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Pseudoscalar-pole diagrams are an important component of estimates of the hadronic light-by-
light (HLbL) contribution to the muon g − 2. We report on our computation of the transition
form factors FP→γ∗γ∗ for the neutral pseudoscalar mesons P = π0 and η. The calculation is
performed using twisted-mass lattice QCD with physical quark masses. On the lattice, we have
access to a broad range of (space-like) photon four-momenta and therefore produce form factor
data complementary to the experimentally accessible single-virtual direction, which directly leads
to an estimate of the pion- and η-pole components of the muon g − 2. For the pion, our result
for the g − 2 contribution in the continuum is comparable with previous lattice and data-driven
determinations, with combined relative uncertainties below 10%. For the η meson, we report on
a preliminary determination from a single lattice spacing.
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Pseudoscalar-pole contributions to the muon g − 2 at the physical point S. Burri and G. Kanwar

1. Introduction

Here we report on the progress of the calculation originally presented in Ref. [1]. We aim to
compute the pseudoscalar transition form factors FP→γ∗γ∗ from twisted-mass lattice QCD for the
three pseudoscalar states P = π0, η and η′ in order to determine the corresponding pseudoscalar-pole
contributions to the hadronic light-by-light (HLbL) scattering in the anomalous magnetic moment
of the muon, aµ = (gµ − 2)/2. Presented here are the recent developments of our calculation for
the states P = π0 and η. We employ twisted-mass lattice QCD at maximal twist, so that we profit
from automatic O(a) improvement of observables [2, 3]. The pion-pole calculation is performed
using three Nf = 2 + 1 + 1 ensembles with varying lattice spacings, while the preliminary η-pole
calculation uses the ensemble at the coarsest lattice spacing only. The production of these ensembles
by the Extended TwistedMass Collaboration (ETMC) is described in Refs. [4–6]. The quark masses
for all three ensembles are tuned such that the charged-pion mass is fixed to its physical value and
the s- and c-quark masses approximate their physical values. A summary of the properties of the
three ensembles is presented in Table 1.

Under the assumption of pole dominance, the leading contributions to the hadronic light-
by-light scattering come from exchanges of a neutral pseudoscalar meson P ∈ {π0, η, η′}. The
corresponding contributions to the muon anomalous magnetic moment, aP-pole

µ , are given by the
diagrams shown in Figure 1. The nonperturbative information is encapsulated in the transition form
factors FP→γ∗γ∗ of the pseudoscalar meson P to two virtual photons. The pole contributions are

ensemble L3 · T/a4 mπ [MeV] a [fm] L [fm] mπ · L ZV ZA

cB072.64 643 · 128 140.2(2) 0.07961(13) 5.09 3.62 0.706378(16) 0.74284(23)
cC060.80 803 · 160 136.7(2) 0.06821(12) 5.46 3.78 0.725405(13) 0.75841(16)
cD054.96 963 · 192 140.8(2) 0.05692(10) 5.46 3.90 0.744105(11) 0.77394(10)

Table 1: Description of ETMC ensembles used for the analysis presented in these proceedings, including
the lattice geometry, pion mass mπ , lattice spacing a, lattice size L, and the renormalization constants ZV

and ZA for the vector and axial currents [4–7].

P

+ crossed

P

Figure 1: The pseudoscalar-pole diagrams contributing to the leading order HLbL scattering in the muon
anomalous magnetic moment. Striped circles indicate the nonperturbative P→ γ∗γ∗ transition form factors
required to evaluate these contributions.
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given by a three-dimensional integral derived in Ref. [8],

aP-pole
µ =

(α
π

)3
∫ ∞

0
dQ1

∫ ∞

0
dQ2

∫ 1

−1
dτ̃[

w1(Q1,Q2, τ̃)FP→γ∗γ∗(−Q2
1,−Q2

3)FP→γ∗γ(−Q2
2, 0)

+ w2(Q1,Q2, τ̃)FP→γ∗γ∗(−Q2
1,−Q2

2)FP→γ∗γ(−Q2
3, 0)

]
, (1)

whereQ2
3 = Q2

1+Q2
2+2τ̃Q1Q2 and the weight functions w1 and w2 are analytically known functions

of the kinematics and muon and pseudoscalar masses. Each term in the integrand in Eq. (1) involves
two transition form factors (TFFs) at space-like momenta, one at single-virtual kinematics and the
other at double-virtual kinematics. First lattice results for the pion-pole contribution were obtained
in Refs. [9, 10], while for the η-pole contribution preliminary results have so far only been presented
using a lattice spacing of a = 0.1315 fm and lattice size L = 4.21 fm [11]. The pion analysis first
presented in Ref. [1] and extended in these proceedings complements prior work by working directly
at the physical point and using a different discretization. For the η meson we provide a result at
the physical point with a single lattice spacing of a = 0.0796 fm with lattice size L = 5.09 fm; an
extension of this result has also now been reported in Ref. [12].

