[Lij, Lnk] =i (LjkOni + Linbicj — Ljndii — LikSnj) [Lij,S] =0, (6)

[iLij’ Vh] — vié? _ Vjé?, gi1i2i3....i1)xi1 Li2i3 =0, (7)

where S is any scalar and v"* are the components of any vector depending on x”, dj,, in particular

v = x" 8. The Ansatz ¢ = f(r)Y;(0), with f(r) = r~%?g(r) and Y; eVlD an Ej-eigenfunction
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of L?, transforms the Schrodinger PDE Hy = Ey into the Fuchsian ODE in the unknown g(r)

2_ _
—g"(r) + |V (r) + Z2283HED2) 12 o) = Eg(r) (8)

(by similar product Ansétze one can reduce numerous different PDEs to ODEs, see e.g. [25]).
Requiring lim, o+ 72V (r) > 0, £(0) = 0, we make H self-adjoint. As V(r) is very large outside
v, there g, f, ¥ are negligibly small, and the lowest eigenvalues E are at leading order those of the
1-dimensional harmonic oscillator approximation [3] of (8)

—g"(r) +g(r)k; (r —=7)* = E1g(r), )

obtained neglecting terms O ((r—1)?) in the Taylor expansions of 1/r2,V(r) about r=1. Here

~ _ b(1,D) =~ _ 2b(1,D) [k+b(1,D)]
n=l+apme E1=E-V =50 pm%
_ _ D?*—4D+3+41(1+D-2)
k; =2k +3b(1,D), b(l,D)= - :
The square-integrable solutions of (9) g, () lead to
Fut () = My 72 VBT, (=7 Yls) - withn € No; (10)

here M, ; are normalization constants and H,, are the Hermite polynomials. The corresponding

‘eigenvalues’ in (9) E,,; = (2n+ 1)vk; lead to energies E,, ; = (2n+ 1)vk; + Vo + %.

As said, we fix Vj requiring that the lowest one Ey o be zero; this implies Vo = —V2k — b(0,D) —
SI;L\/%W + O(k‘l/ 2), and the expansions of E,, ; and 7; at leading order in k become

Eny=1(1+D=2)+2n\V2k+0(k7%), 7 =1+b(,D)/2k+0(k7?). (an

Ey,; coincide at lowest order with the desired eigenvalues E; (coloured blue) of L%, while ifn > 0
E, ; diverge as k — oo (due to the red part); to exclude all states with n > 0 (i.e., to ‘freeze’ radial
oscillations, so that all corresponding classical trajectories are circles; this can be considered as a
quantum version of the constraint r = 1) we impose the energy cutoff

En; <E(A) = A(A+D-2) <2V2k,  A€N. (12)

The right inequality is satisfied prescribing a suitable dependence k (A),e.g. k (A) = [A(A+D-2)] 2,

the left one is satisfied setting n = 0 and [ < A. We rename H, H, P, A, T as Hx, Hx, P, A, Ta.
Ta is O(D)-equivariant. We end up with eigenfunctions and eigenvalues (at leading order in 1/A)

vi(r,0) = fi(r) Y;(6), Hpayr = Ejyy, [=0,1,...,A, (13)

abbreviating f; = fy;. Hence H, decomposes into irreps of O (D) (and eigenspaces of L2, Hy) as
A

Ha=EP, ,H  Hi= AV, (14)

As A — oo the spectrum {E 1};\: o of Hx goes to the whole spectrum {E;};en, of L?, and we recover

(2). We can express the projectors Pi\ tHy > H /l\ as the following polynomials in L’

=)
I _ A L -E,
Py =110 T (15)
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The space VZD consists of harmonic homogeneous polynomials of degree [ in the x’ restricted to the

sphere S¢. In section 2 we show: i) how to explicitly determine V., as well as the action of Ly
1

and 1" = x" /r on V%, applying the trace-free completely symmetric projector P! of (R?)® to the

homogeneous polynomials of degree / in x'; ii) that not only %, but also V’D\ "

irreps of O(D) as follows Vl’)\ b = EB;\:O Vll). In section 3 we write down the relations fulfilled by

X', Ly and point out that: the -algebra A, generated by the latter is also generated by the x' alone;

decomposes into

ii) the unitary irrep of Ax on Hy is isomorphic to the irrep o of Uso(D + 1) on VI’)\ +1- In section
4 we show in which sense Hy, Ax go to H, A as A — oo, in particular how one can recover the
multiplication operator f- € C(S%) ¢ A of wavefunctions in £2(S%) by a continuous function f
as the strong limit of a suitable sequence fy € Ax. In section 5 we discuss our results and possible
developments in comparison with the literature; in particular, we point out that with a suitable 7(A)
our pair (Hy, Ax) can be seen as a fuzzy quantization of a coadjoint orbit of O (D) that can be
identified with the cotangent space T*S¢, the classical phase space over the d-dimensional sphere.

