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We present new results for the transversely projected three-gluon vertex from quenched lattice
QCD simulations using standard Wilson action. While previous works focused in some particular
kinematics such as the symmetric (𝑞2 = 𝑟2 = 𝑝2) and soft-gluon (𝑝 = 0) cases, here we
will present a detailed analysis of the bisectoral case (𝑟2 = 𝑞2 ≠ 𝑝2) where the transversely
projected vertex can be cast in terms of three independent tensors. The lattice data show a clear
dominance of the form-factor corresponding to the tree-level tensor, whose dependence on the
momenta can be almost entirely expressed in terms of the symmetric combination of the momenta
𝑠2 = (𝑞2 + 𝑟2 + 𝑝2)/2.
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1. Introduction

Despite the apparent simplicity of the QCD Lagrangian, there is an enormous wealth of
emergent phenomena that arise dynamically [1]. Already at the level of gluon dynamics, Yang-
Mills theory is massless at the level of the Lagrangian, and remain so at any order in perturbation
theory, but a gluon mass is dynamically generated, a phenomenon that has achieved a noticeable
consensus over the last decades from both lattice and Schwinger-Dyson Equations (DSE) [2–17].

The intricate non-perturbative dynamics of Yang-Mills theory has attracted the attention of
lattice and Dyson-Schwinger equations (DSE) practitioners for decades, and among the gluon Green
functions, the three gluon vertex constitutes a fundamental part of Yang-Mills dynamics. It is a key
ingredient in many phenomenological continuum analysis and has been related to the mechanism
of gluon mass generation [18–20]. The lattice non-perturbative evaluation of the three-gluon vertex
in soft-gluon and symmetric kinematics has found an infrared suppression [21, 22] which has been
related to the fact that the ghost remains massless while the gluon dynamically acquires a mass
[23, 24].

2. Kinematics of the three-gluon vertex

Denoting the momenta of the three incoming gluons as 𝑞, 𝑟 and 𝑝 (see Fig.1 (a)) any scalar
form factor of the three-gluon vertex can only depend on the squared momenta 𝑞2, 𝑟2 and 𝑝2. While
previous studies focused on the more restricted particular cases 𝑞2 = 𝑟2 = 𝑝2 (dubbed symmetric
case) and 𝑝 = 0 (and thus 𝑞2 = 𝑟2, called soft-gluon case), we will extend this analysis to the case
𝑞2 = 𝑟2, and thus the form factors depend only on two momenta 𝑞2 and 𝑝2 or, alternatively, one
momenta and one angle, as for example the angle between 𝑞 and 𝑟 , 𝜃𝑞𝑟 , related to the squared
momenta through:

cos 𝜃𝑞𝑟 =
𝑝2 − 𝑞2 − 𝑟2

2
√︁
𝑞2𝑟2

. (1)

This angle takes values between 0 and 𝜋 for this bisectoral case (𝑞2 = 𝑟2), with the special kinematics
mentioned above, corresponding to 𝜃𝑞𝑟 = 2𝜋/3 for the symmetric case and 𝜃𝑞𝑟 = 𝜋 for the 𝑝 = 0
soft-gluon case, being both particular kinematical cases of the bisectoral one.

Any kinematic configuration defined by the values of 𝑞2, 𝑟2 and 𝑝2 can be represented in the
trihedron of Fig. 1(b), with the possible values of these variables subject to the condition 𝑞+𝑟+𝑝 = 0
restricted to a cone whose axis is the 𝑞2 = 𝑟2 = 𝑝2 blue arrow represented in Fig. 1(b). The possible
kinematics are best illustrated by restricting to a constant 𝑞2 + 𝑟2 + 𝑝2 plane (blue triangle), where
the allowed kinematics are contained in its incircle (white circle in Fig.1(c). Here we will focus in
the dubbed bisectoral kinematic configurations, 𝑞2 = 𝑟2, represented by the grey line in Fig 1(c),
where also the symmetric and soft-gluon cases have been depicted.

