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1. Introduction

Hadron spectroscopy is an important part in the understanding of the strong interactions and
its underlying theory — quantum chromodynamics(QCD). Simply speaking, studying spectroscopy
is to obtain the masses of the hadrons. More importantly, it helps us understand how hadrons are
built from the fundamental degrees of freedom of QCD — quarks and gluons. Although the QCD
theory allows for the existence of any type of colorless hadrons, for a long time the hadrons observed
in experiments all fitted into the simple picture of the conventional quark model, i.e., hadrons are
composed of either a quark-antiquark pair or three quarks. Only since 2003, new types of hadrons
were started to be observed in experiments [1-10], triggered tremendous interest and effort in the
study of hadron spectroscopy. See the references [11-13] for reviews on experimental results and
theory interpretations. Many experiments around the world, such as BES III, Belle-II, LHCb and
the JLab 12GeV upgrade, are keeping producing rich results on hadron spectra. On the theory
side, hadron spectroscopy is a very active area in phenomenology and effective field theory studies,
which provide important insights [14—17]. However, studies from first principles are crucial to
boost our understanding of hadron spectroscopy.

Lattice QCD is the only non-perturbative method to study hadron spectroscopy from first
principles with controlled statistical and systematic uncertainties. For the ground state spectrum,
lattice calculations has aimed at high precision. A milestone in these kind of calculations is the
neutron-proton mass splitting obtained by the BMW collaboration [18]. In this work, the systematics
in lattice calculations, including finite lattice spacing, heavier than physical quark masses, finite
volume effects, isospin-breaking effects and the quantum electrodynamics(QED) corrections, are
all treated carefully. The exited hadronic states are generally resonances: they decay into multiple
particles. They are manifested as poles in the scattering amplitudes. A well established method to
study scattering processes in lattice QCD is the Liischer’s finite volume method [19], which relates
the finite-volume spectrum of a two-particle system to the scattering parameters of the two particles
in the infinite volume. The finite-volume spectrum can be calculated rather straightforwardly in
lattice QCD, then the scattering amplitudes can be obtained through Liischer’s method. Another
formalism is the HALQCD method [20, 21], which utilizes the so-called Nambu-Bethe-Salpeter
wavefunction that can be directly measured on the lattice and then solver the relevant Schr"odinger
equation to get the two-particle interactions.

Liischer’s formula was originally obtained for two identical scalar particles [19]. It has
been generalized to any two-particle systems — in moving frames, with arbitrary spin, different
masses and multiple coupled channels [22-29]. The formulas for three-body scattering are also
developing [30-32]. For the three-body scattering formalism and applications, I refer to Romero-
Lopez’s topical review [33]. In the last decade, there have been significant progresses in the
application of Liischer’s formula. As a benchmark, p resonance has been calculated with rather
good precision [34—41]. One of the challenges at present is to control the systematics arising from
the finite lattice spacing, unphysical light quark mass and finite volume effects. Another challenge
is to handle multiple coupled channels. It requires large number of finite-volume energy levels
to reliably determine the many scattering parameters in coupled channels. Most of the coupled
channel scattering calculations done by now are for light mesons mainly contributed by the Hadron
Spectrum Collaboration [36, 42—-46], a few involves charmed mesons [47, 48].
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This review partly cover the new results on hadron spectroscopy and interactions in the last
couple of years, with an emphasis on the exotic hadrons beyond the conventional quark model.
It should be noted that some topics will not be discussed here. The three-body interactions is
reviewed by Romero-Lépez [? |. For the glueball spectrum I refer to Vadacchino’s talk [49]. This
review is organized as follows. In Sec. 2, I recapitulate the theory methodology utilized in the
spectrum calculations. In Sec. 3, I will go over the recent results in the last couple of year, including
meson-meson, meson-baryon and baryon-baryon scatterings.

2. Methodology

Using Liischer’s method to calculate scattering amplitudes requires computing the energy
eigenstates in a finite-box, preferably with large number of energy levels in a certain kinematic
range. One starts from constructing a set of interpolating operators {O;,i = 1,2,3,--- , N} carrying
the same quantum numbers of interest, then compute the correlation functions

Cij(1) = (010:(101(0)[0) = > (0]0iIn)(n|OT[0)e ™", ()

n

Solving the generalized eigenvalue problem(GEVP)

C()v" (1) = A"()C(10)v" (1), 2

the energies can be extracted from the time dependence of the eigenvalues A" (r) ~ e En(t=10)

[50]. Operators that have good overlap onto the states of interest is essential to get the correct and
complete energy levels. For example, in order to correctly identify the p resonance, both quark
bilinear operators and the nr operators should be included [36, 38]. In practice, one should build a
reasonably large set of operators with diverse structures. Two-particle operators in moving frames
also helps us get more energy levels. The SO (3) rotation symmetry in continuum space breaks down
to cubic group on lattice. Therefore one should build the operators that transform in the irreducible
representations(irreps) of cubic group rather than with certain angular momentum J. The operator
construction methods have been discussed in some literature [51-57]. A novel quark smearing
method called distillation method [58, 59] is very advantageous in the spectrum calculation. This
method enables us to greatly improve the precision with affordable cost and conveniently compute
the correlation functions of many interpolating operators. The disconnect diagrams can also be
computed straightforwardly with this method. It has been applied in many spectrum and scattering
studies in recent years.