2. Representations of O(D) via polynomials in x', t = x'/r

Let C[x!,...,xP] = @‘;0 Wf) be the decomposition of the space of complex polynomial
functions on R” into subspaces WZD of homogeneous ones of degree /. If [ > 2 then Wé) carries a
reducible representation of O (D), as well as Uso(D), because by (6b) the subspace rleD‘2 C Wll:)
carries a smaller one. The ‘trace-free’ component V’D in the decomposition WZD = ;’ZWIIJ‘2 ® VIZ)
carries the irrep 7rlD of Uso(D) and O(D) characterized by the highest eigenvalue of L? within
WID, namely E;. In fact, for all h, k € {1,...,D} thi = (xhiixk)l € WZD are eigenvectors of L?
with eigenvalue Ej, of Ly with eigenvalue +/, and of A with eigenvalue 0. Hence X Ih'j, X lh’f can
be used as the highest and lowest weight vectors of (nlD, V’D) [1]. Since all the L;; commute with
A, \V/II) can be characterized also as the subspace of Wll) that is annihilated by A. A complete set
in ‘v/ll) consists of trace-free homogeneous polynomials Xli 12--11 " \which we obtain below applying
the completely symmetric trace-free projector £’ to the monomials x"' x™...x% . We slightly enlarge

2

C[x',...xP] by new scalar generators r, 7~ ! fulfilling the relations r> = x’x’, rr~! = 1. Its elements

i =1 hk _ (b kN _  —lyhk
t'=r X, T = (" xit") =r7 X)'; (16)

fulfill the following relations: i) ##/ = 1, which characterizes the coordinates of points of S¢;
hence Vll) =r! Vll) can be seen as the restriction of \V/Il) to 9. ii) Tlhi‘ € VID are eigenvectors of L?
with eigenvalue E; and of Ly with eigenvalue +/; hence Tlhf, Tlh’_‘ can be used as the highest and
lowest weight vectors of (né), Vll)). We denote by Polp the algebra of complex polynomials in the
t', by Polg the subspace of polynomials of degree A, by P : Polp — Polg the corresponding
projector. Polp endowed with the scalar product (7, T’) = /Sd daT*T’ is a pre-Hilbert space,
whose completion is £2(S%); here da = /- x1dx™...dx'P is the O(D)-invariant measure on
S9. We extend P* to all of £2(S%) by continuity in the norm of the latter. Also Polg, Vé are
Hilbert subspaces of £2(54). Polg = Wgr_A & Wg‘lrl‘A carries a reducible representation of
O (D) [and Uso(D)] that splits into irreps as Polg = EB;\:O VZD‘ One finds Hy = Polg ~ VA

D+1
as Uso(D) representations. The first isomorphism follows from (14), the second from section 2.2.
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2.1 O(D)-irreps via trace-free completely symmetric projectors

Let (7, €) be the fundamental (D-dimensional irreducible unitary) representation of Uso (D)
and O(D); the carrier space & is isomorphic to Vb As a vector space & ~ RP; the set of
Cartesian coordinates x = (x!,...x”) € RP can be seen as the set of components of an element
of & with respect to (w.r.t.) an orthonormal basis. The permutator on E® = E®E is defined
via P(u ® v) = v ® u and linearly extended. In all bases it is represented by the D? x D? matrix
Pf}( = 62‘63. The symmetric and antisymmetric projectors £*, P~ on &®” are obtained as

P =2 (1 £P). (17)

Here and below we denote by 1, the identity operator on 8®l; in all bases it is represented by the
D! x D' matrix lDzZ'_'_'_;.f” = 65’11 ...611.1[’. P-E€” carries an irrep under O (D), while P+E€” is the
direct sum of two irreps: the 1-dimensional frace and the i (D —1)(D+2)-dimensional trace-free
symmetric ones. The associated projectors P, P* from E® are given by

ij_ 1 !
Pl = 5070k, PP =Pt P =S (1 +P) - P (18

here and below we adopt an orthonormal basis of & for the matrix representation of $’. Hence
P! xix) = 6r?|D. These projectors satisfy the equations P*PF = Ps*F 3 P =1,