2. The transition form factors on the lattice

Following Refs. [1, 9], the transition form factor in continuum Minkowski space-time is
defined via the matrix element of two electromagnetic currents jµ and jν between the vacuum and
the pseudoscalar state P,

Mµν(p, q1) = i
∫

d4x eiq1x
〈
0
��T{ jµ(x) jν(0)}�� P(p)

〉
= εµναβqα1 qβ2FP→γ∗γ∗(q

2
1, q

2
2) . (2)

Here T{·} indicates time-ordering, p is the pseudoscalar four-momentum, q1 is the four-momentum
of jµ, and the four-momentum q2 = p−q1 of jν is enforced by momentum conservation. For photon
virtualities below the threshold for hadron production, the transition form factor can be analytically
continued to Euclidean space [9] and is thus accessible on the lattice. In Euclidean space-time, the
matrix element can be recovered via

Mµν(p, q1) = in0 ME
µν(p, q1), ME

µν = −

∫ ∞

−∞

dτ eω1τ Ãµν(τ), (3)

where n0 denotes the number of temporal indices in Mµν, ω1 is the temporal component of the
momentum q1 = (ω1, ®q1), and Ãµν is the Euclidean matrix element

Ãµν(τ) ≡
∫

d3 ®xe−i ®q1 · ®x 〈0|T{ jµ(τ, ®x) jν(0)}|P( ®p)〉 . (4)

On the lattice this function is accessed from the three-point function

Cµν(τ, tP) ≡
∫

d3 ®x d3®y e−i ®q1 · ®xei ®p ·®y 〈0|T{ jµ(τ, ®x) jν(0)O†P(−tP, ®y)}|0〉 (5)

3
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via
Ãµν(τ) = lim

tP→∞

2EP

ZP
eEP tPCµν(τ, tP), (6)

where tP is the pseudoscalar insertion time and ZP = 〈0|OP(®0, 0)|P(p)〉. In this work, the pseu-
doscalar meson energy EP and overlap factor ZP are determined through a separate analysis of
two-point functions of the operator OP.

For the pion, we use the creation operator O†
π0 = iψ̄λ3γ5ψ, while for the η meson, we use the

creation operator O†η = iψ̄λ8γ5ψ, where λ3 = diag(1,−1, 0) and λ8 = diag(1, 1,−2)/
√

3 are Gell-
Mann matrices describing the SU(3) flavor structure. The creation operator O†η has overlap with the
physical η-meson state, meaning the correct η-meson amplitude is projected at large time separations
between the operator and currents, independent of η-η′mesonmixing. The electromagnetic currents
are defined for this Nf = 2 + 1 + 1 calculation as

jµ =
2
3
ψ̄u γµ ψu −

1
3
ψ̄d γµ ψd −

1
3
ψ̄s γµ ψs +

2
3
ψ̄c γµ ψc . (7)

The component of the electromagnetic current involving the light quarks can be decomposed into
terms with definite isospin, i.e.,

jlµ ≡ ψ̄l γµQ̃ ψl =
1
6

j0,0
µ +

1
2

j1,0
µ ,

j0,0
µ ≡ ψ̄l γµ 1ψl

j1,0
µ ≡ ψ̄l γµ σ3 ψl,

(8)

where ψl = (ψu ψd) indicates the light-quark doublet and Q̃ = diag(+2/3, −1/3) is the relevant
charge matrix. The current j0,0

µ has isospin I = 0 and j1,0
µ has isospin I = 0, Iz = 0. This decom-

position allows us to consider only the corresponding isospin preserving parts of the amplitude.
These currents also need to be further renormalized by ZV , due to the use of local currents instead
of conserved (point-split) currents in the calculation. The renormalization factors for the ensembles
used here have been precisely determined in Ref. [7], as detailed in Table 1.