The next step is to obtain the scattering information through L"uscher’s finite volume method.
In the simplest case, considering the s-wave scattering of two identical scalar hadrons with mass
m, the L"uscher’s formula that related the infinite-volume scattering phase shift §o(p) and the
finite-volume energy reads

2
pcotdo(p) = L—ﬁzoou;qz), 3)

where p is related to the finite volume energy E; via E; = 24/p2+m?2, and ¢ = pL/(2n). By
calculating the values of E;, on lattice, one can obtain the scattering phase shift 5o(p).
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The above L"uscher’s formula has been generalized to any two-particle systems. The general
formula, usually referred to as quantization condition, can be written as

det[K(Er) + F"Y(EL,L)] =0, )

where K is the K-matrix for the infinite-volume scattering amplitude, F is a known geometric
function that reflects finite-volume information. The determinant is in the space of channels and
partial waves. Note that the quantization condition provides one constrain for a specific energy. In
the case of coupled channels, there are more than one scattering parameters. Therefore, we can
not determine all scattering parameters at this specific energy from the quantization condition. We
need to parameterize the energy dependence of the scattering matrix over some energy range. For
example, the scattering matrix can be parameterized by the effective range expansion in the energy
range that is close to the threshold:

1 1

p*cotsy(p) = — + =rip?, )
aj 2

where a; is the scattering length of partial wave / and r; is the effective range. Various param-

eterization schemes have been implemented in the coupled-channel calculations [36, 42-46]. In

principle, different parameterization should induce the same resonance properties.

3. Recent results

In this section, I will review recent progresses in lattice calculation of hadron spectroscopy and
interactions. I will start from the meson-meson scattering, mainly on the heavy meson scattering
channels that related to exotic hadrons. Then I will discuss the scattering involves baryons, including
meson-baryon and baryon-baryon scatterings.

3.1 Meson-meson scattering
3.1.1 DD* scattering and 7.

The LHCb collaboration reported a very narrow structure 7. in the D?D%z* invariant mass
spectrum [8, 9]. According the its decay channels, the quark content should ccitd. The mass of T,
is only 0.36MeV below D°D** threshold and the width is 47.8keV. There are some phenomenology
models suggest that T, is a bound state formed by D and D* [60-66]. Currently there are two
lattice calculations have investigated this state [67, 68].

In Ref. [67], the authors calculated the isospin-0 DD* scattering amplitude on ensembles
with pion mass M, ~ 280 MeV and lattice spacing a ~ 0.086 fm. The finite-volume energies
are computed using the two-meson operators in the rest frame as well as moving frames with
total momentum P = 1, V2, and 2(in units of 27r/L). The scattering amplitudes for partial waves
[ =0, 1 are obtained via Liischer’s method. A virtual bound state pole is found in the s-wave DD*
scattering channel. The dependence of the pole position on quark masses is discussed, suggesting
that at smaller pion mass the virtual bound state pole would become a bound state. Figure 1 shows
the finite-volume energies and the extracted scattering amplitude.

Ref. [68] computed the isospin / = 0,1 DD* scattering on an anisotropic ensemble with
pion mass M, ~ 350 MeV. The temporal lattice spacing a; 1 = 6.894 GeV and the anisotropy
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& = ag/a; =5.3. The two-meson operators in the rest frame are used to calculate the finite-volume
energies. The scattering length and effective range are obtained through Liischer’s formula and the
effective range expansion parametrization of the scattering amplitude. Figure 2 present the values
of p cotdy as a function of ¢ and the fit of p cot §y data points to the effective range expansion.
The scattering length and effective range for / = 0 and / = 1 channels are

af'™ =0.538(33)fm, (" =0.99(11)fim, ©

al'™" = ~0.433(43)fm, r{"™” = -3.6(1.0)fm. (7

The results for / = O channel are in line with the results presented in Ref. [67]. The major
observation from the results is that the interaction of D D™ is attractive in the / = O channel while it
is repulsive in the / = 1 channel. By comparing the difference in these two channels, it is observed
that the charged vector p exchange in the hadron level contributes to the / = 0 and / = 1 correlation
functions with opposite signs. As a results, it raises the D D* energy in the / = 1 channel and lower
the energy of the / = O channel. This implies that the DD™ interaction induced by the charged
p exchange plays a crucial role in the formation of 7,., which agrees with the phenomenological
studies [65, 69].

The above two works provide valuable information about the doubly charmed tetraquark 7.
However, further investigations are required to clarify the properties of T... The quark mass
m,;q dependence and discretization effects should be studied by doing the calculations at various
values(preferably smaller) of quark mass and lattice spacing. Interpolating operator with different
structures, such as diquark-antidiquark operators, should be included. Performing the calculation at
physical m, /4 will be very challenging. If 7. were a D D" bound state, the binding energy would
be only 0.36MeV at the physical m,, 4, which requires super high precision to resolve such a small
binding energy. Also, at the physical m,, /4, D* decays to Dr and T¢.. decays to DDn. Therefore,
three-body interactions needs to be considered.