T and

where a,8 = —,s,t. P,P! are symmetric matrices, i.e. invariant under transposition
therefore also the other projectors are, PT = P, P27 = £ _ In the sequel we abbreviate P = P*.
Given a (linear) operator M on &E®" for all integers [/, h with/ > n,and 1 < h < [+1—n we denote
by My, (m1)...(mn-1) the operator on &® acting as the identity on the first 4—1 and the last [+1-n—h
tensor factors, and as M in the remaining central ones. For instance, if M = P and [ = 3 we have

P, =P ® 1p, P23 = 1p ® P. All the projectors A = P*, P~, P, P! fulfill the relations

A2 P23 Pia = Po3 Pia Ags, (19)
D PLP, = P1aPPy,, DP PP, = PPy, (20)
D P{,P5; = PosP1aPls, D PP, P55 = P1aPis (21)
D PLPL, = PLP12Py, D PLPL, Py = PhiPia; (22)

Eq. (19-22) hold also for [ > 3,e.g. forall2 < h <[ -1

Ah=1)n Prne1) Pti=tyn = Ph(net) Pi=1yn An(he1) - (23)

The completely symmetric trace-free projectors P’ generalize P> = P to all [ > 2. P! projects &®
to the carrier space of the /-fold completely symmetric irrep of Uso(D), isomorphic to V., VlD,
therein contained. It is uniquely characterized by the following properties: forn=1,...,/1-1,

P! (1) = 0> Pn_(m—l)Pl =0, (24)

PPy =0 PhiyP =0, (25)
2

(P') =", (26)
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Eq.s (25) amount to Plj.‘l'_'."ij?ldf"fn+l =0, 6,~nin+l7>lj.ll‘_"'~ijl.l = 0. Proposition 3.2 of [1] yields
a recursive construction of the projectors P! (mimicking that of the quantum group Uyso(D)

covariant symmetric projectors of Proposition 1 of [26]): P*! can be expressed as a polynomial in

the permutators Py, ..., P(,1); and trace projectors |, ..., 7)( 1)1 through either recursive relation
PH = Pl M) Pl @7
= Pé...(l+1)M12Pé...(1+1)’ (28)

M = M(1+1) = £ [1p2+IP-ZBLP|. All P! are symmetric, (P))T = P!, Let
Xp = Pt eI, el g et - it gt g, (29)

Using (25) one easily shows that AXli 1= = 0: the harmonic homogeneous x*-polynomials Xli -
make up a complete set of ‘V/Ll) (not a basis, because they are invariant under permutations of
(i1...17) and fulfill §;
a complete set 7; (but not a basis) of Vg that is easier to work with than the basis of spherical

i —0n=1,..,1- 1). Similarly, the ¢*-polynomials T;“il make up

lnln+1

harmonics. Moreover, L2, iLj; and the multiplication operators #"- act on the Tli"“i’ as follows:

L*T1" " = E T, (30)
iLhleil...il _ 4D Dl4)-21212 (PHIZ;I. iy Pl+lzt]11 iy )lel...jl,

= lPl;ll',v,'_l]l-, (5k“Tlhj2'"J’ —shn lefz---n) ’ Gh
h Tlil...il :Tl}iil]...i, +#l_2pzzg llllTlnl g g Vi g vt 32)
l‘iTliiz...il — ﬁ [D+l—1 %}TU e Vl L (33)

These formulae immediately follow from analogous ones for the X l‘ 1 More generally, the product

T;"“”T,j,}'“" " decomposes as follows into V;} components:

Tlil---ilT’{"llmj _ Z Sll lljl JmTk1 n, (34)

neflm

m-—n

l
where 7 = {|I-m|, ||-m|+2, ..., [+m} and, defining s= al €{0,1,....m},

Sll Al J1eeeJm _ NlmV A J1e-Jm Nlm — (D+2n_2)”l!m!

ki kn m ks n (D+2n+2s— W(I=5)! (m—s)! (35)
A1 1. mJ1---JsJs+1-- nki...kn
Vkl ky, =P aj.. aACI Cl- P aj...asCj— :+1 P Cl...Cn*

Thus the S i ” Jeesm play the role of Clebsch-Gordon coefficients in the decomposition of a product

ofspherlcalharmomcs Finally, (T, Y YA J”) « O P”‘ .ile w.r.t. the scalar product of £2(S59).
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2.2 Embedding in RP*!, isomorphism End(Pol}) ~ 7\ [Uso(D+1)]

