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Knowledge of the screening masses at finite chemical potential can provide insight into the nature
of the QCD phase diagram. However, lattice studies at finite chemical potential suffer from
the well-known issue of the sign problem, which has made the calculation of observables such as
screening correlators and screening masses at finite chemical potential quite challenging. One way
to proceed is by expanding the observable in a Taylor series in the chemical potential and hence
calculating the finite-density corrections to the observable. In this talk, we will use this approach
to calculate the screening mass of the pseudoscalar meson at finite temperatures and chemical
potential by expanding the screening correlator in a Taylor series in the chemical potential. We will
present our results for the second derivative of the screening mass w.r.t. the chemical potential.

Our calculation was done on 64> x 8 lattices generated using the (2+1) HISQ/tree action.
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1. Introduction

QCD undergoes a phase transition from hadronic degrees of freedom at low temperature to
the deconfined quarks and gluons at high-temperature [1, 2]. At zero density, this transition is
a crossover with the transition being continuous. A lattice analysis marks this pseudo-critical
temperature at 7, = 156.5 + 1.5 MeV [2]. Upon introducing non-zero density, this transition is
expected to approach a second-order critical point beyond which a first-order transition marks the
phase transition. The location of this critical point is still elusive. To locate this critical point it
is necessary to understand the behavior of QCD at finite density and temperature. However, this
becomes difficult for lattice simulations because of the complex fermion determinant at a finite
chemical potential. This complex determinant poses a challenge in simulating the system on the
lattice because of an oscillating weight inside the partition function integral. Various numerical
methods are used to resolve this challenge for small chemical potential [3]. In this work, the
required observables are expanded in the Taylor series of the chemical potential and then calculated
on lattices generated at zero chemical potential . This gives their response to the chemical potential
as a series expansion.

The nature of hadronic excitations has phenomenological importance for understanding the
interaction between the quarks and gluons. We work with spatial correlation functions of mesonic
operators to obtain the mesonic excitations. These spatial correlators, also called screening cor-
relators, are obtained by propagating a quark and anti-quark in the spatial direction. They decay
exponentially at a large distance and the decay constant is called the screening mass and is the
inverse of the screening length. On the approach to the critical point, this screening length diverges
as the long-distance correlation becomes significant requiring the screening mass to vanish at the
critical point.

There has been a previous study to calculate the corrections to the screening mass at finite
density previously [4] using the Taylor expansion. Our work extends that study by allowing the
screening mass to take complex values. The motivation for this consideration is the free theory
analytical expression for the screening correlator with an oscillatory behavior suggesting a complex
screening mass [5]. The analysis carried out in this paper focuses only on the pseudoscalar channel
meson for the isoscalar chemical potential yg where

HS = Hy = M- ey

with u and d representing the up and down quarks.

2. Screening correlator and screening mass

On lattice, mesonic correlation functions are two-point functions represented by
(Or(m)Or(0))

(G(n, pis 1))

(Tr [P(i)n.olP ()0l |) ®)

where O is the meson operator given by O = ¢,;T'y; with i, j corresponding to the flavor indices

C(n, wi, )

of the quark field y, I" is the Dirac spin matrix corresponding to the spin of the meson, G (n) is
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the meson propagator propagating from the origin to Euclidean space-time site n on the lattice and
P(i)n.0 is the quark propagator which is the inverse of the Dirac operator M (;)n.0

P(ui)no = M~ (uino 3)

Using the modified ys—hermiticity property of the finite u lattice Dirac operator M, i.e.
M(ui)on = 75/\/((—,11,-)2075, we can obtain the conjugation property of the meson propagator

Gnptio i) = Te [P0l ysP(=p1)) 75T @)
Tr :FVSP(_,Uj)nO')’SFTP(/Ji)i;():
= Tr :VSP(—Mi)on)’sFP(Mj)gnﬁ:
= Tr iP(_,Ui)OnFYSP(ﬂj)gn')’SFTi
G(n, =i, —p;) o)

G(n’ Mi» #])*

== G(I’l, HMi, :uj)*

At zero temperature, the asymptotic large Euclidean time behavior of the correlator yields the
ground state excitation. At finite temperatures, the temporal extent of the lattice is constrained by
the temperature of the system, N, = 1/T. However, there are no such constraints in the spatial
directions making it easy to analyze the screening correlator at large distances. These screening
correlators are obtained by summing over the x, y, and ¢ directions

C(ng, pispuj) = Z (G (n, pis pj))

X,y,t

> (Te [P(ui)n ol P (0.l "]) (©6)

X,y,t

For u = 0, these correlators decay exponentially and for the periodic boundary condition of
lattice, we get

C(ny)

[
>

i (e_Ml.(nz_N;r) . eMl.(nz_N;r))

ZA,- cosh | M; (nz - %)] (7N

where i is the sum over excitation states, M is the screening mass in lattice units and N is the

spatial extent of the lattice.

