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1. Introduction

The nature of QCD phase transition in the chiral limit is a subject of ongoing study over
many decades. It depends on the number of quark flavors and their masses. This information for
𝑁 𝑓 = 2+1 QCD is summarized in the so-called Columbia plot. According to Pisarski and Wilczek,
the analysis of renormalization group flow in the effective 𝜎 model with perturbative 𝜖 expansion
predicts that the order of phase transition in the 𝑁 𝑓 = 3 chiral limit is expect to be first order [1].
If this is true, the first-order phase transition gets weak away from the chiral limit and terminates
at a critical endpoint of the second-order phase transition, which belongs to the 3d 𝑍2 universality
class. This critical point separates the first-order and crossover transition regions. On the contrary,
a recent study of the renormalization group flow of all couplings up to 𝜙6 in 3d Ginzburg-Landau
theory for the 𝑁 𝑓 = 3 chiral limit claimed that the transition is second order [2]. Whether the first
order region exists in the 𝑁 𝑓 = 3 light quark regime at all is still an open question, if the first-order
region exists, then what is the value of the critical mass? To answer those questions, we need the
nonperturbative lattice QCD simulation.

It’s a hard task to pin down the location of critical mass or to determine the order of phase
transition in the 𝑁 𝑓 = 3 chiral limit using lattice QCD simulation. Previous studies with staggered
as well as Wilson and their improved fermion actions have shown that the value of the critical
mass gets smaller as the lattice spacing is reduced. But the critical mass obtained from the Wilson
type fermions is always larger than those obtained from the staggered type fermions [3–8]. Those
indicate strong discretization scheme dependence. While a study with O(𝑎)-improved Wilson
fermion found an upper bound of critical mass in the continuum limit 𝑚𝑐

𝜋 ≲ 110 MeV [9], a recent
study by following the 𝑍 (2) boundary of the first order region in the space of lattice spacing and
𝑁 𝑓 with unimproved staggered fermion predicts a second order transition in the continuum chiral
limit for 𝑁 𝑓 = 3 QCD [11]. Further, by applying the same analysis to the Wilson fermion data
in [9], the authors found that it is consistent with the existence of second-order phase transition in
the continuum chiral limit just like the unimproved staggered fermion case [11]. Subsequently, a
study with improved staggered action (HISQ) found no evidence of a first order phase transition in
their explored pion mass range from 80 to 140 MeV [10]. This leaves little room for the first order
phase transition, but it cannot be ruled out. The currently existing results are either from staggered
or Wilson fermion which breaks chiral symmetry partially or entirely, and it is important to use the
chiral fermion formulation to further explore this problem.

In this study, we use the Möbius domain wall fermion to investivgate this 𝑁 𝑓 = 3 chiral region.
An advantage of Möbius domain wall fermion is that it possesses accurate chiral symmetry even at
finite lattice spacing when the fifth dimension 𝐿𝑠 is sufficiently large.

2. Simulation Setup

We perform 𝑁 𝑓 = 3 QCD simulations with the tree-level improved Symanzik gauge action and
Möbius domain wall fermion action [12] by using the optimized code set Grid which adapts to the
Fugaku CPU A64FX [13]. We choose the fixed gauge coupling 𝛽 = 4.0 which corresponds to the
lattice spacing 𝑎 = 0.1361(20) fm, which is determined from the Wilson flow 𝑡0 and matches with
𝑁 𝑓 = 2 + 1 QCD physical point result [14]. The calculation is carried out on lattices of size 𝑁3

𝜎 × 8
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with 𝑁𝜎 = 16, 24, and 243 × 12 corresponding to temperatures of 181 and 121 MeV, respectively.
We simulate 21 quark masses which are in the interval 𝑎𝑚 ∈ [0, 0.2] for 𝑁𝜏 = 8 lattices, and 26
quark masses which are in the interval 𝑎𝑚 ∈ [−0.006, 0.1] for 243 ×12 lattices. In addition to these
finite temperature ensembles, we also generated ensembles at 𝛽 = 4.0 with lattices of size 243 × 48
and 123 × 24 for several different quark masses. We use these zero temperature ensembles to
determine the residual mass, which characterize the residual chiral symmetry breaking due to finite
𝐿𝑠, and chiral condensate, which can be used to remove the UV divergence of finite temperature
chiral condensate. 𝐿𝑠 is 16 for all lattices.