Henceforth we abbreviate D = D + 1. We naturally embed C[R”] — C[RP]; we use real
Cartesian coordinates (xi) for RP and (xl) for RP: A, i,j,kef{l,..,D},HI1,J,K € {l,...,D}.
We naturally embed O (D) — SO(D) identifying O (D) as the subgroup of SO (D) that is the little
group of the D-th axis; its Lie algebra, isomorphic to so(D), is generated by the L. We shall add
D as a subscript to distinguish objects in dimension D from their counterparts in dimension D, e.g.
the distance rp from the origin in R, from its counterpart r = rp in R, P} from P! = PL and

so on. Setting t! = r];lxl ,for A € Ny ‘7]’)\, V]’)\ = rDA\V/II)\ are respectively spanned by the

L... A\ _ pAL... I _J; Ja L.y _ —Avyh..Axn _ pAL...Ix L J, N
Xpa " =Ppy XX Tp A" =rp Xp A =Ppy 0 (36)

The following combinations of the latter factorize into X l’ teeeit (resp. Tlil"'il) times a O (D)-scalar:

Bt = P PP = N = i o
where i, ; is the homogeneous polynomial of degree A — [ in xP, rp
A-1 A-1-2 A—l—4
ﬁA,l = (XD) + (XD) r12) bA’1+2 + (XD) ri‘) bA’1+4 + ..., (38)
(A=D!(2A-4-2k+D)!! A-1
b = (-)* . k=12, | —], 39
A2k = () (A—1—2k)! (2k)!1 (2A—4+D)!! 2 39

and ppo; = p A,l(xD, D) r]l)‘A is a polynomial of degree h = A — [ in P only. Hence the F]i)' '/'\'il are

eigenvectors of L? with eigenvalue E;, transform under Ly as the Tlil”'i’ and under Lj,p as follows:

~ w lirig.oiy -l

. i hiy...i
iLppFy " = (A=1) Fy Di2l—2 hjr.jit TDA

(40)
These relations follow from exactly the same relations for the }7“1[)‘ '/'\'i’ . As a consequence, V2, V]’)\
decompose into irreducible components of Uso(D) as follows:

A A
A >l A 1
D~ @ D,A’ Vb = @ Vb .as (41)
1=0

Sl oyl oyl oyl Sil..d] il _ .
vvv(l)lere (YD’A ~ VD(; VDV’(/)\ ~ V8 are resp. spanned b}(f) the FD,A s FD’A . ForI/)\ ; O,Vll, 2 We; have:
Vp = Vp = C =~ V- VD’I, VD’1 are 1som0rph1§ t(v) Vb and resp. spanned by x", t; VD’I, VD’l are
isomorphic to Vll) andresp. spanned by the x*, ¢*. Vlo) 2 Vg , are isomorphic to Vg and resp. spanned

by X]D)B =xPxP - rlz)/D, Fpo = Tll)),lz) =P _1/D=D/D- Z;,):o thh; V1 VAZ are isomorphic

D2’
0 i _ yiD _ i,D pi  _iD _ iD. 2 2 : :
to V;, and resp. spanned by the Fp, =Xy, =x'x7 Fy =Ty =117 Vi, 5.V, are isomorphic

2 iyl DD i j _ i pii _ i 8 DD _ pij.
to V} and resp. spanned by the Fg,z = Xll)J,z +Xpho' /D = X, F’DJ’2 = Tlf){z +5Tps = T,’; the

iti U iy _287 U iy _ 2 89 il i 89 il gigj 67
lastequahtlesfollowfromX2 =x'x)—r D,XD’z—xx rpp L =1t D’TD,z_” D -
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3. Relations among the %, Lk, isomorphisms of Hy, Ap, x-automorphisms of Ay,

The functions xﬁf'iz"'i’ = Tli‘iz'"i’ f; with fixed / make up a complete set S% , in the eigenspace

(H/I\ of H, L? with eigenvalues Eq , E;. Sp.a = U;\ZOSi) » is complete in Hjy. The Lk, %" act as

ith !ﬁ;]iz...il — lpljllljll (6kj1¢lhj2...jl 5hj]¢k]2 ) (42)
)—Ci wiliz...il - ¢ (ﬁul crl lez R l/ljz Ji (43)
! T Vi Y pi i ’

\/1 + (zo—sz)k(D—l) + (l—l)(li+D—2) if1<l<A,

0 otherwise.

where ¢; =

Eq. (42) follows from (31), while (43) holds up to O (k‘3/ 2) corrections that depend on the
terms proportional to (r—1)X, k > 2, in the Taylor expansion of V and could be made vanish by
suitably choosing V. Henceforth we adopt (42-43) as exact definitions of Ly, x'. By Proposition
4.1 in [1], the Ly, x* defined by (42-43) are self-adjoint operators generating the N2-dimensional

x-algebra Ap = End(Hp) = My (C) of observables on Hy; here N = %(D+2A—l).