3.1.2 BB scattering and T},

Although Ty, has not been observed in experiments, it is likely to be a candidate of heavy
tetraquark state with quark flavor bbitd and quantum number 1(JF) = 0(1*). Several lattice studies
predicted 735 as a bound state [70-75], while the binding energy obtained in these studies are
different. A recent work calculated the scattering of the coupled channels BB* and B*B* using
the HALQCD method [76] and confirmed the existence of a bound state. They also investigated
possible reasons that may cause the differences of the binding energy in the previous studies. A
major observation is that coupled channel effects reduce the binding energy by around 50%. Using
static quark action or NRQCD for bottom quarks can also make differences in the binding energy.
Figure 3 presents the results of pcot§(p) in the BB* channel as a function of the energy measured
from the BB* threshold. A bound state pole (the intersection of pcotd(p) with —\/—_])2) is found for
each of the three pion mass m, =701, 571 and 416 MeV. The binding energy at physical pion mass
is obtained by doing the extrapolation linearly in mi and the resultis Epinding = —83.0+10.2MeV. If
only consider the single channel BB*, the obtained binding energy is Epinding = —154.8 + 17.2MeV,
which agrees with the previous single channel calculations [72-75].
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Figure 1: Left: The finite-volume energies of DD* system in the center-of-momentum frame in various
irreps, normalized by Epp- = mp + Dp-. The lattice energy levels are shown by large circles and squares.
The non-interacting energies are shown by lines. Right top: p cot ¢ for the s-wave DD* scattering(red line),
also normalized by Epp-. The cyan(orange) line is ip = |p|(—|p|) versus p2. The virtual bound state occurs
at the momenta where the red line and the cyan line intersect, indicated by the magenta point. Right bottom:
The corresponding DD* scattering rate N « p|tg|?, where 1 is the s-wave scattering t-matrix.
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Figure 2: The values of pcotd as a function of p? for the s-wave DD* scattering. The left panel is for
isospin / = 0 and the right panel is for / = 1. The red band is the fit to the effective range expansion formula.

3.1.3 Charmonium-like states

In the last two decades, large amount of charmonium-like states which do not fit well into
the conventional quark model have been observed in experiments. The properties of these states
remain unclear. Lattice calculations have investigated some of the charmonium-like states, such
as the X(3872) [77-79] and the charged Z. states [79-86]. Here I introduce recent works on
the scattering of DD and DyDg [48, 87, 88]. The finite-volume energies are obtained from
the correlation matrix of a number of interpolating operators of é¢c, DD, DyDg and J/yw with
quantum numbers isospin I = 0 and J¥€ = 0**, 17=, 2** and 3~ ~. The infinite-volume scattering
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Figure 3: The results of pcot§(p) of BB* channel as a function of the energy measure from the the BB*
threshold for three different pion masses m, = 701, 571 and 416 MeV. The blue curve is —/—p?2.

matrices are determined from the finite-volume energies via Liischer’s formalism. For the positive
parity channels 0™ and 2**, two coupled channels DD and DDy are considered in the scattering
analysis [48]. For the negative parity channels 17~ and 37, single channel approximation was
used [88]. J/yw was treated as decoupled. The masses of the charmonium(-like) resonances and
bound states are related to the poles of the scattering matrix. The results are presented in Figure 4
along with the experimental values. There are several interesting observations in the results:

* There is a bound state pole in the 0+ D D scattering amplitude near the threshold with binding
energy —4.0?‘5'.70M6V. It is likely not a conventional charmonium state which has not been
observed in experiments.

* A resonance pole is found in 2** DD scattering amplitude with partial wave [ = 2. It is most
likely related to the conventional charmonium state y.2(3930).

* A broad resonance is found in the 0** DD channel through coupled DD-DgDj scattering
analysis. The mass and coupling are consistent with the experimental values of y.(3860).

s The coupled DD-D¢D; scattering with JF€ = 0** also indicates a narrow resonance
slightly below the DyDy threshold. It mainly couples to DyDg and is likely related to
the X (3915)/x.)(3930) observed in experiments.

3.2 Meson-baryon scattering

In this subsection, I introduce a recent work on the meson-baryon scattering that is related to
the hidden-charm pentaquarks.

In 2015, LHCb collaboration reported two hidden-charm pentaquark states P.(4450) and
P.(4380) [6]. A later analysis based on a data sample that is an order of magnitude larger shows
that the P.(4450) splits into two structures P.(4440) and P.(4457), and a third narrow peak
P.(4312) emerges [7]. Numerous theoretical investigations on the nature of the P, states fol-
lowed these discoveries. Several theoretical interpretations have been proposed, including hadronic
molecules [89—-105], compact pentaquark states [106—108] and hadrocharmonia [109, 110]. It is
readily observed that the mass of P..(4312) is close to the X.D thresholds while the P.(4440) and
P.(4457) are close to the X.D* threshold. The molecule interpretation naturally explains all of
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Figure 4: The masses of the charmonium(-like) states with quantum number J”€ = 0**, 1=, 2* and 37~.
The left panel shows the results from the lattice calculation and the right panel presents the experimental
values. The green lines indicate the DD and DD, thresholds.

the three narrow P, states as spin multiplets of the >.D ™) bound states. In most of the literatures,
the P.(4312) is explained as a J©' = 1™ E.D bound state, while the P.(4440) and P.(4457) are
the =.D* bound states with quantum numbers 1~ and 2 (or 2~ and 1) respectively. Lattice
calculations of £.D and X.D* scattering will provide valuable information on the structure the P,
pentaquarks.

An exploratory study of X.D and X.D* scattering on lattice has been carried out in Ref. [111].
Liischer’s finite volume method is used to extract the scattering amplitude. The finite volume
energies are calculated using the X.D and X.D* interpolating operators with quantum number
1(JP) = %(%_) on two ensembles with different volume and the same pion mass ~ 300MeV and
lattice spacing ~ 0.08fm. It is observed that the mixing between X.D and X.D* operators is
negligible, therefore the authors performed scattering analysis separately for the X.D and X.D*
channels. Figure 5 shows the results of p cot§(p) as a function of p? for the two channels. Bound
state poles are found in both channels. The binding energy is 6(2)(2) MeV and 7(3)(1) MeV for the
%D and . D* respectively, where the first error is statistical error and the second is the systematic
error due to the lattice artifacts.