The evaluation of the three-point functionCµν involves connected, vector-current disconnected,
pseudoscalar disconnected, and fully disconnected Wick contractions, as illustrated from top left to
bottom right in Figure 2. In the case of the π0, the amplitude can be related in the isospin-symmetric
limit to a charged-pion amplitude by the isospin rotation

π0 → −i · (π+ + π−) ,

j0,0
µ → j0,0

µ ,

j1,0
µ → i · ( j1,+

µ − j1,−
µ ) ,

(9)

where j1,±
µ = ψ̄l γµ σ± ψl with σ± = (σ1 ± iσ2)/2. Note that the currents j1,±

µ , when working in the
twisted basis, need to be renormalized with ZA rather than ZV . The values of these renormalization
constants are given in Table 1. The isospin rotation simplifies the evaluation of the three-point
function by removing the pseudoscalar-disconnected diagram and is thus employed in our analysis
of the pion TFF. Although isospin symmetry is broken by O(a2) lattice artifacts in the twisted-mass
Wilson fermion discretization, the effect of this rotation is removed in the continuum extrapolation.
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Figure 2: Wick contractions contributing to Cµν(τ, tP). Connected (top left), vector-current disconnected
(“V-disconnected”, top middle and right), pseudoscalar disconnected (“P-disconnected”, bottom left) and
fully disconnected (bottom right). The second connected diagram with quark propagators running in the
opposite direction is omitted for brevity.
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Figure 3: Range of photon virtualities for the pion (left) and ηmeson (right) TFFs spanned in our calculation
on the ensemble cB072.64.

In the case of the η- and η′-meson states, pseudoscalar-disconnected diagrams do not cancel even
in the isospin symmetric limit and indeed play an important role in capturing the physics of these
states.

To evaluate the connected diagram, we choose to perform a sequential inversion through the
pseudoscalar operator. This makes it computationally convenient to project to various choices of
momenta ®q1 for the jµ current at the cost of having to restrict to only a few momenta ®p for the
pseudoscalar meson. The calculation presented here is restricted to pseudoscalar mesons at rest,
i.e., ®p = ®0. In this kinematic setup, the expressions for the photon virtualities simplify to

q2
1 = ω

2
1 − ®q

2
1 , q2

2 = (mP − ω1)
2 − ®q2

1 . (10)

Thus each choice of spatial momentum ®q1 corresponds to a continuous set of combinations of q1

5
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Figure 4: Amplitude Ã(τ) for the pion for momentum orbit | ®q2 | = 10 (2π/L)2 (left) and | ®q2 | = 29 (2π/L)2

on cB072.64. Shown in orange is the full contribution to Ã(τ), in blue the connected contribution and in
green, red and purple the V-disconnected contributions multiplied by 50.

and q2 which form an orbit in the (q2
1, q

2
2)-plane. The resulting reach in the kinematics of both the

pion and η-meson TFFs on the cB072.64 ensemble is shown in Figure 3. The narrowness of the
orbits available for the pion TFF is due to the relatively small mass of the pion. This illustrates the
challenge in extracting single-virtual pion transition form factors Fπ→γ∗γ(q2, 0) = Fπ→γγ∗(0, q2) at
significantly negative virtualities q2 on physical point ensembles if one uses only pions at rest. In
future extensions of the analysis presented here, it would thus be useful to extend the single-virtual
coverage by using moving frames [10]. For the η meson, due to the higher mass, the problem is
less eminent.

The rest frame also simplifies the procedure in Eq. (2) of extracting the Lorentz-scalar TFF
from the components of the transition amplitude. In particular, one finds in the rest frame that Ãµν,
and therefore Mµν, vanishes when one or more of the indices are temporal. Meanwhile, the spatial
components can be averaged to yield the Lorentz scalar Ã(τ) = im−1

P εi jk( ®q
i
1/| ®q1 |

2)Ãjk(τ), which is
the appropriate combination to yield the TFF after integration,

FP→γ∗γ∗(q2
1, q

2
2)| ®p=0 =

∫ ∞

−∞

dτeω1τ Ã(τ). (11)