Abbreviating ¥> =¥ X', L' =1, i Lij/2, B=(2D-5)(D~-1)/2, they fulfill the relations

[iLi;, x"| =x's"-%/5), (44)
Ly, iTnk] = i (Tixd}~T a0y ~Tind|+Tny ) 45)
gl T, = (), D >3, (46)
&) =0, (LM +iL9)* =, ifh#j+k%#h, (47)

= [ 1) (D=
[xl,x.,]:,Lij(_prg), K= bop 142000002 ) g

I° B A+D-2

2L, B+A(A+D—1)
Tk k 2A+D-2 k

- Ph = x(L?). (49)

A fuzzy sphere is obtained choosing k as a function k (A) fulfilling (12), e.g. k = A2(A+D-2)?/4;
the commutative limit is A — co. We remark that:

3.a Eq. (46) is the analog of (7b). By (48), it can be reformulated also as g'12i3---iD ¥l x2x% = (.

—2
3.b By (49), (15);=n x2 is not a constant, but can be expressed as a polynomial y in L only,
with the same eigenspaces H /Z\ All its eigenvalues rlz, except rlz\, are close to 1, slightly (but
—2

strictly) grow with / and collapse to 1 as A — oco. Conversely, L can be expressed as a

— . =2 =2_.2

polynomial v in X, via L = Zf\:o Ele\ and Pl Hn —0.n#1 J:z_:z.
3.c By (48), (15);=p the commutators [)_ci X/ | are Snyder-like, i.e. of the form aL; 5 also a

depends only on the Ly, more precisely can be expressed as a polynomial in Zz.
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3.d Using (44), (45), (48), all polynomials in X', Lyx can be expressed as combinations of
monomials in X', L in any prescribed order, e.g. in the natural one

the coeflicients, which can be put at the right of these monomials, are complex combinations
R .

of 1 and P//t. Also Pﬁ can be expressed as a polynomial in L via (15);=5. Hence a suitable

subset of such ordered monomials makes up a basis of the N?-dim vector space Ajx.

3.e Actually, x' generate the *-algebra A, because also the L; j can be expressed as non-ordered
polynomials in the X': by (48) Lij = [x/,x']/a, and also 1/a, which depends only on P%,
can be expressed itself as a polynomial in ¥, as shown above.

3.f Eq. (44-49) are equivariant under the whole group O(D), including the inversion X' — —x'
of one axis, or more (e.g. parity), contrary to Madore’s and Hoppe’s FS.

We slightly enlarge Uso(D) by introducing the new generator A = [ (D-2)2+4L?2-D + 2] /2,

which fulfills A(1+D-2) = L?, so that V) is a 1 = [ eigenspace, and AFS'/'\'” = lF]i)l”/\‘i’.
Theorem 5.1 in [1] states that there exist a O(D)-module isomorphism x5 : Hy — VI’)\ and a
O(D)-equivariant algebra map &5 : Ap = End(Hy) — ny[Uso(D)], D = D+1, such that

xn(ay) = kn(@)xa(Y),  YY eHy, aeAy. (5D
On the (ﬁ;' - (spanning 7, ) and on generators Lp;, X' of A they respectively act as follows:
%A(lpél.ll) = aA,lFS./\ll = a/\,l PA,l ]}il...ilv l = 07 17 ceey Aa (52)
ka(Lni) = mp(Lui),  ka(¥) = mp [my (D) X ma(D], (53)
where X' = Lp;, A =k +(D-1)(D-3)3/4, T is Euler gamma function, and
_ AA-1)...(A=1+1)
1
= , 54
A1 = an0! \/(A+D—1)(A+D)...(A+I+D—2) (>4