Below the X.D and X.D* thresholds, there are several channels that can couple to X.D and
>.D* ie. J/¥n, nep, AcD and A.D*. In principle, these coupled channels should be taken
into account. One should build the interpolating operators for all these channels and obtain all the
energies in the range from the lowest threshold up to the mass of the P, states. Then use the couple-
channel Liischer’s formula to determine the scattering amplitude. However, since the threshold of
J/Wr is far below the P, states, it is very challenging to resolve all the relevant energies. Also,
determining the scattering parameters of 6 coupled channels via Liischer’s method will be very
difficult. Quark mass dependence and lattice artifacts should also be addressed in the future studies.
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Figure 5: Fit of the pcotdy to the effective range expansion for the £.D scattering. The red curve is
ip = —|p| versus p%. The grey band is the fit to the effective range expansion. The bound state pole occurs
at the intersection of the the grey band and the red curve.

3.3 Baryon-baryon scattering

In this subsection, I review recent progresses of N — N scattering.

Lattice QCD calculation of the two-nucleon system is a long-standing challenge because of
the severe signal-to-noise problem. Up to now, all the calculations have been carried out at rather
large pion mass, for which the signal-to-noise ratio decays slower than for the physical pion mass.
There are discrepancies in the results of various lattice calculations. Some results suggest that there
is a bound state in the N — N scattering at the studied pion mass [112—116], while other results
do not support the bound state scenario [56, 117, 118]. A possible reason for the discrepancy is
that the differences of the energies obtained from the correlation functions of different two-nucleon
interpolating operators may be non-negligible. A recent work carefully extracted the finite-volume
energies from GEVP using a large set of interpolating operators including hexaquark, dibaryon and
"quasi-local" operators [56]. See the reference for the detailed information about the operators.
Figure 6 (taken from Ref. [56]) compared the results of the phase shift of N — N scattering for isospin
I = 1(left) and I = O(right) from various lattice calculations. The black circles are the results of
Ref. [56]. The brown diamonds are the results of Ref. [118], in which dibaryon operators in several
moving frames are used to extract the energies. Ref. [117] also used the dibaryon operators and the
results are shown in the figure as green squares. Ref. [114] and [115] used dibaryon operator at sink
and hexaquark at source, the results are shown in the figure as cyan circles and yellow diamonds. It
can be seen that the results of Ref. [56], which has the largest operator basis, agrees with the results
using dibaryon operators at both sink and source [117, 118], while has certain discrepancies with
the results using dibaryon operators at sink and hexaquark operators at source [114, 115].

4. Summary and outlook

Lattice QCD study of hadron spectroscopy has achieved significant progresses in the last
decade, from precise determination of ground state spectrum to general studies of the excited and
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Figure 6: Comparison of the isospin / = 1(left) and / = O(right) s-wave N — N scattering phase shift from
various lattice calculations [56, 114, 115, 117, 118].

exotic states that involve multi-particle interactions. There are several frontiers that need to develop

in the

future:

Precision frontier.

Besides the statistical uncertainties, lattice calculations suffers systematical uncertainties
arising from the unphysical quark mass, finite volume and finite lattice spacing. Some
quantities also require to consider the isospin breaking effects and QED corrections. Currently
lattice calculation of the ground states have achieved high precision that is comparable
to experiments and have controlled the systematics pretty well. However, studies on the
resonances have not been able to control all the systematics in general. This problem largely
depends on the available gauge configurations.

Coupled channels.

In most cases, the study of resonances or exotic states requires calculating the scattering of
several coupled channels. For example, there are 6 coupled channels relevant to the hiddden-
charm pentaquarks as mentioned above. The formalism to study coupled channel scattering
in lattice QCD is ready. However, it is still difficult to reliably determine a large number of
scattering parameters in coupled channels via Liischer’s method. One must obtain sufficient
number of energy levels precisely in the relevant energy range with a large set of carefully
constructed operators and variational analysis. Appropriate parametrization of the scattering
amplitudes is also important in the scattering analysis.

Multi-particle scattering.

The study of three or more particle scattering in lattice QCD is becoming an active area
in recent years. Many resonances have three particle decay modes, for example, the roper
resonance N(1440), the tetraquark T,., etc. The formalism for three-particle interaction in
the frame work of the Liischer’s finite-volume method has made significant progresses. It
has been applied in the calculations of some simple three-particle system such as 7xz. In
the future, the formalism needs to be extended to more general cases to include non-identical
particles with spin. The roper resonance, which decay to both two particles Nz and three

10
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particles Nz, would be of particular interest in the application of the three-particle scattering
formalism in the near future.

* Nucleon and nuclei system with near physical pion mass.

Lattice calculation of multi-nucleon system at physical pion mass suffers severe signal-to-
noise ratio problem. In addition, at physical pion mass, there will be many open channels
with multi-particles. This problem probably will remain a challenge in the near future. In
recent years, the quantum computing technology is developing fast. Its application in lattice
QCD has also started to be explored. The new technology may help us solving this problem.