The staggered quarks have four spin and four taste indices giving sixteen mesons for each
meson channel specified by I' = I'p X I'r with I'p and I'r being the Dirac Gamma matrices for
spin and taste structures, respectively. We will limit our analysis only to local meson operators with
I'p =I'r =T'. With this, the local meson operators reduce to a product of phase factor ¢(n) and
bilinear of staggered quarks x(n), M(n) = ¢(n) yi(n)x;(n)[6]. For a constant separation between
the source and the sink for the staggered correlator, the contribution from two sets of mesons with

M (n - &)] (8)

the same spin but with opposite parities are summed which are given by

N

ctng = S o o e )| - o o
i
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The local meson operator for the pseudoscalar channel is given by I'™) = y5 and T*) = 3
corresponding to ¢(n) = 1 [7]. The oscillating (+) channel for pseudoscalar meson is conserved
which doesn’t excite any states from the vacuum [6] and thus has contribution only from the
non-oscillating (—) channel.

3. Isoscalar chemical potential response for the free theory correlator

For finite y, analytical expression exists only for the free theory case [5]. When simplified for
isoscalar chemical potential, the free theory correlator equation becomes

372 1
Clzpus) = —e 27T2|[1+ cos(2usz) + Hs sin(2usz) | + O(e=477T7)
2z 2nTz aT
3772 _ . 1 Us B
= R aTz+i2usz 1 _Hs 0 4nTz 9
2z e[e (( + 27TTz) it (e ) )

While the above correlator itself is real, it has periodic oscillations due to the screening mass and
the amplitude having a complex value given by

ML = 2T +i2us (10)
3T2 1 MS

Alree = — (|1 —i=2 11
2z (( +27rTz) AT (D

The imaginary part of the screening mass and amplitude depend linearly on the chemical potential
while the real part is independent of the chemical potential.
To the leading term, in the limit ug — 0, we get

377 1
C(z,0) = 2—Ze—2”TZ (1 + 27rTz) (12)

which is the expected exponential fall-off. To observe the response of the correlator around ug = 0,
derivatives of correlators are obtained. Taking the derivative of the (9) with the isoscalar chemical
potential, the odd derivatives vanish. The first two non-zero derivatives at g = 0 are

1 1
C// — _6T2 —2nzT 1+ - 13
(2) ¢ . 2nzT aT (13)
C”H(Z) — 12Z2T2e—27TZT 2211+ 1 — i (14)
2nzT nT

To get rid of the contribution of the exponential decay, we define I and X by dividing the above
equations by the free theory correlator at ug =0

Crree(z) = "2 _ —4z|z - - (15)
C(Z) aT (1 + ﬁ)

Yrree(z) = @ _ 1623z - 2z (16)
C(Z) T (1 + ﬁ)

Thus, at a large distance, we obtain I' ... and X ¢,... which are quadratic and quartic in z respectively
upto O(1/z) corrections.
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4. Isoscalar chemical potential response for correlator at finite temperature

The correlators and screening masses change analytically with temperature. Thus, at very
high temperatures and finite isoscalar chemical potential, we expect the correlator to have a similar
behavior as the free theory correlator given in (9). Considering the amplitude and screening mass
to be a function of the isoscalar chemical potential and having a contribution from only the ground
state, write them as

Clzips) = Re|(Ar(us) = id;(ps)) e <Mrtis) it )|

= e Mrs) AR (ug) cos (zMr(us)) + Ar(us) sin (zM;(us)) } (17)

where the screening mass is M. (us) = Mgr(us) + iM;(us) and the amplitude is A(us) =
ARr(us) —iAr(us). Using p; = uj = us in (5), we get constraint on the correlator

C(z;—us) = C*(z; ps) (18)

