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1. Introduction

In QCD, the study of thermodynamical quantities such as energy, pressure and entropy density
is important to describe the quark confinement phenomenon, study the properties of quark-gluon
plasma and understand the physics of the particles from a relativistic heavy ion-collisions. The most
convenient method to study these thermodynamical quantities is to formulate the energy-momentum
tensor (EMT) Ty, (u,v = 1,2,3,4,). Once the energy-momentum tensor has been computed, the
thermodynamical quantities can be obtained from the components of the tensor and their correlators.
For example, in Euclidean space the components of the EMT are related to the physical quantities

as follows
—Tus(x) = &(x) (Energy density), (D
Ty (x) = 0py(x), (u,v =1,2,3)  (Stress tensor), 2)
Tyuu(x) =p(x), (u=1,2,3) (Pressure), 3)

and the correlator quantities are important to study the bulk and shear viscosities at nonzero
temperature. Moreover, the tensor is suitable to investigate the local and global properties of the
field.

On the lattice, discretization of the EMT was challenging problem, because when one goes to
continuum physics, observables do not correspond to continuum due to UV-fluctuation. Therefore,
until recently, researchers used the “integral method” [1] which is an indirect method to calculate
thermodynamical observables such as energy density and pressure. In 2010, however, the gradient
flow method [2, 3] was introduced into the lattice field theory, making it possible to formulate
EMT on the lattice. The formulation of the EMT on the lattice using the gradient flow method
was developed by Japanese physicists for the first time in 2013 [4]. And, distributions of the EMT
around a quark and an antiquark have been determined in Ref.[5] at zero temperature and in Ref.[6]
at nonzero temperature. Also, the distributions of the EMT for the single quark system have been
computed in the deconfined phase [7]. Although, in Ref.[6] the distributions have been computed
only at one temperature, and the continuum limits have not been taken for the gg system at finite
temperature.

For that reason, in this study we investigated the distribution of the flux tube at several
temperatures around the critical temperature and for the shorter and longer distances between the
quark and antiquark, and did double extrapolation.

The plan of the paper is the following: in Section 2 we recall theoretical background of the
energy-momentum tensor and its definition on the lattice. And the method and simulation details
will be shown. In Section 3, we introduce our results and findings, and finally the conclusion will
be included in Section 4.

2. Theory and method
The energy-momentum tensor consists of gauge and fermionic part in continuum as

Ty (x) = Tlfi, (x) + T/fv (x). ()]
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In this study we only focus on the gauge part which is constructed from field strength tensor F,
of the gluon field, Tlﬁ,(x) = % [Fl‘jp(x)F,f‘p(x) - %6'[,,,F;j(, (x)F;,‘g(x)], where gq is bare gauge
coupling. As mentioned in Introduction section, we formulate the energy-momentum tensor using
the gradient flow method. The main concept of the method is to introduce the extra fifth coordinate
named flow time ¢ on the four-dimensional space-time lattice. Then one can measure the observables
on the non-zero and positive value of the flow time. For the EMT operator, the small-t expansion
method determined from the gradient flow method was used. In this method, the observables are
defined by the sum of the flowed operators. For the energy-momentum tensor, these operators are
E and U operators and the EMT is given in terms of these operators as

T,uv(tvx) = Cl(t)U/JV(t’ x) + 4C2([)E(t,X), (5)

and E and U operators built-up from the flowed field strength tensor G, (¢, x) in the following form

1
Upy(t,x) = Gzp(t,x)fop(t, X) — ZGSO.(I,)C)GZIO.(I, X), (6)
E(t,x) = 7 p(T(t x)Gpos @)

and c; and ¢, are the flow time dependent perturbative coefficients [8, 9]. Then, the renormalized
continuous EMT can be extracted by taking the double limit

TR (x) = hm hm Ty (1, ). 8)

Now, let’s discuss how to measure the EMT around the quark-antiquark system. At finite tem-

perature, we consider the EMT operator given by Eq.(5) and Polyakov loop correlation function
(6] i

(T (1)) = (T (1,x)Tr [LT(0)L(R)])

9 Tr [LT(0)L(R)]

— (T (1, %)) . 9)

Here two Polyakow loops, L(n) = Nl T HT , Ua(#, 7), indicate the positions of the quark and
antiquark R-spaced from each other.