3. Observables

3.1 Residual mass

The finite fifth dimension of domain wall fermion allows the mixing between the left and
right-handed zero modes, which results in the residual chiral symmetry breaking. To leading order
in an expansion in lattice spacing, this residual chiral symmetry breaking can be characterized by
the residual mass 𝑚res, which is measured through

𝑅(𝑡) =
⟨∑ ®𝑥 𝐽

𝑎
5𝑞 (®𝑥, 𝑡) 𝜋

𝑎 (®0, 0)⟩

⟨∑ ®𝑥 𝐽
𝑎
5 (®𝑥, 𝑡) 𝜋𝑎 (®0, 0)⟩

, (1)

where 𝐽𝑎5 is the pseudoscalar density which is constructed by the quark fields on the boundary of the
fifth dimension and 𝐽𝑎5𝑞 is the pseudoscalar density built from the quark fields at 𝐿𝑠/2 and 𝐿𝑠/2−1.
𝑚res at a given input quark mass is obtained by fitting 𝑅(𝑡) to a constant at large source-sink
separation 𝑡, where it shows a good plateau and only pions contribute to the correlators.

The left plot of Fig. 1 shows the results of 𝑅(𝑡) as a function of 𝑡 for 243 × 48 × 16 lattices
at 𝛽 = 4.0 with different quark masses. The horizontal bands represent the fit to a constant over
the range 15 ≤ 𝑡 ≤ 33 with jackknife errors for every quark mass, to determine 𝑎𝑚res(𝑎𝑚𝑙).
The middle plot of Fig. 1 shows the result of 𝑎𝑚res(𝑎𝑚𝑙) as a function of input quark mass 𝑎𝑚𝑙.
We performed a linear fit (dashed lines), which gives a good description of the data. This linear
dependence on the input quark mass 𝑎𝑚𝑙 is understood in the literature to be a lattice artifact where
𝑎𝑚res(𝑎𝑚𝑙) = 𝑎𝑚res(𝑎𝑚𝑙 = 0) (1 + O(𝑎𝑚𝑙𝑎

2Λ) [15], the common way for dealing with this lattice
artifact and define a mass independent 𝑎𝑚res is an extrapolation of 𝑎𝑚res(𝑎𝑚𝑙) to the zero input
quark mass limit. It is determined as

𝑎𝑚res ≡ 𝑎𝑚res(𝑎𝑚𝑙 = 0) = 0.00613(9) . (2)

The residual mass acts as an additive shift to the input quark mass, giving the total quark mass
𝑚 = 𝑚𝑙 + 𝑚res. Thus, the chiral limit is defined as 𝑚𝑙 + 𝑚res = 0. The above definition of 𝑚res

makes 𝑚𝜋 vanishes in the chiral limit. The right plot of Fig. 1 shows the result of 𝑚2
𝜋 as a function

of renormalized total quark mass in the MS scheme at a scale of 2 GeV and physical scale which
is given by 𝑚MS(2 GeV) ≡ (𝑚𝑙 + 𝑚res)𝑅 = 𝑍MS

𝑚 (2 GeV) · 𝑎−1 · (𝑎𝑚𝑙 + 𝑎𝑚res). The value of 𝑚res

is determined in Eq. 2. 𝑍MS
𝑚 (2 GeV) is the mass renormalization constant which is determined by

applying the NNNLO running. It takes the value of 0.834348 for 𝛽 = 4.0 [16]. The dashed line is
a linear fit as a function of the renormalized quark mass. 𝑚2

𝜋 is close to zero in the chiral limit but
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Figure 1: Left: The ratio of boundary-midpoint to the boundary-boundary pseudoscalar correlators as a
function of source-sink separation 𝑡 for each quark mass on 243 × 48 lattices at 𝛽 = 4.0 with 𝐿𝑠 = 16.
The horizontal bands represent the fit to a constant over the range 15 ≤ 𝑡 ≤ 33, which gives residual mass.
Middle: The residual mass as a function of the input quark mass. The dashed line is a linear fit to the input
quark mass. Right: The pion mass squared as calculated from the pion correlator ⟨𝜋𝑎 (𝑥)𝜋𝑎 (0)⟩versus the
renormalized quark mass in physical units. The dashed line is a linear fit to the renormalized quark mass
which has been converted into the MS scheme and expressed in the unit of MeV.

not exactly extrapolated to zero. This is probably due to ignored chiral logarithm term and O(𝑎2)
effect. The demonstration of 𝑚2

𝜋 vanishing in the chiral limit is a critical component for establishing
the good chiral properties of the domain wall fermion.