For the pion, examples for the averaged amplitude Ã(τ) are shown in Figure 4, illustrating the
full amplitude and separately the connected and the vector-current disconnected contributions with
disconnected light-, strange- and charm-current loops for two orbits on the ensemble cB072.64. The
vector-current disconnected contributions are multiplied by a factor of 50 to make the comparison
to the connected contribution and full amplitude easier. While the disconnected contributions
are very small, we still are able to extract significant signals across all momentum orbits for the
V-disconnected light and strange contributions. The charm contributions are also determined to
sufficient precision to constrain their contribution to the amplitude. We find on all three ensembles
that the total V-disconnected contribution in the peak region is suppressed with respect to the
connected contribution by a factor of at least ∼ 50. We also find that the statistical error on the
V-disconnected contribution is well under control on all three physical point ensembles.

Sample results for the η-meson amplitude Ã(τ) as defined in Eq. (6) are displayed in Figure 5
where we show the full amplitude and separately the different contributions to it considered in

6
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Figure 5: Amplitude Ã(τ) for the ηmeson formomentumorbit | ®q2 | = 10 (2π/L)2 (left) and | ®q2 | = 29 (2π/L)2

on cB072.64. Shown is the full value of Ã(τ), as well as the decomposition into the light and strange connected
contributions and the light and strange P-disconnected contributions.

our analysis for two orbits on the ensemble cB072.64. The examples show that the contributions
involving strange quarks in the currents are suppressed at least by a factor of ∼ 10 compared to the
corresponding light contributions. Based on the results in the pion case, we expect the contributions
involving charm quarks to be more suppressed still. This contribution along with the vector-current
disconnected and fully disconnected diagrams are therefore irrelevant at the presently achievable
precision, and we do not include them in the further η-meson analysis.

As shown in Eq. (11), the transition form factors FP→γ∗γ∗ are obtained by integrating eω1τ Ã(τ)
over the whole temporal axis. For choices of ω1 that result in kinematics near the single-virtual
axes (cf. Figure 3), the exponential factor eω1τ enhances the contribution from one of the tails
exponentially. Meanwhile, the signal-to-noise ratio deteriorates exponentially at large |τ |, presenting
a significant obstacle to the extraction of the TFFs in the single-virtual regime. Further, the lattice
data for times τ < −tP have incorrect time ordering of the operators and do not yield a valid
approximation to Ãµν(τ) in Eq. (4).

To address both of these issues, we extend Ã(τ) by fitting the lattice data with a model function
Ã(fit)(τ) in a range τmin ≤ |τ | < τmax, and replacing the lattice data Ã(latt.)(τ) by the fit for |τ | > τcut.
The integration in Eq. (11) is then replaced by

FP→γ∗γ∗(q2
1, q

2
2) =

∫ τcut

−τcut

dτ Ã(latt.)(τ)eω1τ +

∫ ∞

τcut

dτ Ã(fit)(τ)eω1τ +

∫ −τcut

−∞

dτ Ã(fit)(τ)eω1τ . (12)

Note that in principle τcut can be chosen independently in the two tails in order to keep as much of the
original lattice data as possible. For the pion, the contributions to Fπ→γ∗γ∗ from Ãπ, (fit)(τ) are below
2% for most photon virtualities, with the exception of some large virtualities at or close to single-
virtual kinematics. In the case of the η meson, the creation operator insertion happens at Euclidean
times tη much closer to zero, as compared to the pion, to control the rapidly deteriorating signal-
to-noise ratio for the P-disconnected contribution with increasing tη and τ. This requires smaller
values of τcut to satisfy correct time-ordering of the amplitude, resulting in larger contributions
from Ãη, (fit)(τ) to Fη→γ∗γ∗ despite the much faster exponential decay of the heavier η-meson.