A+s+d A=s+l +1+d/2+iA +1+d/2-iA
o G S B S

mA(S) - r A+s+D r A—=s 1r s+d[2+i A r s+d[2—-iA \/E (55)
2 =t 2 2
Finally, *-automorphisms w of Ax ~ My (C) are inner and make up a group G =~ SU(N), i.e.
w:aeMy(C) —gag e My(C) (56)

for some unitary N X N matrix g with det g = 1. Consider the G-subgroup G’ = {g = 713 [ei “] |a €
so(D)} = SO(D). Choosing @ € so(D) C so(D) the automorphism amounts to a SO(D) C
SO(D) transformation, i.e. a rotation in the x = (x!,...,xP) € RP space. The O(D) c SO(D)
transformations with determinant —1 keep the same form also in the X = (X!, ..., XP) and [by (53)]
inthe X = (x', ..., x°) spaces. In particular, those inverting one or more axes of R (i.e. changing
the sign of one or more x’, and thus also of X’,X"), e.g. parity, can be also realized as SO (D)
transformations, i.e. rotations in RP. This shows that (53) is equivariant under the whole O (D),
which plays the role of isometry group of this fuzzy sphere.

10
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4. Fuzzy spherical harmonics, and limit A — oo

It’s simpler to work with the Tli'"‘il than spherical harmonics, their combinations. In H; =
L2(59) we have g T g oc 1. The T} € C(S%) act on Hy as multiplication operators
fulfilling 7, - g oc 4" "' . We define their A-th fuzzy analogs replacing - — X' in (29b), i.e.

= SO ) [l] ll—l —=J1 il ... 0] i]...01
;e =l T = Ty oy (57)

for I < A. Since ¥ is a scalar, apl"“ 1) Tl""”, Tlil"'” transform under O (D) exactly in the same
way, consistently with H, = Pol%. As A — co the decomposition of H, = Pol) into irreducible
components under O (D) becomes isomorphic to the decomposition of H ~ Polp. We define the
O(D)-equivariant embedding 7 : Hp — H; by setting I (xp;""i’) = Tli""i’ and applying the
linear extension. Below we drop I and identify ;' " = T,'~" as elements of the Hilbert space
H,. Forall ¢ = X2 ¢! T € L2(S?) and A € N let g = Pagp = X0l T be
its projection to H, (or A-th truncation). Clearly ¢p — ¢ in the Hy-norm || ||: in this simplified
notation, H, ‘invades’ Hg as A — oo. I induces the O(D)-equivariant embedding of operator
algebras J : Ax — B (H,) by setting J (a) I () = I (ay); here B (Hj) stands for the x-algebra of

bounded operators on H. By construction, A, annihilates H K In particular, J (th) = Ly P,

and th(b A:;O Lpx¢ forall ¢ € D(Lpy) = the domain of Lyy. More generally, f(th) — f(Lpk)
strongly on D[ f(Lux)] € H;, for all measurable functions f(s). Continuous functions f on <,
acting as multiplication operators f- : ¢ € H, — f¢ € H,, make up a subalgebra C(S%) of
B (Hy). Clearly, f belongs also to H. Since Polp is dense in both H, C(S9), fy converges to f

as N — oo in both the H, and the C(S¢) norm. Identifying 1#5""[’ = Tli““i’, eq. (32), (43) become
) l
h iy -.-ip hiy ... litiy...ip prj2---J1 —
T, =T +di P hj.. JlTl L di = D+2[-2 (>8)
BT = TN o dy PR TR (59)

Theorem 6.1 in [1] states that the action of the YA“;' =1 on H, A 1s determined by
T = Y NP e e, P e, P T (60)
with suitable coefficients N,llm, cf. (34-35). As a fuzzy analog of the vector space C(S%) we adopt
N 2A ~

Ca = {sz = ZI—O fill...ilTl”“JI | fill...iz € C} C An < B(H;); 1)

here the highest [ is 2A because the T 111 annihilate H,, if [ > 2A. By construction,

LA Ol gl !