In Fig.(1), we want to show the planes in which the distributions of the EMT around the ¢4 are
studied, where (z, x) plane that including the quarks and (x, y) plane is the middle transverse plane
between the quark and antiquark. In order to study the distribution on middle plane, we transfer from

y r

X
mid-plane
(x.y-plane; z=0) 7 z

[¢) .
O,

z, x - Source plane

Figure 1: left: The sketch of the gg system, right: cylindrical coordinate [10].

the Cartesian coordinate system to the cylindrical because of the cylindrical symmetry behavior of
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the flux tube. The transformation is given by the following equation

Tyy = (ey)uTuv(ey )y, (yy' =r,6,2), (10)
r=+x2+y26=tan"! (X),z=z
X

where e, denotes a unit vector along the direction of the y axis. Consequently, the EMT on the
middle plane between the quarks is diagonalized as

Tyy’(r) = diag(T44(r)’ Trr(r), THH(F)’ Tzz(r))- (11)

Then, in order to extract the renormalized energy-momentum tensor we need to do double extrapo-
lation that are continuum (¢ — 0) and zero-flow time (t — 0) limits. First the continuum limit is
taken as

b )72% (t )

<T/‘V(t’ x)>lat = <Tl“’(t’ x)>c0nt + N2

, (12)

by fixing the temperature, gg separation and flow time in their physical units [11]. After the
zero-flow time limit is taken as

(T (1,2)) ., = (T, (X)) + Cpy (1) - 1,

using the continuum limited operators obtained for every fixed flow time [11].

The simulation parameters and conditions are shown in Tab.(1). We measure the EMT distri-

T/T. | N> XN, | tT? a,fm | R,fm | Neony
0.95 | 32°x8 | 0.003-0.007 | 0.086 | 0.5-1.2 | 1000
48°x 12 | 0.003-0.007 | 0.058 | 0.5-0.9 | 1000
64° x 16 | 0.003 - 0.007 | 0.044 | 0.5-0.9 | 500
96° x 20 | 0.003 - 0.007 | 0.035 | 0.5-0.8 | 250
144 | 323x8 | 0.005-0.014 | 0.057 | 0.5-0.9 | 1000
48°x 12 | 0.005-0.014 | 0.038 | 0.5-0.8 | 1000
64° x 16 | 0.005-0.014 | 0.029 | 0.5-0.6 | 500
96° x 20 | 0.005-0.014 | 0.029 | 0.4 -0.6 | 250

Table 1: Simulation parameters.

bution in SU(3) pure gauge theory at high temperature. In order to take the continuum limit we
perform the simulation on the four lattices of different sizes. And we measure the EMT at two
temperatures below and above the critical temperature and for several ¢g separations. It should be
noted that we measure both EMT and Polyakov loops at nonzero flow time, while in the previous
work [6] the EMT have been measured at nonzero flow time and the Polyakov loops have been
measured at zero flow time. In order to express the observables in physical units, we use the scaling
function that is defined using wq quantity [11]. Statistical errors are computed by Jackknife method.
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3. Results and discussions

3.1 Stress-tensor distributions on source plane

First, we study the stress tensor distribution on the source plane to investigate the qualitative
feature of the flux tube. The stress tensor distribution around the quark and antiquark is obtained
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Figure 2: Stress-tensor distributions on the source plane.

by solving eigenvalue equation [5]

70

uvlily ~ = Agn

, (k=1,2,3) (13)

where the eigenvalue Ay is force per unit area along the principal axis and 7, is normal vector with
the surface. When the Ay < 0 (red), the pulling strength and 4; < O (blue), the pushing strength
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can be obtained, respectively. The lengths of the arrows are proportional to the absolute value of
the eigenvalue and the directions of the arrows are determined by normal vector.

From the Fig.(2), we intended to study the dependence of the field strength lines on temperature
and distance between the quarks. We plotted the distributions for three different distances from
shorter to longer and at two temperatures below and above 7, on the finer lattices. For the shorter
distance, the flux tube can be observed at both temperatures. But, the field strength line’s behaviours
are different, in other words, for the below critical temperature, there is no field around the positions
of the quarks, and for the above T, the field strength lines around the quarks are seen. For
T =0.95T, and R = 0.5 fm, the flux tube structure is similar to the flux tube at zero temperature [5].
In the second row of Fig.(2), the stress tensor distributions have been plotted for the 0.6 fm distance
and at also two temperatures. From these plots, the flux tube structure still persists at temperature
below T, but for the above T, the flux tube is beginning to dissociate from the middle. In the last
row of the figure, the distributions are shown for the longer distance between the sources, at 0.957,
R =1.0 fm and at 1.44T,, R = 0.65 fm. In both plots the flux tube structure disappeared. But field
strength line’s behaviors are different. For the below T, it seems like become a string breaking and
then two new flux tubes emerged, but for the above T, there is no interaction between the quark
and antiquark, and field strength lines around the quarks become like two separated point charge’s
field. The stress tensor distribution’s formation at 7 = 1.447T,. and R = 0.65 fm is similar to that of
the Ref.[6] in which the temperature and the distance were 1.447, and R = 0.69 fm.