3. Transversely projected vertex

Being 𝐴𝑎
𝜇 (𝑞) the gluon field in momentum-space in Landau gauge as obtained from lattice-

QCD, we compute the three-point correlation function ⟨𝐴𝑎
𝛼 (𝑞)𝐴𝑏

𝜇 (𝑟)𝐴𝑐
𝜈 (𝑝)⟩. Focusing in the color
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Figure 1: The kinematic configuration of the three-gluon vertex (left diagram) represented by the Cartesian
coordinates (𝑞2, 𝑟2, 𝑝2) (right picture). All kinematics allowed are contained in a circle around the symmetric
case (𝑞2 = 𝑟2 = 𝑝2, green dot). The bisectoral line (thick gray), and the particular soft-gluon (orange solid
circle), and symmetric (green) cases appear depicted. The other two soft-gluon limits (black) are also
illustrated.

anti-symmetric contribution, we defined the quantity

G𝛼𝜇𝜈 (𝑞, 𝑟, 𝑝) =
1
24

𝑓𝑎𝑏𝑐⟨𝐴𝑎
𝛼 (𝑞)𝐴𝑏

𝜇 (𝑟)𝐴𝑐
𝜈 (𝑝)⟩ (2)

which contains the information of the transversely projected three-gluon vertex, Γ𝛼𝜇𝜈 (𝑞, 𝑟, 𝑝).
A couple of comments are in order here: first, the lattice only has access to the transverse part
of the three-gluon vertex, and not the full one-particle irreducible (1PI) vertex IΓ𝛼𝜇𝜈 . Second,
and as a consequence of that, any term comprising massless longitudinal poles 𝑉𝛼𝜇𝜈 (such as
those entering the Schwinger mechanism for gluon mass generation [19, 25, 26] cannot be directly
accessed. In other words, if the 1PI vertex can be decomposed as IΓ𝛼𝜇𝜈 = Γ𝛼𝜇𝜈 + 𝑉𝛼𝜇𝜈 , with
Γ𝛼𝜇𝜈 the pole-free component, only the pole-free transversely projected vertex Γ𝛼𝜇𝜈 (𝑞, 𝑟, 𝑝) =

Γ𝛼′𝜇′𝜈′ (𝑞, 𝑟, 𝑝)𝑃𝛼′
𝛼 (𝑞)𝑃𝜇′

𝜇 (𝑟)𝑃𝜈′
𝜈 (𝑝) can be directly computed from lattice-QCD.

From G𝛼𝜇𝜈 (𝑞, 𝑟, 𝑝), one can extract the transversely projected vertex as:

𝑔Γ𝛼𝜇𝜈 (𝑞, 𝑟, 𝑝) =
G𝛼𝜇𝜈 (𝑞, 𝑟, 𝑝)

Δ(𝑞2)Δ(𝑟2)Δ(𝑝2)
(3)

As it corresponds to the transverse projection of the pole-free vertex, it can be cast in terms
of the transverse tensors of the full Ball-Chiu decomposition [27, 28] of the three-gluon vertex.
Instead, we will construct a basis of transverse tensors for the general three-gluon vertex which are
anti-symmetric under Bose transformations 𝜆̃𝑖 → −𝜆̃𝑖 according to

𝜆̃
𝛼𝜇𝜈

1 = 𝑃𝛼
𝛼′ (𝑞)𝑃𝜇

𝜇′ (𝑟)𝑃𝜈
𝜈′ (𝑝)

[
ℓ
𝛼′𝜇′𝜈′

1 + ℓ
𝛼′𝜇′𝜈′

4 + ℓ
𝛼′𝜇′𝜈′

7

]
, (4a)

𝜆̃
𝛼𝜇𝜈

2 =
3

2𝑠2 (𝑞 − 𝑟)𝜈′ (𝑟 − 𝑝)𝛼′ (𝑝 − 𝑞)𝜇′
𝑃𝛼
𝛼′ (𝑞)𝑃𝜇

𝜇′ (𝑟)𝑃𝜈
𝜈′ (𝑝) , (4b)

𝜆̃𝛼𝜇𝜈 =
3

2𝑠2 𝑃
𝛼
𝛼′ (𝑞)𝑃𝜇

𝜇′ (𝑟)𝑃𝜈
𝜈′ (𝑝)

[
ℓ
𝛼′𝜇′𝜈′

3 + ℓ
𝛼′𝜇′𝜈′

6 + ℓ
𝛼′𝜇′𝜈′

9

]
, (4c)

𝜆̃
𝛼𝜇𝜈

4 =

(
3

2𝑠2

)2 [
𝑡
𝛼𝜇𝜈

1 + 𝑡
𝛼𝜇𝜈

2 + 𝑡
𝛼𝜇𝜈

3
]
, (4d)

3
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where 𝑙𝑖 and 𝑡𝑖 are the tensors from Ball-Chiu decomposition [27, 28] and the first tensor corresponds
to the tree-level tensor, and both the first and second tensors coincide in the symmetric limit with
the tensors used in previous works [24, 29]. For the bisectoral case (𝑞2 = 𝑟2) we will keep
𝜆𝑖 = lim𝑟2→𝑞2 𝜆̃𝑖 for 𝑖 = 1, · · · , 3, 𝜆4 being a linear combination of the rest. Using this basis we
will write:

Γ𝛼𝜇𝜈 (𝑞, 𝑟, 𝑝) =
∑︁
𝑖

Γ𝑖 (𝑞2, 𝑟2, 𝑝2)𝜆𝑖𝛼𝜇𝜈 (𝑞, 𝑟, 𝑝) . (5)

where Γ𝑖 (𝑞2, 𝑟2, 𝑝2) are the scalar form factors. Note that with the use of this basis, the form factors
do not change when any pair of momenta are interchanged, i.e., Γ𝑖 (𝑞2, 𝑟2, 𝑝2) = Γ𝑖 (𝑞2, 𝑝2, 𝑟2) = · · · .
Consequently, they can only depend on Bose-symmetric combinations of momenta.

The scalar form factors Γ𝑖 (𝑞2, 𝑟2, 𝑝2) can be extracted from the lattice data for Γ𝛼𝜇𝜈 (𝑞, 𝑟, 𝑝)
by solving the linear system:

Γ𝛼𝜇𝜈 (𝑞, 𝑟, 𝑝) · 𝜆𝛼𝜇𝜈

𝑗
(𝑞, 𝑟, 𝑝)︸                                ︷︷                                ︸

𝑏 𝑗

=
∑︁
𝑖

Γ𝑖 (𝑞2, 𝑟2, 𝑝2) 𝜆𝑖𝛼𝜇𝜈 (𝑞, 𝑟, 𝑝)𝜆
𝛼𝜇𝜈

𝑗
(𝑞, 𝑟, 𝑝)︸                             ︷︷                             ︸

𝑀𝑖 𝑗

(6)

or, calling P𝛼𝜇𝜈

𝑖
= 𝑀−1

𝑖 𝑗
𝜆
𝛼𝜇𝜈

𝑗
(𝑞, 𝑟, 𝑝) the projector over each element of the basis:

Γ𝑖 (𝑞2, 𝑟2, 𝑝2) = P𝛼𝜇𝜈

𝑖
Γ𝛼𝜇𝜈 (𝑞, 𝑟, 𝑝) . (7)

When working in the bisectoral case, some kinematics are close to the symmetric or soft-gluon
cases, where the three tensors in Eq.(4) are not linearly independent, and hence, the determinant of
the matrix 𝑀 in Eq.(6) will be close to zero. These kinematical points present a rather pronounced
increase of the noise, and are discarded in the following.

4. Results

The resulting form factor for the tree-level tensor, Γ1(𝑞2, 𝑞2, 𝑝2), has been represented in Fig. 2
as a function of the momenta 𝑞 and 𝑝. The symmetric (𝑝2 = 𝑞2) and soft-gluon (𝑝2 = 0) cases
have been added for comparison. This plot shows a smooth dependence of the form factor along
the bisectoral kinematic configurations. Indeed, this dependence can be cast in terms of a single
momentum scale, 𝑠2 = (𝑞2 + 𝑟2 + 𝑝2)/2, which is the symmetric combination of the three momenta
that defines the plane in Fig. 1(b). This fact has been denominated planar degeneracy [20, 30].
Continuum methods based in Schwinger-Dyson equations also predict the leading role played by
this symmetric invariant [4, 31].

In order to deliver a deeper scrutiny of the the form factor kinematics, we have calculated its
deviation with respect to the corresponding soft-gluon case,

𝑑 (𝑠, 𝜃𝑞𝑟 ) =
Γ1(𝑠, 𝜃𝑞𝑟 ) − Γsg(𝑠)

Γsg(𝑠)
, (8)

along a constant 𝑠-curve. Considered two representative case of 𝑠, the outcome for 𝑑 (𝑠, 𝜃𝑞𝑟 )
evaluated for all the bisectoral kinematical configurations (gray line in Fig. 1) is drawn in Fig. 3.
In each case, momenta have been selected in the range (𝑠 − 𝛿𝑠, 𝑠 + 𝛿𝑠), with 𝛿𝑠 = 0.05GeV. The

4
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Figure 2: Three-gluon form factor for the tree-level tensor 𝜆1 (𝑞, 𝑟, 𝑝) for bisectoral kinematic configurations
𝑞2 = 𝑟2 as a function of the momenta 𝑞 =

√︁
𝑞2 =

√
𝑟2 and 𝑝 =

√︁
𝑝2 for four different values of 𝛽 (in the

figure caption). Soft-gluon case (corresponding to 𝑝 = 0, red symbols) and symmetric case (corresponding
to 𝑞2 = 𝑟2, black symbols) have been included for comparison.