Following the approach of Ref. [9], we consider both the vector-meson dominance (VMD)
model and the lowest-meson dominance (LMD) model to fit the amplitude. The variation between

7
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Figure 6: Lattice data vs. the LMD model fit of the integrand Ã(τ)eω1τ for the pion on the cB072.64
ensemble with the momentum of the current | ®q2

1 | = 2 (2π/L)2. The left plot shows the integrand for diagonal
kinematics (q2

1 = q2
2) determined by fixing aω1 = amπ/2 ≈ 0.0283, while the right plot shows the integrand

for single-virtual kinematics (q2
2 = 0) determined by fixing aω1 = a| ®q1 | ≈ 0.1388. The grey bands show the

data included in the fit from this choice of ®q1; note, however, that data within these windows are taken across
all choices of ®q1 for the fit. The point in red indicates the timeslice where the pseudoscalar creation operator
is inserted, with the lighter points to the left of this insertion having incorrect time ordering, as discussed in
the main text.

the two then gives an estimate of themodel dependence of the results. For the pionwe perform global
fully correlated fits, i.e., we simultaneously fit all momentum orbits in the range τmin ≤ |τ | < τmax

and take into account the correlations between all fitted data, while for the η meson we consider
both global uncorrelated and fully correlated fits. An example of this is shown in Figure 6 where
we plot the integrand Ã(τ)eω1τ resulting from a fully correlated global fit to Ã(τ) using the LMD
model in the range 6 ≤ |τ/a| < 8 with χ2/dof = 1.08 for the pion on the ensemble cB072.64.
The fit quality and reduced χ2 are representative of the remaining fits performed for other analysis
choices. Shown are the integrands for diagonal kinematics q2

1 = q2
2 on the left and single-virtual

kinematics q2
1 = 0 on the right. Note that the so-obtained values of the TFFs depend on the choice

of the model, the fit range and the value of τcut. These various choices are all independently carried
through the further analysis steps and are finally used to estimate the systematic error of aP-pole

µ .

3. Results for aP−pole
µ at the physical point

To extend the form factors to arbitrary photon momenta for the integration in Eq. (1), we
parameterize them using a model-independent expansion of the form [10]

P(Q2
1,Q

2
2) · FPγ∗γ∗(−Q2

1,−Q2
2) ≈

N∑
m,n=0

cnm
(
zn1 − (−1)N+n+1 n

N + 1
zN+1

1

) (
zm2 − (−1)N+m+1 m

N + 1
zN+1

2

)
, (13)

termed the “modified z-expansion.” Above, P(Q2
1,Q

2
2) = 1+ (Q2

1 +Q2
2)/M

2
ρ preconditions the form

of the expansion to more easily reproduce the form factor structure, the coefficients cnm = cmn are

8
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required to be symmetric by the Bose symmetry of the TFF, and the zk are conformal transformations
of the four-momenta in the quadrant below the non-analytic cuts at tc = 4m2

π , as given by

zk =

√
tc +Q2

k
−
√

tc − t0√
tc +Q2

k
+
√

tc − t0
. (14)

The parameter t0 is chosen to be

t0 = tc

(
1 −

√
1 +Q2

max/tc

)
(15)

in order to best reproduce the behavior of the TFF for Q2
1,2 . Q2

max [10], with Q2
max = 4.0 GeV2

chosen for the present study. Analyticity of the TFF below tc ensures that the z-expansion can fully
describe the TFF as N → ∞. To fix the coefficients cnm in the expansion, a fit is performed to the
lattice data available at the orbits determined by our choices of three-momenta ®q1 (cf. Figure 3).
Because the orbits are in principle continuously determined by the free choice of ω1, we follow
Refs. [9, 10] and fix a finite set of inputs FP→γ∗γ∗(−Q2

1,−Q2
2) by restricting to kinematics satisfying

Q2
2/Q

2
1 = const. for several choices of this ratio. We further restrict the inputs in the pion case

by removing points for which the model contribution to Fπ→γ∗γ∗ from Ã(fit)(τ) exceeds a given
threshold, thereby minimizing the impact of the choice of fit model at this stage of the analysis. In
the following analysis, both a threshold of 5% and 10% are considered. We use the smaller choice
of 5% for the final continuum-extrapolated result.

3.1 Pion

Figure 7 shows the example of an N = 2 z-expansion fit using TFF data satisfying Q2
2/Q

2
1 ∈

{1.0, 0.59, 0.0} on the ensemble cB072.64, where the transition form factors are obtained from a
global LMD fit with {τmin/a, τmax/a} = {9, 12} and integration using τcut/a = 20. Here we use a
maximal upper limit of a 10% contribution to Fπ→γ∗γ∗ from Ã(fit)(τ) as a further cut on the input data
for the fit. The points marked with maroon in the figure indicate the final data used in the fit, with
other points, including the data for the ratios Q2

2/Q
2
1 ∈ {0.88, 0.78, 0.10}, serving as a crosscheck

for the quality of the fit. Both the fit to Ã(τ) and the fit to the modified z-expansion are fully
correlated, with respective χ2

z−exp/dof = 1.03 and χ2
LMD/dof = 1.03. It is worth noting that the

z-expansion fit is most strongly constrained by the precise data available for the ratio Q2
2/Q

2
1 = 1.0.