3.2 Double extrapolated EMT distribution on mid-plane

Next, we study the distribution of the energy-momentum tensor on the middle plane. In order
to do we move to cylindrical coordinate using Eq.(10), and then the double extrapolation is taken
according to Eq.(12) and Eq.(13). Firstly, we did the extrapolations for only one point of the
components at (z = 0,7 = 0), and it is illustrated in the first row of Fig.(3). It should be noted
that we did not include the systematic errors here, and only statistical errors are considered. Then
we have to do the above operation for all points of the the transverse distribution. In order to take
the continuum limit, we need the data at same r for different lattices. Since values of the r are
different on the various lattice extends, we have to parametrize the transverse profile using following
functions [12] and [13]

FGauss = A - e—BrZ +C, (14)
Fpessel =A'KO(VBr2+C)- (15)

After the parametrization, we can get the data at arbitrary . In this study, we use values of the r on
the finest lattice. Once it is done, we repeat the steps that are performed for one point. The second
row of Fig.(3), we show the dependence of the transverse distribution of the energy density on
1/N2 and ¢T? with the continuum and the zero-flow time limited results as an example. In Fig.(4),
we show the double extrapolated components of the EMT on the middle plane at two temperatures
and for two distances. From these figures, we can see that — (Tﬁ(r))qc7 /T* or energy density has
a much larger value than that of the other three components. And — <TZR; (r))qq /T* component
of the EMT, in other words, the component along the axis connecting quarks has a higher value
than that of the other space-space components for the small separation R = 0.5 fm in the confined
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Figure 3: Dependence of the components of the EMT on N, and flow time ¢ with the continuum and
zero-flow time extrapolated points. Top: at (z = 0,7 = 0) point, Bottom: on the middle plane (z = 0, r).

phase. But, for the larger separation, it decreases and has asimilar value to the other two space-space
components. Besides, when the distance increases, the values of the components decrease. For the
temperature dependence, when the distance is fixed and the temperature is increased, the values of
all components are decreased and approach a zero. Also, the difference between the energy density
and the space-space components decrease.

3.3 gg force

Before, in Ref.[5], it has been shown that the ¢4 force can be evaluated by the stress-tensor
distribution and coincide with the ¢4 force from the potential at zero temperature. Therefore, we
investigate the dependence of the g4 force on the distance between the quarks from the distribution
of the stress-tensor surrounding the charges. It is computed by the surface integral

Furess == [ TSy =21 [ (Teclr0)gq i (16)
S 0

surrounding the charge and for the surface, we choose the distribution of the (¢, (r, 1)}, ; component
at mid-plane [5]. In Fig.5, we show the dependence of the g4 force on the distance between the
quarks at two temperatures. From the figure, one can see that the dependence of the force on gg
separation is different for the two temperatures. In other words, at temperature the below 7T, this
dependence is similar to that of at zero temperature [5]. But the magnitude of the force is lower
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Figure 4: Distributions of double extrapolated components of the EMT on the middle plane as functions of
the temperature and the gg separation.
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Figure 5: Dependence of the g4 force on the distance between the quarks at two temperatures.

than that of the vacuum. And, at temperature the above T, the dependence is different. Also, the
value is decreasing and reaching a zero. From this, we suppose that the screening phenomenon

occurs in the deconfined phase.
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4. Conclusion

We have studied the distribution of the energy-momentum tensor around a quark and an
antiquark at high temperature in the SU(3) pure gauge theory. And we have taken the continuum
and the zero-flow time limits for the transverse profile on the mid-plane of the flux tube for the
first time at nonzero temperature, successively. From our results and findings, we may make the
following conclusions:

* We explicitly illustrate the dissociation of the flux tube at large separation is in a different
way for the temperatures below and above critical temperature from stress-tensor distribution
on the source plane. This may indicate that the following phenomena are occurring:

— T < T.: String breaking,

— T > T,: Color screening.

* As T and R increased, the change of the TZ’; (r) behavior and the decrease of all components
show the flux tube disappearance.

* AtT < T, relation between the components was similiar to the QCD vacuum and different
from the classical electrodynamics, which is turned up from (Tﬁ(r)) + (TZ’E (r)> + <T(§a (r)) +
(Trli (r)) < 0. And at T > T, the relation has changed, which is (Tﬁ(r)) + (TZRZ(r)> +
(TR (r)) + (TR (r)) ~ 0.
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