3.2 Chiral condensate

The chiral condensate ⟨𝜓̄𝜓⟩ is the order parameter of the QCD chiral phase transition. It
vanishes in the chirally symmetric phase and remains nonzero in the chirally broken phase. It is
defined as

⟨𝜓̄𝜓⟩ = 𝑇

𝑉

𝜕 ln 𝑍

𝜕𝑚
=

1
𝑁3

𝜎𝑁𝜏

〈
Tr𝑀−1〉 , (3)

where 𝑍 is the partition function, 𝑇 is temperature and 𝑉 is spatial volume, and 𝑀 is the Dirac
matrix. At finite quark mass, ⟨𝜓̄𝜓⟩ requires both additive and multiplicative renormalizations.
The former usually arises from the 𝑚𝑙/𝑎2 divergence to the chiral condensate. For domain wall
fermion with finite 𝐿𝑠, it’s more complicated, as the chiral condensate receives contributions from
the energy scale up to the cutoff scale, which is much larger than those for 𝑚res representing the
effect of 𝜒𝑆𝐵, as discussed in [15]. The chiral condensate behaves as

⟨𝜓̄𝜓⟩|DWF ∼ 𝑚𝑙 + 𝑥𝑚res

𝑎2 + ⟨𝜓̄𝜓⟩|cont + ... , (4)

where 𝑥 is unknown. Instead of 𝑥 = 1, one expects 𝑥 = O(1). If we extrapolate to the chiral limit
𝑚𝑙+𝑚res = 0, there still remain some UV divergent pieces, which behave as (𝑥−1)𝑚res

𝑎2 . This unwanted
contribution to ⟨𝜓̄𝜓⟩ can only be controlled by increasing 𝐿𝑠 → ∞. On the other hand, since these
UV divergent terms 𝑚𝑙+𝑥𝑚res

𝑎2 have no temperature dependence, they can be removed by subtracting
zero temperature ⟨𝜓̄𝜓⟩ at the same input quark mass 𝑚𝑙: ⟨𝜓̄𝜓⟩T>0 − ⟨𝜓̄𝜓⟩T=0. The remaining
multiplicative divergence of chiral condensate can be removed by multiplying 𝑍MS

𝑠 (2 GeV), which
is equal to 1/𝑍MS

𝑚 (2 GeV). This converts the result into the MS renormalization scheme at a scale
𝜇 = 2 GeV:

[⟨𝜓̄𝜓⟩T>0 − ⟨𝜓̄𝜓⟩T=0]MS(2 GeV) = ⟨𝜓̄𝜓⟩T>0 − ⟨𝜓̄𝜓⟩T=0

𝑍MS
𝑚 (2 GeV)

. (5)
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Figure 2: Left: Renormalized chiral condensate on finite temperature lattices 163 × 8, 243 × 8 and zero
temperature lattices 123 × 24, 243 × 48 for 𝛽 = 4.0 as a function of renormalized quark mass. The dashed
line is the linear extrapolation to the renormalized quark mass for zero temperature chiral condensate. Right:
The subtracted chiral condensate as a function of renormalized quark mass for 163 × 8 and 243 × 8 lattices.
All results are converted into the MS renormalization scheme. The vertical axis is in the unit of GeV3 and
the horizontal axis is in the unit of MeV.