This precision is due to a small dependence on the tails of the integrand Ã(τ) exp(ω1τ) for these
kinematics (cf. Figure 6).

After extrapolating Fπ→γ∗γ∗(−Q2
1,−Q2

2) to arbitrary space-like momenta using the results of
the modified z-expansion fits in Eq. (13), the three-dimensional integral representation given in
Eq. (1) can be evaluated to calculate aπ-poleµ . We do so for O(1000) combinations of the choices of
fit range and fit model in the Ã(τ) fit, the choice of τcut, and the choices of samplings of Fπ→γ∗γ∗
in the (Q2

1,Q
2
2)-plane as inputs to the modified z-expansion fit. For the pion, the fully correlated

z-expansion fits with N = 2 give the best reduced χ2 values, so we restrict to this choice alone.
Further, for the pion we consider choices of τcut satisfying τcut ∈ [1.3, 1.6] fm in physical units across
all three ensembles. We then use a modified version of the Akaike information criterion (AIC) to
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Figure 7: Illustration of the pion transition form factor Fπ→γ∗γ∗ and its parameterization using the fitted
modified z-expansion. Only the data coloured in maroon is included in the fit.

cB072.64 cC060.80 cD054.96
aπ-poleµ · 1011 56.8(2.7)(0.3)[2.7] 56.5(2.1)(0.5)[2.2] 54.0(2.1)(0.3)[2.2]

Table 2: Preliminary results for estimates of aπ-poleµ on the three ensembles used in this analysis. The
uncertainties shown are statisical, systematic and total, respectively.

perform a weighted average across the analysis choices; see Ref. [13] and references therein. Using
this procedure we obtain separate estimates of the statistical errors and systematic errors associated
with analysis choices described above. The preliminary values for aπ-poleµ obtained per ensemble
are presented in Table 2.

Data from these three physical-point ensembles allows a continuum extrapolation to be per-
formed for the value of aπ-poleµ . In the twisted-mass discretization, the leading lattice artifacts are
expected to be of O(a2). For the continuum limit of aπ-poleµ we therefore consider both extrapolation
with a simple constant fit versus lattice spacing and a linear fit in a2. As shown in Figure 8, both fits
are consistent with the lattice data. To determine a preliminary estimate of the continuum value at
the present statistics and set of ensembles, we apply the averaging procedure presented in Ref. [5]
(see Eqs. (38)–(43) therein) to combine the constant and linear fits. The resulting estimate of the
continuum limit is found to be

aπ-poleµ = 55.4(1.9)fit(1.0)ctm−syst.[2.1]tot, (16)

where the uncertainties are respectively the average uncertainty from the Ã and z-expansion fits,
the additional systematic uncertainty from variation between the constant and linear continuum
extrapolations, and the total uncertainty combined in quadrature.
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Figure 8: Preliminary continuum limit of aπ-poleµ based on both constant and O(a2) extrapolations. The
extrapolations are averaged using the procedure from [5], as discussed in themain text, yielding the continuum
estimate aπ-poleµ = 55.4(1.9)fit(1.0)ctm−syst.[2.1]tot indicated by the red marker at a2 = 0.
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Figure 9: Illustration of the η-meson transition form factor Fη→γ∗γ∗ and its parameterization using the fitted
modified z-expansion. All data shown is included in the fit.