Acknowledgements: 1 would like to thank the organizers of Lattice 2022 for the invitation to present
this talk. Special thanks to Sinya Aoki, Yan Lyv, M. Padamanath, Sasa Prelovsek and Michael L.
Wagman for valuable discussions and providing me the materials of their recent works. This work
is supported by the National Science Foundation of China (NSFC) under Projects No.12175279

and the Strategic Priority Research Program of Chinese Academy of Sciences with Grant No.
XDB34030301.

References

[1] M. Ablikim et al. (BESIII), Phys. Rev. Lett. 110, 252001 (2013), 1303.5949.
[2] M. Ablikim et al. (BESIII), Phys. Rev. Lett. 112, 132001 (2014), 1308.2760.
[3] M. Ablikim et al. (BESIII), Phys. Rev. Lett. 112, 022001 (2014), 1310.1163.
[4] S. K. Choi et al. (Belle), Phys. Rev. Lett. 91, 262001 (2003), hep-ex/0309032.
[5] S. K. Choi et al. (Belle), Phys. Rev. Lett. 100, 142001 (2008), 0708.1790.
[6] R. Aaij et al. (LHCb), Phys. Rev. Lett. 115, 072001 (2015), 1507.03414.
[7] R. Aaij et al. (LHCb), Phys. Rev. Lett. 122, 222001 (2019), 1904 .03947.
[8] R. Aaij et al. (LHCb), Nature Phys. 18, 751 (2022), 2109.01038.
[9] R. Aaij et al. (LHCb), Nature Commun. 13, 3351 (2022), 2109.01056.

[10] R. Aaij et al. (LHCD), Sci. Bull. 65, 1983 (2020), 2006.16957.

[11] R. F. Lebed, R. E. Mitchell, and E. S. Swanson, Prog. Part. Nucl. Phys. 93, 143 (2017),
1610.04528.

[12] E. Klempt and A. Zaitsev, Phys. Rept. 454, 1 (2007), 0708.4016.

[13] S. L. Olsen, T. Skwarnicki, and D. Zieminska, Rev. Mod. Phys. 90, 015003 (2018), 1708.
04012.

[14] H.-X. Chen, W. Chen, X. Liu, and S.-L. Zhu, Phys. Rept. 639, 1 (2016), 1601.02092.

11


1303.5949
1308.2760
1310.1163
hep-ex/0309032
0708.1790
1507.03414
1904.03947
2109.01038
2109.01056
2006.16957
1610.04528
0708.4016
1708.04012
1708.04012
1601.02092

Hadron spectroscopy and interactions from lattice QCD Liuming Liu

[15] A. Esposito, A. Pilloni, and A. D. Polosa, Phys. Rept. 668, 1 (2017), 1611.07920.

[16] F.-K. Guo, C. Hanhart, U.-G. MeiBner, Q. Wang, Q. Zhao, and B.-S. Zou, Rev. Mod. Phys.
90, 015004 (2018), [Erratum: Rev.Mod.Phys. 94, 029901 (2022)], 1705.00141.

[17] M. Mai, U.-G. MeiBner, and C. Urbach (2022), 2206.01477.

[18] S. Borsanyi et al., Science 347, 1452 (2015), 1406.4088.

[19] M. Luscher, Nucl. Phys. B 354, 531 (1991).

[20] N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007), nucl-th/0611096.

[21] N.Ishii, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, T. Inoue, K. Murano, H. Nemura, and K. Sasaki
(HAL QCD), Phys. Lett. B 712, 437 (2012), 1203.3642.

[22] K. Rummukainen and S. A. Gottlieb, Nucl. Phys. B 450, 397 (1995), hep-1at/9503028.

[23] C. h. Kim, C. T. Sachrajda, and S. R. Sharpe, Nucl. Phys. B 727, 218 (2005), hep-1lat/
0507006.

[24] M. Gockeler, R. Horsley, M. Lage, U. G. Meissner, P. E. L. Rakow, A. Rusetsky, G. Schierholz,
and J. M. Zanotti, Phys. Rev. D 86, 094513 (2012), 1206.4141.

[25] R. A. Briceno, Phys. Rev. D 89, 074507 (2014), 1401.3312.
[26] S. He, X. Feng, and C. Liu, JHEP 07, 011 (2005), hep-1at/0504019.
[27] L. Leskovec and S. Prelovsek, Phys. Rev. D 85, 114507 (2012), 1202.2145.

[28] P. Guo, J. Dudek, R. Edwards, and A. P. Szczepaniak, Phys. Rev. D 88, 014501 (2013),
1211.0929.

[29] N. Li and C. Liu, Phys. Rev. D 87, 014502 (2013), 1209.2201.

[30] K. Polejaeva and A. Rusetsky, Eur. Phys. J. A 48, 67 (2012), 1203.1241.

[31] M. T. Hansen and S. R. Sharpe, Phys. Rev. D 92, 114509 (2015), 1504 .04248.
[32] H. W. Hammer, J. Y. Pang, and A. Rusetsky, JHEP 10, 115 (2017), 1707.02176.

[33] F. Romero-Lopez, in 39th International Symposium on Lattice Field Theory (2022), 2212.
13793.

[34] G.S. Bali, S. Collins, A. Cox, G. Donald, M. Gockeler, C. B. Lang, and A. Schifer (RQCD),
Phys. Rev. D 93, 054509 (2016), 1512.08678.

[35] J. Bulava, B. Fahy, B. Horz, K. J. Juge, C. Morningstar, and C. H. Wong, Nucl. Phys. B 910,
842 (2016), 1604.05593.

[36] D.J. Wilson, R. A. Briceno, J. J. Dudek, R. G. Edwards, and C. E. Thomas, Phys. Rev. D
92, 094502 (2015), 1507.02599.