For the finite temperature ensembles, we measure chiral condensate using 10 stochastic noise
vectors on every tenth trajectory. The use of multiple stochastic noise vectors allows us to estimate
the fluctuations of 𝜓̄𝜓 such as disconnected chiral susceptibility in an unbiased way. The left
plot of Fig. 2 shows ⟨𝜓̄𝜓⟩MS(2 GeV) versus renormalized quark mass both are converted into MS
scheme and expressed in the physical unit for zero temperature ensembles and finite temperature
ensembles at 𝑁𝜏 = 8 for two different volumes with aspect ratios 𝑁𝜎/𝑁𝜏 ranging from 2 to 3
at 𝛽 = 4.0. The result of ⟨𝜓̄𝜓⟩MS(2 GeV) for 𝑁𝜏 = 8 goes to zero before reaching the chiral
limit. This is due to the remnant UV divergence (𝑥−1)𝑚res

𝑎2 . To get rid of it, we perform a
quadratic extrapolation of zero temperature ⟨𝜓̄𝜓⟩MS(2 GeV) to the renormalized quark mass, which
is represented by the dashed line and then subtract from the finite temperature ⟨𝜓̄𝜓⟩MS(2 GeV), i.e.
[⟨𝜓̄𝜓⟩T>0 − ⟨𝜓̄𝜓⟩T=0]MS(2 GeV), as shown in the right plot of Fig. 2. Here all the divergences of
chiral condensate have been removed. We observe no volume dependence between lattices of size
243 × 8 and 163 × 8. This implies a smooth crossover transition for T ∼ 181 MeV.

We show similar plots but for 𝑁𝜏 = 12 finite temperature ensembles in Fig. 3. In the left plot
of Fig. 3, the negative chiral condensate result in the chiral limit is due to the remnant additive
divergence. The subtracted chiral condensate as a function of renormalized quark mass is shown in
the right plot of Fig. 3. Since we only have one volume for 𝑁𝜏 = 12, it’s hard to determine whether
this is a crossover or true phase transition from the behavior of chiral condensate. The inflection
point is roughly around 3∼7 MeV for T ∼ 121 MeV.

3.3 Disconnected chiral susceptibility

In order to locate the inflection point of chiral condensate precisely, we measure the discon-
nected part of chiral susceptibility 𝜒disc. It does not suffer from additive divergence but requires
multiplicative renormalization [17]. The multiplicative divergence can be removed by renormalize
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Figure 3: Same as Fig. 2 but the finite temperature chiral condensate is measured on 243 × 12 lattices.

𝜒disc to the MS scheme at a scale of 2 GeV with
(
𝑍MS
𝑚 (2 GeV)

)−2
as

𝜒MS
disc(2 GeV) =

(
1

𝑍MS
𝑚 (2 GeV)

)2 (
1

𝑁3
𝜎𝑁𝜏

(〈
(Tr𝑀−1)2〉 − 〈

Tr𝑀−1〉2
))

. (6)

𝜒disc describes the fluctuation of ⟨𝜓̄𝜓⟩ and shows a peak at the inflection point of ⟨𝜓̄𝜓⟩.
The left plot of Fig. 4 shows the disconnected chiral susceptibility as a function of renormalized

quark mass for lattices of size 𝑁3
𝜎 × 8 with 𝑁𝜎 = 16, 24. This susceptibility shows a pronounced

peak at around 44 MeV. For a real phase transition, the peak height of 𝜒disc will increase as increase
volume, while the data shows no volume dependence. It implies an analytic crossover and the
pseudo critical mass is around 44 MeV for T∼181 MeV. In the left plot of Fig. 5, we show 𝜒disc as
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Figure 4: Disconnected chiral susceptibility 𝜒MS
disc (2 GeV) renormalized in MS scheme (left) and Binder

cumulant of chiral condensate (right) as a function of renormalized quark mass for 243×8 and 163×8 lattices
with 𝐿𝑠 = 16 at 𝛽 = 4.0. The black rectangle marks the result of 𝐵4 (𝜓̄𝜓) at transition point of this fixed
temperature.

a function of renormalized quark mass for 243 × 12 lattices, one can see that the inflection point
is around 3.7 MeV where 𝜒disc shows a peak. Since we only have one volume, we cannot tell the
order of phase transition from the behavior of 𝜒disc.
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Figure 5: Same as Fig. 4 but 𝜒MS
disc (2 GeV) and 𝐵4 (𝜓̄𝜓) are measured on 243 × 12 lattices.