3.2 Eta

As in the case of the pion, for the η meson we apply a z-expansion fit to extrapolate TFF results
to arbitrary kinematics. Figure 9 shows the example of an N = 2 z-expansion fit on the ensemble
cB072.64 using TFF data satisfying Q2

2/Q
2
1 ∈ {1.0, 0.88, 0.78, 0.59, 0.1, 0.0}, where the transition

form factors are obtained from a globalVMDfitwith {τmin/a, τmax/a} = {4, 7} and integration using
τcut/a = 8. The fit to Ã(τ) is performed with correlation taken into account, yielding χ2

VMD/dof =
0.25, while the fit to the modified z-expansion is uncorrelated with χ2

z−exp/dof = 1.03. Since
mη � mπ , in the case of the η meson even the diagonal kinematics include significant contributions
from the tails of the integrand eω1τ Ã(τ) and thus have significant statistical uncertainties. In the
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Figure 10: Results for the single-virtual η-meson transition form factor Fη→γγ∗ evaluated using an example
set of analysis choices, as described in the main text, versus experimental measurements described in
Refs. [14–17]. The red band indicates the result of the z-expansion fit to the lattice data shown in red points.
As the lattice data and fit are shown for a single choice of analysis parameters, the uncertainties are purely
statistical. A full analysis of the form factor itself has now been presented in Ref. [12].

single-virtual case, we can compare our results for Fη→γγ∗ , both the data points directly as well
as the z-expansion fit, to experimental data from CLEO, CELLO and BaBar, cf. [14–17]. An
illustration is shown in Figure 10 for the same parameters as in Figure 9. We already find relatively
good agreement with the experimental data despite working at a single lattice spacing.

Using the results of the modified z-expansion fits to extend the TFF Fη→γ∗γ∗(−Q2
1,−Q2

2) to
arbitrary space-like momenta allows us to evaluate the three-dimensional integral representation
given in Eq. (1) to calculate aη-poleµ , as in the pion case. This is evaluated for each of the O(1000)
combinations of choices of fit range and fit model in the Ã(τ) fit, the choice of τcut, the choices of
samplings of Fη→γ∗γ∗ in the (Q2

1,Q
2
2)-plane as inputs to the modified z-expansion, and the choice

of N ∈ {1, 2} for the z-expansion. Further, for the η meson we include all choices of τcut satisfying
τcut ∈ [0.16, 0.64] fm. Using the model averaging procedure of Ref. [13], we obtain the preliminary
result

aη-poleµ = 12.7(4.6)stat(0.7)syst[4.6]tot · 10−11 (17)

on the cB072.64 ensemble. We note that the quoted systematic uncertainty in Eq. (17) only includes
the effects of the analysis choices described above, and in particular does not include uncertainties
associated with the continuum and infinite-volume limits.

4. Conclusion and outlook

Our preliminary result aπ-poleµ = 55.4(2.1) · 10−11 may be compared to the recent lattice result
aπ-poleµ = 59.7(3.6) · 10−11 from Ref. [10] and the dispersive result aπ-poleµ = 63.0+2.7

−2.1 · 10−11 from
Refs. [18–20]. We note that there is a mild tension with the data-driven result, though our analysis
is not yet finalized, as discussed below. Our preliminary result aη-poleµ = 12.7(4.6) · 10−11 on the
cB072.64 ensemble can be compared to the estimate aη-poleµ = 16.3(1.4) · 10−11 from a Canterbury
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Figure 11: Left: Comparison of the estimate of aπ-poleµ from this work versus an estimate based on dispersion
relations [18–20] and a prior estimate from lattice QCD [10]. Right: Comparison of the estimate of aη-poleµ

from this work versus a result derived from Canterbury approximant (CA) fits to experimental data [21] and
two estimates based on Dyson-Schwinger (DS) equations [22, 23].

approximant fit to experimental data [21] and aη-poleµ = 15.8(1.2) · 10−11 and aη-poleµ = 14.7(1.9) ·
10−11 using Dyson-Schwinger and Bethe-Salpeter equations [22, 23]. Within our uncertainties we
find good agreement with these various results already at this single lattice spacing. Figure 11
compares our results for both aπ-poleµ and aη-poleµ with the aforementioned estimates.

At the moment, the z-expansion fits for the pion on cB072.64 are being finalized. Though this
may change the central value of aπ-poleµ in the continuum slightly we do not expect a drastic shift, and
also no significant change in the total error. At the same time, the continuum extrapolation strategy
is being developed to avoid either a too-conservative estimate with overestimated errors or an overly
aggressive estimate dominated by the constant fit. Finally, future calculations on the cC060.80
and cD054.96 ensembles are planned for the analysis of aη-poleµ , which will allow a continuum
estimate of this value directly from ab-initio lattice QCD. An ab-initio value is not yet available for
this quantity, so that such a result will provide an important cross-check for data-driven results for
aη-poleµ .
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