bisectoral configurations span over all possible angles, while the specific symmetric and soft-gluon
cases (𝜃𝑞𝑟 = 2𝜋/3 and 𝜋, respectively) have been highlighted for comparison. One can then
conclude that deviations from the planar degeneracy appear to be small for all values of the angle
𝜃𝑞𝑟 . Namely, in very good approximation, the form factor only depends on 𝑠, and any dependence
on other Bose-symmetric kinematic combinations can be neglected. In addition, mostly in the upper
panel of Fig.3, the statistical noise is seen to increase when the angle is close to the symmetric
case (𝜃 = 2𝜋/3, black dots). As discused above, this is due to the fact that the three tensors are
not independent in this limit, and the matrix inversion required for obtaining the projector P in
Eq.(7) is thereby poorly conditioned. A small systematic deviation towards negative values from
the planar degeneracy appears when approaching the soft-gluon limit (𝜃 = 𝜋, red symbols), and
can be understood by relying on a simple 1-loop perturbative calculation within a massive gluon
model [20].

Assuming that planar degeneracy works as a reasonable approximation, we can now plot all
the three form-factors in terms of the single scale 𝑠 (see Fig. 4). Note that these plots contain all the
data points in Fig. 2 which, owing to the planar degeneracy, collapse into a single curve. This is a
striking confirmation of the planar degeneracy. Furthermore, Fig. 4 makes also very apparent that
the tree-level form factor is clearly different from zero, while the others have a subdominant role or
vanish (right panel).

A final comment is in order regarding lattice errors present in Figs. 3-4. These plots may still
contain some systematic errors coming from lattice spacing or hypercubic artifacts, from which
the lattice three-point Green’s functions might not be plainly cured. Therefore, an application of
H4-extrapolation methods [32–35] could have an impact on a further reduction of the statistical
noise.

5
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Figure 3: The function 𝑑 (𝑠, 𝜃), defined in Eq. (8), for 𝑠 = 2 GeV (top) and 𝑠 = 4 GeV (bottom) as a function
of the angle between momenta 𝑞 and 𝑟 for bisectoral kinematics.
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s-g (all β)
sym (all β) 0
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Γ 2(q
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2 ,p
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β=5.6
β=5.8
β=6.0
β=6.2
Γ2

sym
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s [GeV]

0

1

Γ 3(q
2 ,q

2 ,p
2 )

Figure 4: Three-gluon form factors for the tree-level tensor 𝜆1 (𝑞, 𝑟, 𝑝) (left), 𝜆2 (𝑞, 𝑟, 𝑝) (top right),
𝜆3 (𝑞, 𝑟, 𝑝) (bottom right), for bisectoral kinematic configurations 𝑞2 = 𝑟2 as a function of the symmet-
ric combination of momenta 𝑠 =

√︁
2𝑞2 + 𝑝2. Where possible, data for the soft-gluon and symmetric cases

are included for comparison.

5. Conclusions

The present paper presents a non-perturbative determination of the three-gluon vertex from
quenched lattice QCD with a significant advance with respect to previous lattice studies, that focused
on very particular kinematics. Here the calculation of the vertex form factors has been extended to
the case where there are two independent momentum scales. The non-perturbative determination of
this vertex is of great phenomenological relevance, as it is a key ingredient for continuum methods

6
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such as Dyson-Schwinger equations for gluon or quark propagators or the quark-gluon vertex, or
for the Bethe-Salpeter equations for mesons or glueballs [36, 37].

The lattice data suggest a clear dominance of the tree-level form factor that, moreover, can be
written as a function of the Bose-symmetric combination of momenta 𝑠2 = (𝑞2 + 𝑟2 + 𝑝2)/2. This
finding has furthermore been confirmed for general kinematics (out of the bisectoral line in Fig. 1)
in [30], pointing towards a suitable description of the transversely three-gluon vertex:

Γ
𝛼𝜇𝜈 (𝑞, 𝑟, 𝑝) = Γ𝑠𝑔

(
𝑞2 + 𝑟2 + 𝑝2

2

)
𝜆
𝛼𝜇𝜈

1 (𝑞, 𝑟, 𝑝) . (9)

The structure of the transversely projected three-gluon vertex inferred from this study has been
employed in [38] as lattice input for calculating the displacement of the Ward identity satisfied
by the pole-free part of the three-gluon vertex Γ𝛼𝜇𝜈 (𝑞, 𝑟, 𝑝). This displacement shows that gluon
three-point function possesses a longitudinally simple pole contribution 𝑉𝛼𝜇𝜈 (𝑞, 𝑟, 𝑝) which can
be associated to a coloured massless scalar gluon correlation triggering the Schwinger mechanism
for gluon mass generation in a four-dimensional Yang-Mills theory.
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