3.4 Binder cumulant

To determine the order of the phase transition at the inflection point of ⟨𝜓̄𝜓⟩, we measured the
Binder cumulant of chiral condensate defined as

𝐵4(𝜓̄𝜓) =
〈
(𝛿𝜓̄𝜓)4〉〈
(𝛿𝜓̄𝜓)2

〉2 , 𝛿𝜓̄𝜓 = 𝜓̄𝜓 − ⟨𝜓̄𝜓⟩ . (7)

To estimate 𝐵4(𝜓̄𝜓) in an unbiased way, we choose multiple stochastic noise vectors and use the
chiral condensate which comes from the different stochastic noise vectors to calculate the powers
of chiral condensate [11]. The value of 𝐵4(𝜓̄𝜓) can be used to distinguish the order of phase
transition. In the thermodynamic limit, 𝐵4(𝜓̄𝜓) = 1 corresponds to a first-order phase transition,
𝐵4(𝜓̄𝜓) = 3 to an analytic crossover, and 𝐵4(𝜓̄𝜓) = 1.604 to the second order phase transition with
3-dimensional Z(2) universality class. However, at finite volume, the result of 𝐵4(𝜓̄𝜓) has volume
dependence for the first-order phase transition and crossover. It will approach the corresponding
universal value in the infinite volume limit, while the value of 𝐵4(𝜓̄𝜓) does not change at a second-
order transition point for different lattices i.e., it is scale invariant. Our goal is to determine the
order of phase transition for the transition point at a fixed temperature.

We show the result of 𝐵4(𝜓̄𝜓) calculated on 243 × 8 and 163 × 8 lattices at 𝛽 = 4.0 for different
quark masses in the right panel of Fig. 4. Here we only focus on the transition point at this fixed
temperature which is determined from the peak location of 𝜒disc shown in the left plot of Fig. 4 and
marked by a black rectangle. It seems that 𝐵4(𝜓̄𝜓) approaches 3 as you increase the volume to the
thermodynamic limit. This is expected for a crossover transition at 𝑚MS

𝑞 (2 GeV) ∼ 44 MeV. This
is consistent with what we have found from the volume independence of ⟨𝜓̄𝜓⟩ and 𝜒disc as shown
in the right plot of Fig. 2 and left plot of Fig. 4.

In the right plot of Fig. 5, we show a similar plot as the right plot of Fig. 4 but for 243 × 12
lattices. The black rectangle marks the result of 𝐵4(𝜓̄𝜓) at the pseudo critical or critical quark mass
for temperature 121 MeV. It’s close to 3. It seems to be a crossover, but another larger lattice for
𝑁𝜏 = 12 would be important to confirm this.
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4. Summary and Outlook

We have shown the first study of 𝑁 𝑓 = 3 QCD phase transition in the chiral regime using chiral
fermion formulation, Möbius domain wall fermions. We have evaluated the chiral condensate,
disconnected chiral susceptibility, and Binder cumulant for fixed temperature 121 MeV with lattices
243 × 12 and 181 MeV with lattices 163 × 8 and 243 × 8, respectively. For each lattice, we have a
variety of quark masses. We have also examined zero temperature chiral condensate which is used
to remove the additive divergence for the finite temperature chiral condensate.

We observed that at temperature 181 MeV, the chiral condensate and disconnected sus-
ceptibility has no volume dependence for all the quark masses, and 𝜒disc exhibits a peak at
𝑚MS

𝑞 (2 GeV) ∼ 44 MeV, and further the result of 𝐵4(𝜓̄𝜓) close to 3 towards the thermodynamic
limit at transition point 𝑚MS

𝑞 (2 GeV) ∼ 44 MeV. These all indicate that it’s a crossover phase tran-
sition at 𝑚MS

𝑞 (2 GeV) ∼ 44 MeV for temperature 181 MeV. For temperature 121 MeV, 𝜒disc shows
a peak at 𝑚MS

𝑞 (2 GeV) ∼ 3.7 MeV and the result of 𝐵4(𝜓̄𝜓) is close to 3 at this transition point.
This means it might be a crossover, but we need another larger lattices to confirm this, currently
the simulation of 363 × 12 lattices is underway. If this is indeed the crossover, then the critical
mass should be smaller than 3.7 MeV and this is consistent with the findings from the Wilson and
staggered fermion.

We are trying to study the residual chiral symmetry breaking effect by increasing 𝐿𝑠. Currently,
the simulation for 𝐿𝑠 = 32 is underway. And we want to investigate the lower temperature, which
is exploring the lighter quark mass. For that, we are starting the simulation for 𝑁𝑡 = 14.
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