=P, . Vh={n Tl ec) 62)

is the decomposition of Cy into irreducible components under O (D). V’D is trace-free for all
I > 0. In the limit A — oo (62) becomes the decomposition of C(5¢). As a fuzzy analog
of f € C(5%) we adopt the sum foa appearing in (61) with the coefficients of the expansion
f=2020 2y lel i l“ up to / = 2A. Theorem 6.2 in [1] states that for all f,g € C(5%)
the following strong A — oo limits hold: fr5 — f-, ( f8n — fgand fongan — fg-. However
f2A does not converge to f in operator norm, because the operator ng (a polynomial in the X' )
annihilates ;- (the orthogonal complement of ), since so do the X' = = PAxt . PA,

11
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5. Discussion and conclusions

We have obtained a sequence {(Ha, Ax) } e of O (D)-equivariant approximations of quantum
mechanics of a particle on S9: H, is the Hilbert space of states, A =End(Hy) is the associated
x-algebra of observables, Hy € Ay is the free Hamiltonian (this may be modifed by adding
interaction terms Hy € Ay, so that the new Hamiltonian still maps H into iself). Ay is spanned
by ordered monomials (50) in X', Zij (of appropriately bounded degrees), in the same way as the
algebra A of observables on H; is spanned by ordered monomials in ¢, L; j. However, while
X' generate the whole A, because [X',X/] o L; ; (as in Snyder spaces [4]), this has no analog in
Ay, because [/,#/] = 0. The square distance X from the origin is not 1, but a function of L2
with a spectrum very close to 1, collapsing to 1 as A — co. Each pair (Hy, Ap) is isomorphic to
(V). maA[Uso(D)]), D=D+1, also as O(D)-modules; y is the irrep of Uso (D) on the space V{} of
harmonic polynomials of degree A on RP, restricted to S”. We have also described (section 4) the
subspace Cy C Ay of completely symmetrized trace-free polynomials in the X'; this is also spanned
by the fuzzy analogs of spherical harmonics. Hy, Ap, Ca carry reducible representations of O(D);
as A — oo their decompositions into irreps respectively go to the decompositions of H; = £L2(59),
of A, and of C (Sd) C Ay (the continuous functions on S¢ act on H; as multiplication operators).
There are natural embeddings H) — H;, Cx — C(S¢) and A, — Ay such that Hy — Hy in
the norm of H;, while Cy — C(59), Ap — A, strongly as A — oo.

Reintroducing the physical angular momentum components /;; = iL;;, then in the 7 — 0 limit
A endowed with the usual quantum Poisson bracket {f, g} = [f, g]/ih goes to the (commutative)
Poisson algebra # of (polynomial) functions on the classical phase space T*S¢, generated by 1/, ; e
We can directly obtain ¥ from A, adopting a suitable A-dependent # going to zero as A — ool,
More formally, we can regard {Ax }aew as a fuzzy quantization of a coadjoint orbit of O (D) that
goes to the classical phase space T*S¢. We recall that coadjoint orbits Oy = Ad; 4 of a Lie group
G are orbits of the coadjoint action Ady; inside the dual space g* of the Lie algebra g of G passing
through A € g*, or equivalently homogeneous spaces G/G,, where G, is the stabilizer of A w.r.t.
Adg;. They have a natural symplectic structure. If G is compact semisimple, identifying g* ~ g via
the (nondegenerate) Killing form, we can resp. rewrite these definitions in the form

O ={glg'|geG} cyg, 0.=G/G, where Gu={geG|glg7'=2}. (63)

Clearly, Gyy = G forall A € C\ {0}. Denoting as H the (necessarily finite-dimensional) carrier
space of the irrep with highest weight A, one can regard (see e.g. [27]) the sequence of {Ap}ren,
with Ax = End (Hp,), as a fuzzy quantization of the symplectic space O, ~ G/G,. The Killing
form B of so(D) gives B(Lpy, Lyk) =2(D-2) (6% 6% — 686%) forall H,1,J,K € {1,2,...,D}.
As a basis of the Cartan subalgebra h of so(D) we pick {H,}7_,, where o = [%’] = rank of so(D),

a=1’
Hy=Lpp, He =L =t D=2 (64)
o = Lpp, o-1=L(d-1)d> - 1= Ly ifD=20+1.

We choose the irrep of Uso(D) on VI/)\ ~ Hy and Q]’; = (P +i®)" € V]’)\ as the highest weight
vector. The joint spectrum A = (0, ...,0,A) of H = (H, ..., H,) is the weight associated to the

1t suffices that 7i(A)k(A) diverges; if e.g. k = AZ(A+D—2)2/4, then li(A) = O(A~%) with 0 < & < 4 is enough.