12


1611.07920
1705.00141
2206.01477
1406.4088
nucl-th/0611096
1203.3642
hep-lat/9503028
hep-lat/0507006
hep-lat/0507006
1206.4141
1401.3312
hep-lat/0504019
1202.2145
1211.0929
1209.2201
1203.1241
1504.04248
1707.02176
2212.13793
2212.13793
1512.08678
1604.05593
1507.02599

Hadron spectroscopy and interactions from lattice QCD Liuming Liu

[37] D. Guo, A. Alexandru, R. Molina, and M. Doring, Phys. Rev. D 94, 034501 (2016), 1605.
03993.

[38] C. B. Lang, D. Mohler, S. Prelovsek, and M. Vidmar, Phys. Rev. D 84, 054503 (2011),
[Erratum: Phys.Rev.D 89, 059903 (2014)], 1105.5636.

[39] J.J. Dudek, R. G. Edwards, and C. E. Thomas (Hadron Spectrum), Phys. Rev. D 87, 034505
(2013), [Erratum: Phys.Rev.D 90, 099902 (2014)], 1212.0830.

[40] C. Alexandrou, L. Leskovec, S. Meinel, J. Negele, S. Paul, M. Petschlies, A. Pochinsky,
G. Rendon, and S. Syritsyn, Phys. Rev. D 96, 034525 (2017), 1704.05439.

[41] M. Werner et al. (Extended Twisted Mass), Eur. Phys. J. A 56, 61 (2020), 1907.01237.

[42] A.J. Woss, C. E. Thomas, J. J. Dudek, R. G. Edwards, and D. J. Wilson, Phys. Rev. D 100,
054506 (2019), 1904.04136.

[43] R. A.Briceno, J.J. Dudek, R. G. Edwards, and D. J. Wilson, Phys. Rev. D 97, 054513 (2018),
1708.06667.

[44] J.J. Dudek, R. G. Edwards, and D. J. Wilson (Hadron Spectrum), Phys. Rev. D 93, 094506
(2016), 1602.05122.

[45] D.J. Wilson, J. J. Dudek, R. G. Edwards, and C. E. Thomas, Phys. Rev. D 91, 054008 (2015),
1411.2004.

[46] J.J. Dudek, R. G. Edwards, C. E. Thomas, and D. J. Wilson (Hadron Spectrum), Phys. Rev.
Lett. 113, 182001 (2014), 1406.4158.

[47] G. Moir, M. Peardon, S. M. Ryan, C. E. Thomas, and D. J. Wilson, JHEP 10, 011 (2016),
1607.07093.

[48] S. Prelovsek, S. Collins, D. Mohler, M. Padmanath, and S. Piemonte, JHEP 06, 035 (2021),
2011.02542.

[49] D. Vadacchino, Proceedings, The 39th International Symposium on Lattice Field Theory,
8th-13th August, 2022, Rheinische Friedrich-Wilhelms-Universitit Bonn, Bonn, Germany
(2022).

[50] M. Luscher and U. Wolft, Nucl. Phys. B 339, 222 (1990).
[51] S. Prelovsek, U. Skerbis, and C. B. Lang, JHEP 01, 129 (2017), 1607 .06738.

[52] J.J. Dudek, R. G. Edwards, M. J. Peardon, D. G. Richards, and C. E. Thomas, Phys. Rev. D
82, 034508 (2010), 1004.4930.

[53] S.J. Wallace, Phys. Rev. D 92, 034520 (2015), 1506.05492.

[54] C.E. Thomas, R. G. Edwards, and J. J. Dudek, Phys. Rev. D 85, 014507 (2012), 1107.1930.

13


1605.03993
1605.03993
1105.5636
1212.0830
1704.05439
1907.01237
1904.04136
1708.06667
1602.05122
1411.2004
1406.4158
1607.07093
2011.02542
1607.06738
1004.4930
1506.05492
1107.1930

Hadron spectroscopy and interactions from lattice QCD Liuming Liu

[55] S. Basak, R. Edwards, G. T. Fleming, U. M. Heller, C. Morningstar, D. Richards, I. Sato,
and S. J. Wallace (Lattice Hadron Physics (LHPC)), Phys. Rev. D 72, 074501 (2005),
hep-1at/0508018.

[56] S.Amarasinghe, R. Baghdadi, Z. Davoudi, W. Detmold, M. Illa, A. Parreno, A. V. Pochinsky,
P. E. Shanahan, and M. L. Wagman (2021), 2108.10835.

[57] C. Morningstar, J. Bulava, B. Fahy, J. Foley, Y. C. Jhang, K. J. Juge, D. Lenkner, and C. H.
Wong, Phys. Rev. D 88, 014511 (2013), 1303.6816.

[58] C. Morningstar, J. Bulava, J. Foley, K. J. Juge, D. Lenkner, M. Peardon, and C. H. Wong,
Phys. Rev. D 83, 114505 (2011), 1104.3870.

[59] M. Peardon, J. Bulava, J. Foley, C. Morningstar, J. Dudek, R. G. Edwards, B. Joo, H.-W.
Lin, D. G. Richards, and K. J. Juge (Hadron Spectrum), Phys. Rev. D 80, 054506 (2009),
0905.2160.

[60] F.S. Navarra, M. Nielsen, and S. H. Lee, Phys. Lett. B 649, 166 (2007), hep-ph/0703071.