For this relation to be satisfied, we must have Mr(—us) = Mg(us). For free theory we have
My (—us) = —Mj(us) for free theory and we expect the same behavior at finite temperature. This
requires Ag(—us) = Ar(us)and Aj(—us) = —Ar(us) to satisfy (18). Thus, the real and imaginary
parts of the screening mass and amplitude are even and odd functions of ug respectively having
even and odd power of g in the Taylor expansion. With this constraint, the correlator (17) can be
expanded in terms of ug where all the derivatives of A and M are obtained at us = 0. Collecting
the terms with second and fourth powers of ug, and dividing them by the correlator, we obtain

d*c c” AR A]
r(z) = — == = A—R +2 2A—’M; - M,'g] - Z2(M))>. (19)
Cdusg o us=0 R R
= Clzz2 +a1Z+ Qo (20)
d4C 707 227 A/ 127 ’”
Y(z) = ; _C = B s@ LMy vaLomy - My -emy-2
Cdy 150 C |us=0 AR AR AR AR
2 172 A} IRV i IRy L 2 A%
+z (3MR _12A_MIMR_4MIMI _6MI A_)
R R
Al
+23 (6Mpy M}* — 4A—’M;3) +z2t (M)t 1)
R
= Pzt + sz’ + Bz’ +Biz+ Bo (22)

Similar to the free theory expression (15) and (16), I'(z) is quadratic in z and X(z) is quartic in z.
Using the equations (19) and (21), we get M; and M} as

M; = —aé/z = ,8}1/4 (23)
1 B3

My =20, -2 24

R ™4 ( “ az) 24

Although we have considered only the ground state contribution to the correlator, there is a
significant contribution from the excited states to the correlators at finite spatial distances [8] and
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we need to include their contributions into the expressions of C,I" and X. Below we consider the
contribution of the first excited state into their equations with labels 0 and 1 corresponding to the
ground and first excited states respectively.

C(2)

A
Agexp Moz 1A exp ™17 = Agexp Mo |1 + A—] exp” (AM)z (25)
0

2 2

A -(AM
(aozz +ap12 + afoo) + A—(l) eXp (AM)z (Q’IZZ +anz+ 0/10)

I'(z)

A -(A
1+ A—(‘) exp~(AM)z
2
amz- + a1+«
N (@02 _ 01_(AM)00) (26)
1+ 55 exp <
(Boaz* + Bosz® + Boaz® + Borz + Boo) + - exp™ A7 (Braz* + B13z® + B1oz + Buiz + Puo)
1+ ﬁ—(‘) exp~(AM)z
(Boaz" + Bz’ + Boaz® + Boiz + Boo)

=~ (27
1+ ‘2—(‘) exp~ (AM)z

X(z) =

Thus, when including the contribution for the first excited states, both I' and ¥ are quadratic and
quartic with an exponential decaying denominator reaching the value of the ground state coeflicient
asymptotically.

5. Lattice setup

All the numerical data in this work used the Bielefeld GPU code [9] to generate the lattices. They
were constructed by simulating staggered fermion operators using (2+1) flavor HISQ action gauge
field ensembles. The strange mass for the configurations was tuned to the physical mass by tuning
the mass of iz meson M,,. = 686 MeV [8] and ratio m/m; = 20 is kept constant corresponding to
the pion mass 160 MeV. The lattice scale is set using the kaon decay constant fx = 156.1/V2 MeV.
The configurations were generated using the leapfrog evolution with molecular dynamics step size
0.2 and trajectory length of 5 steps keeping the acceptance rate between 65% to 80%. The meson
correlators are measured on every 10’" configuration.

The free theory analysis was performed for lattice volume 80° x 8. The finite temperature
analysis was done for N, = 64 with N, = 8. The corresponding configurations and quark masses
are presented in table 1. 1000 random source vectors were used for estimating traces on each
configuration. 8 point sources were used on each configuration to measure the correlator-like
operator.

Ny B T[GeV] my mg configurations
64 | 9.670 2.90 0.0001399 | 0.002798 6000
64 | 9.360 2.24 0.00018455 | 0.003691 6000

Table 1: The list of configurations used for the finite temperature. All the configurations used here have
N, =8.
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Figure 1: (left) I'(n;) and (right) X(n;) plotted for free theory with against n, calculated on lattice with
volume 80° x 8 for pseudoscalar meson. The solid curves in both figures are theoretical equations given in
(15) and (16).

6. Lattice results

The lattice expressions for derivatives of the correlator for the staggered fermions are given in
[4, 10] which are obtained by taking us derivatives of the meson propagator G and the staggered
fermionic determinant. Using these we obtained the results discussed below.

In figure 1, we plot the lattice results for the free theory comparing I'¢,-¢ and X ¢, obtained on
the lattice with the theoretical expression (15) and (16) respectively. The good agreement between
the theoretical expressions and our lattice data provides support for our proposed ansatz (17).