12
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h-basis. Identifying A € h* with H, € b via the Killing form, we find that Hy «« H, = Lpp. The
stabilizer of Ha in SO (D) is SO(2)xS0(d), where so(2), so(d) are resp. spanned by Hy, the L;;
with i, j < D. Thus the coadjoint orbit Op = SO (D)/(SO(2)xSO(d)) has the dimension of T*S9,

-2 -
DW+) - 22D —o(p 1) =24,

consistently with the interpretation of A, as the algebra of observables (quantized phase space) on
the fuzzy sphere. It would have not been the case with some other irrep of Uso(D); O, would have
been some other equivariant bundle over S¢ [27]. For instance, the fuzzy spheres of dimension
d > 2 of [17-20] are based on End(V"), where the spaces V* carry irreps of both Spin(D) and
Spin(D), hence of both Uso(D) and Uso(D). Then: i) for some A these may be only projective
representations of O(D); ii) in general (46) will not be satisfied; iii) as A — oo VA does not go to
L2(59) as a representation of Uso(D), in contrast with our H, = VI‘)\; iv) the central x> = X' X!
can be normalized to x2 = 1. Here L;p play the role of fuzzy coordinates X i In[21,22]d =4 and
O, = CP3, which has dimension 6 and can be seen as a so(5)-equivariant S> bundle over S*. Ref.
[21, 22] constructs also a fuzzy 4-sphere S‘]‘v based on based on a sequence of End(V), where each
V carries an irrep 7 of Uso(6) which splits into the direct sum of a small number m > 1 of irreps
of Uso(5); the O(5)-scalar x> = X' X' is no longer central, but its spectrum is still very close to 1
provided. The associated coadjoint orbit is 10-dimensional and can be seen as a so(5)-equivariant
CP? bundle over CP?, or a so(5)-equivariant twisted bundle over either S;lv or S4.

A, is generated by all the ¢", L;; with h < D, i < j <D (subject to the relations tith = el
=1, [iLij,th] = tié? - tjéf‘, etc.), and C(Sd) is generated by the " alone. On the contrary,
by Remark 3.e the X' alone generate the whole A, =~ FS[USO(D)], which contains C as a
proper subspace, albeit not as a subalgebra; also the simpler generators X' = Lp; alone generate
A = 71'1’; [U so(D)], because of L;; = i[X7, X'] and (53). Thus the Hilbert-Poincaré series of the
algebra generated by the X' (or X?), Ay, is larger than that of Polg and Cp. If by a “quantized
space" we understand a noncommutative deformation of the algebra of functions on that space
preserving the Hilbert-Poincaré series, then {Ax }aen is a (O (D)-equivariant, fuzzy) quantization
of T*S9, the phase space on S4. while {Ca}Aen is not a quantization of S9. nor are the other
fuzzy spheres, except the Madore-Hoppe fuzzy 2-dimensional sphere: all the others, as ours, have
the same Hilbert-Poincaré series of a suitable equivariant bundle on S¢, i.e. a manifold with a
dimension n > d (in our case, n = 2d). (Incidentally, in our opinion also for the Madore-Hoppe
fuzzy sphere the most natural interpretation is of a quantized phase space, because the 7 — 0 limit
of the quantum Poisson bracket endows its algebra with a nontrivial Poisson structure.)

We understand Hy, Cp as fuzzy “quantized” S in the following weaker sense. FHy, Ca are
the quantizations of £2(5¢), C(S%), because, by (57b), the whole ), is obtained applying to the
ground state ¥ the polynomials in the X' alone (or the subspace Cy), or equivalently [by (53)] the
polynomials in the X’ = Lp, alone, in the same way as £2(S¢) is obtained (modulo completion)
by applying C(S%) or Polp, i.e. the polynomials in the #/ = x'/r, to the ground state (the constant
function on S9). These quantizations are O(D)-equivariant because H (resp. Cp) carries the
same reducible representation of O (D) as the space Polg (resp. PolzDA) of polynomials of degree
A (resp. 2A) in the t' = x'/r. Identifying Hy, Cx with Pol’, Pol2DA as O(D)-modules, as A — oo
the latter become dense in £?(S%), C(S?), and their decompositions into irreps of O(D) become
that (2) of both £2(5¢), C(S%). This is not the case for the other fuzzy spheres.

13
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We expect that space uncertainties and optimally localized/coherent states for d = 1,2 [28]
generalize to d > 2. Itis also worth investigating about: distances between optimally localized states
(as e.g. in [29]); extending our construction to particles with spin; QFT on §¢; their application to
problems in quantum gravity, or condensed matter physics; etc. Finally, we mention that by using
Drinfel’d twists one can construct [30, 31] a different kind of noncommutative submanifolds of
noncommutative R?, equivariant with respect to a ‘quantum group’ (twisted Hopf algebra).
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