[61] D. Ebert, R. N. Faustov, V. O. Galkin, and W. Lucha, Phys. Rev. D 76, 114015 (2007),
0706.3853.

[62] M. Karliner and J. L. Rosner, Phys. Rev. Lett. 119, 202001 (2017), 1707.07666.
[63] E.J. Eichten and C. Quigg, Phys. Rev. Lett. 119, 202002 (2017), 1707.09575.

[64] T.F. Carames, A. Valcarce, and J. Vijande, Phys. Lett. B 699, 291 (2011).

[65] A. Feijoo, W. H. Liang, and E. Oset, Phys. Rev. D 104, 114015 (2021), 2108.02730.

[66] M.-L. Du, V. Baru, X.-K. Dong, A. Filin, F.-K. Guo, C. Hanhart, A. Nefediev, J. Nieves, and
Q. Wang, Phys. Rev. D 105, 014024 (2022), 2110.13765.

[67] M. Padmanath and S. Prelovsek, Phys. Rev. Lett. 129, 032002 (2022), 2202.10110.

[68] S. Chen, C. Shi, Y. Chen, M. Gong, Z. Liu, W. Sun, and R. Zhang, Phys. Lett. B 833, 137391
(2022), 2206.06185.

[69] X.-K. Dong, F.-K. Guo, and B.-S. Zou, Commun. Theor. Phys. 73, 125201 (2021), 2108.
02673.

[70] P.Bicudo, K. Cichy, A. Peters, and M. Wagner, Phys. Rev. D 93, 034501 (2016), 1510.03441.
[71] P. Bicudo, J. Scheunert, and M. Wagner, Phys. Rev. D 95, 034502 (2017), 1612.02758.
[72] P. Junnarkar, N. Mathur, and M. Padmanath, Phys. Rev. D 99, 034507 (2019), 1810.12285.

[73] L. Leskovec, S. Meinel, M. Pflaumer, and M. Wagner, Phys. Rev. D 100, 014503 (2019),
1904.04197.

[74] P. Mohanta and S. Basak, Phys. Rev. D 102, 094516 (2020), 2008 .11146.

14


hep-lat/0508018
2108.10835
1303.6816
1104.3870
0905.2160
hep-ph/0703071
0706.3853
1707.07666
1707.09575
2108.02730
2110.13765
2202.10110
2206.06185
2108.02673
2108.02673
1510.03441
1612.02758
1810.12285
1904.04197
2008.11146

Hadron spectroscopy and interactions from lattice QCD Liuming Liu

[75] A. Francis, R. J. Hudspith, R. Lewis, and K. Maltman, Phys. Rev. Lett. 118, 142001 (2017),
1607.05214.

[76] S. Aoki and T. Aoki, PoS LATTICE2022, 049 (2023), 2212.00202.

[77] M. Padmanath, C. B. Lang, and S. Prelovsek, Phys. Rev. D 92, 034501 (2015), 1503.03257.
[78] S. Prelovsek and L. Leskovec, Phys. Rev. Lett. 111, 192001 (2013), 1307.5172.

[79] S.-h. Lee, C. DeTar, D. Mohler, and H. Na (Fermilab Lattice, MILC) (2014), 1411.1389.

[80] S. Prelovsek, C. B. Lang, L. Leskovec, and D. Mohler, Phys. Rev. D 91, 014504 (2015),
1405.7623.

[81] S. Prelovsek and L. Leskovec, Phys. Lett. B 727, 172 (2013), 1308.2097.

[82] T. Chen, Y. Chen, M. Gong, C. Liu, L. Liu, Y.-B. Liu, Z. Liu, J.-P. Ma, M. Werner, and J.-B.
Zhang (CLQCD), Chin. Phys. C 43, 103103 (2019), 1907.03371.

[83] Y. Chen et al., Phys. Rev. D 89, 094506 (2014), 1403.1318.
[84] Y. Chen et al. (CLQCD), Phys. Rev. D 92, 054507 (2015), 1503.02371.

[85] Y. Ikeda, S. Aoki, T. Doi, S. Gongyo, T. Hatsuda, T. Inoue, T. Iritani, N. Ishii, K. Murano,
and K. Sasaki (HAL QCD), Phys. Rev. Lett. 117, 242001 (2016), 1602.03465.

[86] Y. Ikeda (HAL QCD), J. Phys. G 45, 024002 (2018), 1706.07300.

[87] S. Prelovsek, S. Collins, D. Mohler, M. Padmanath, and S. Piemone, PoS LATTICE2021,
514 (2022),2111.02934.

[88] S. Piemonte, S. Collins, D. Mohler, M. Padmanath, and S. Prelovsek, Phys. Rev. D 100,
074505 (2019), 1905.03506.

[89] M.-L. Du, V. Baru, F.-K. Guo, C. Hanhart, U.-G. MeiBner, J. A. Oller, and Q. Wang, JHEP
08, 157 (2021), 2102.07159.

[90] H.-X. Chen, W. Chen, and S.-L. Zhu, Phys. Rev. D 100, 051501 (2019), 1903.11001.
[91] R. Chen, Z.-F. Sun, X. Liu, and S.-L. Zhu, Phys. Rev. D 100, 011502 (2019), 1903.11013.

[92] F.-K. Guo, H.-J. Jing, U.-G. MeiBner, and S. Sakai, Phys. Rev. D 99, 091501 (2019),
1903.11503.

[93] M.-Z. Liu, Y.-W. Pan, F.-Z. Peng, M. Sinchez Séanchez, L.-S. Geng, A. Hosaka, and
M. Pavon Valderrama, Phys. Rev. Lett. 122, 242001 (2019), 1903.11560.