For finite temperature, we first look at the effect of temperature on I" and X. To see this, we
plot I'/T ¢ and £ /X ¢, for two temperatures in figure 2 (left). As we go to higher temperatures,
we expect these expressions to approach the asymptotic limit of the free theory with the curves
approaching the value of 1. In the figure, we see the same behavior with curves of higher temperature
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0.9 ¢ ¢ T =290GeV 0.86 | .
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Figure 2: (left) I'/T'f;c. and X/%f,c. plotted against n, for T = 2.24 GeV and T = 2.90 GeV. (right)
Screening mass of the 7 = 2.90 GeV correlator obtained by fitting the us = 0 correlator using ground state
(1,0) and first excited state (2,0) ansatz. The best fitting function is chosen using Akaike criteria AICc [8].
The data points in both the figures are obtained using lattices with dimension 643 x 8 using point source and
mg/m; = 20.
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being above the lower temperature. We also observe that the curves seem to plateau at larger n,
which is also expected as at large n, only the highest order coefficient of the polynomial will
contribute, settling at a constant value. The upward deviation for n, > 29 values is due to the
boundary effects. To get rid of this boundary effect, we will fit our data to a conservative maximum
bound of n7'“* = 25.

Figure 2 (right) plots the value of lattice screening mass at 7 = 2.90 GeV obtained from fitting
the correlator to the staggered ansatz (8). The correlator is fitted to the ansatz represented by (1,0)
and (2,0) which correspond to the number of states considered in the fitting the correlator, i.e., 1
and 2 non-oscillating states respectively, with 0 oscillating states. The plot is obtained by keeping
the n?'“* = 31 fixed and varying the ng’”". The best fit ansatz is chosen by the Akaike criteria AICc
[8]. We see that the first state has a significant contribution atleast till n, = 20 and thus, they need
to be accounted for when fitting I" and Z as seen in (26) and (27) respectively.

Using (26) and (27), we fit the data obtained on the lattice to obtain the fit coefficients. In
figure 3, we have plotted a sample plot for the fit coefficient (left) a, and (right) 83 for T = 2.24
GeV and T = 2.90 GeV. The fit coefficients were obtained by fitting the data in a window such that

the contribution of boundary effect as well as the contribution of second excited states or higher is

max
z

of a» plateaus as we go to higher n;”i" where we get a larger contribution from the ground state

and the contribution of the first excited state is expected to exponentially decay. The value of the

reduced by fixing the n = 25 while varying the ng’”" In the figure, we observe that the value

parameter is taken bootstrapping over the plateau interval. The value interval considered for the
plot along with its error is also plotted in the figures.

Using the fitting procedure mentioned above, we obtain the table 2 where we have tabulated the
fitting coefficients ay, @1, 4, and 3. The values obtained are quite different from the free theory
value while they seem to approach the free theory value with increasing temperature. Using (23)
and (24), we have also tabulated the values of M; and TMF. The value of M; also approaches the
free theory value with increasing temperature. The value of My while is zero within error but is
leaning to have a negative value suggesting the mass decreases with increasing isoscalar chemical
potential.

—-1.9 50
b ¢ T=2.24 GeV " ¢ § T=2.24 GeV
$ ¢ T=2.90 GeV ‘ , ¢ ¢ T=2.90 GeV

——

—a——i—to—

B

Figure 3: Fit parameters (left) a, and (right) 53 plotted against ng”". The n'** = 25 has been fixed for
all fit windows. The data points in both the figures are obtained using lattices with dimension 64 x 8 at
T =2.24 GeV and T = 2.90 GeV using point source and mg/m; = 20. The value and error on the parameter

is obtained by bootstrapping over the plateau interval as seen above.
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Temperature T ay aq B4 B3 TMg M;
2.24 GeV -2.06(11) | -11.7(5.6) | 6.04(24) | 35.7(5.7) | -0.22(39) | 1.43(3)
2.90 GeV -2.23(11) | -9.3(6.5) | 6.73(24) | 24.5(7.3) | -0.24(43) | 1.49(4)

Free theory -4 10.2 16 -81.5 0 2

Table 2: Values for the polynomial fit parameters a2, @1, B4 and g3 along with the TMy and M; for two
temperatures and free theory. The analysis is done on lattices with N, = 8 and N, = 64.

7. Conclusion

In this work, we tried to look at the response of the correlator with the isoscalar chemical
potential and obtain correction to the screening mass. We find that the free theory correlator has
an oscillating behavior as the screening mass is complex. We verified the free theory expression
for the screening correlator derived analytically at finite isoscalar chemical potential by looking at
its derivatives on the lattice. Using the symmetric arguments, we extended the analysis to finite
temperatures where we obtained the correction to the real part of the screening mass My for two
high temperatures. The value of the correction was zero within errors due to large statistical errors
but was leaning on the negative side. We also obtained the imaginary part of the screening mass
M which seemed to approach the correct free theory limit.
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