[94] Z.-H. Guo and J. A. Oller, Phys. Lett. B 793, 144 (2019), 1904.00851.
[95] C.-J. Xiao, Y. Huang, Y.-B. Dong, L.-S. Geng, and D.-Y. Chen, Phys. Rev. D 100, 014022
(2019), 1904.00872.

15


1607.05214
2212.00202
1503.03257
1307.5172
1411.1389
1405.7623
1308.2097
1907.03371
1403.1318
1503.02371
1602.03465
1706.07300
2111.02934
1905.03506
2102.07159
1903.11001
1903.11013
1903.11503
1903.11560
1904.00851
1904.00872

Hadron spectroscopy and interactions from lattice QCD Liuming Liu

[96] C. W. Xiao, J. Nieves, and E. Oset, Phys. Rev. D 100, 014021 (2019), 1904.01296.

[97] L. Meng, B. Wang, G.-J. Wang, and S.-L. Zhu, Phys. Rev. D 100, 014031 (2019), 1905.
04113.

[98] C. W. Xiao, J. Nieves, and E. Oset, Phys. Lett. B 799, 135051 (2019), 1906.09010.

[99] Y. Yamaguchi, H. Garcia-Tecocoatzi, A. Giachino, A. Hosaka, E. Santopinto, S. Takeuchi,
and M. Takizawa, Phys. Rev. D 101, 091502 (2020), 1907.04684.

[100] M.-Z. Liu, T.-W. Wu, M. Sanchez Sanchez, M. P. Valderrama, L.-S. Geng, and J.-J. Xie,
Phys. Rev. D 103, 054004 (2021), 1907.06093.

[101] Y.-H. Lin and B.-S. Zou, Phys. Rev. D 100, 056005 (2019), 1908.05309.
[102] B. Wang, L. Meng, and S.-L. Zhu, JHEP 11, 108 (2019), 1909.13054.
[103] T.J. Burns and E. S. Swanson, Phys. Rev. D 100, 114033 (2019), 1908.03528.

[104] M.-L. Du, V. Baru, F.-K. Guo, C. Hanhart, U.-G. MeiBner, J. A. Oller, and Q. Wang, Phys.
Rev. Lett. 124, 072001 (2020), 1910.11846.

[105] G.-J. Wang, L.-Y. Xiao, R. Chen, X.-H. Liu, X. Liu, and S.-L. Zhu, Phys. Rev. D 102, 036012
(2020), 1911.09613.

[106] A. Ali and A. Y. Parkhomenko, Phys. Lett. B 793, 365 (2019), 1904 .00446.
[107] Z.-G. Wang, Int. J. Mod. Phys. A 35, 2050003 (2020), 1905.02892.
[108] J.-B. Cheng and Y.-R. Liu, Phys. Rev. D 100, 054002 (2019), 1905.08605.

[109] M. L. Eides, V. Y. Petrov, and M. V. Polyakov, Mod. Phys. Lett. A 35, 2050151 (2020),
1904.11616.

[110] J. Ferretti, E. Santopinto, M. Naeem Anwar, and M. A. Bedolla, Phys. Lett. B 789, 562
(2019), 1807.01207.

[111] H. Xing, J. Liang, L. Liu, P. Sun, and Y.-B. Yang (2022), 2210.08555.
[112] S.R. Beane et al. (NPLQCD), Phys. Rev. C 88, 024003 (2013), 1301.5790.

[113] S. R. Beane, E. Chang, S. D. Cohen, W. Detmold, H. W. Lin, T. C. Luu, K. Orginos,
A. Parreno, M. J. Savage, and A. Walker-Loud (NPLQCD), Phys. Rev. D 87, 034506 (2013),
1206.5219.

[114] M. L. Wagman, F. Winter, E. Chang, Z. Davoudi, W. Detmold, K. Orginos, M. J. Savage,
and P. E. Shanahan, Phys. Rev. D 96, 114510 (2017), 1706.06550.

[115] E. Berkowitz, T. Kurth, A. Nicholson, B. Joo, E. Rinaldi, M. Strother, P. M. Vranas, and
A. Walker-Loud, Phys. Lett. B 765, 285 (2017), 1508.00886.

16


1904.01296
1905.04113
1905.04113
1906.09010
1907.04684
1907.06093
1908.05309
1909.13054
1908.03528
1910.11846
1911.09613
1904.00446
1905.02892
1905.08605
1904.11616
1807.01207
2210.08555
1301.5790
1206.5219
1706.06550
1508.00886

Hadron spectroscopy and interactions from lattice QCD Liuming Liu

[116] K. Orginos, A. Parreno, M. J. Savage, S. R. Beane, E. Chang, and W. Detmold, Phys. Rev. D
92, 114512 (2015), [Erratum: Phys.Rev.D 102, 039903 (2020)], 1508.07583.

[117] A. Francis, J. R. Green, P. M. Junnarkar, C. Miao, T. D. Rae, and H. Wittig, Phys. Rev. D 99,
074505 (2019), 1805.03966.

[118] B. Horz et al., Phys. Rev. C 103, 014003 (2021), 2009.11825.

17


1508.07583
1805.03966
2009.11825

	Introduction
	Methodology
	Recent results
	Meson-meson scattering
	D* scattering and Tcc
	BB* scattering and Tbb
	Charmonium-like states

	Meson-baryon scattering
	Baryon-baryon scattering

	Summary and outlook

