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1. Introduction

Renormalization of quantum-field operators is an essential ingredient when studying physical
quantities in Hadron Physics, which are not conserved currents. It is the procedure that we use
to remove ultra-violet (UV) divergences from correlation functions in order to make contact to
physical observables. There are various ways of renormalizing an operator, called schemes, by
imposing appropriate conditions on particular Green’s functions. In phenomenology, the typical
renormalization scheme used in the analysis of experimental data is the modified minimal subtraction
(MS) scheme. MS is originally defined in dimensional regularization at each order of perturbation
theory; it is a minimal scheme in the sense of removing only pole terms' appearing in correlation
functions when the space-time dimension takes its physical value, d = 4. Such a minimal scheme
is difficult to implement in a non-perturbative way. Thus, a direct non-perturbative evaluation of
MS-renormalized correlation functions on the lattice (via Monte Carlo simulations) is not feasible.

An indirect way of obtaining non-perturbative results in MS on the lattice has been successfully
implemented in the last two decades through the use of an intermediate scheme, which is applicable
in both lattice and continuum regularizations. The main idea is to calculate non-perturbative
renormalization functions (RFs) in the intermediate scheme on the lattice and then to convert to
MS by using perturbative regularization-independent matching factors; the latter can be calculated
in dimensional regularization at high perturbative order. Some popular intermediate schemes
extensively employed in lattice-QCD simulations are the RI’/MOM and the Schrodinger functional
schemes. In this work, we investigate an alternative intermediate scheme in which only gauge-
invariant Green’s functions are considered; we refer to it as gauge-invariant renormalization scheme
(GIRS), and it is an extension of older coordinate-space prescriptions [1-4]. Our study focuses on
the application of this scheme in both multiplicative renormalization and renormalization in the
presence of operator mixing; in the latter case, GIRS is more suitable than other schemes, since it
simplifies the mixing pattern (see Sec. 3).

In GIRS, conditions are imposed on Green’s functions of products of gauge-invariant operators
O at different space-time points (in a way as to avoid potential contact singularities) and in the chiral
limit. For instance, a typical condition in the case of multiplicatively renormalizable operators has
the following form (see, e.g., Ref. [1]):

(ZGR) (OO () x-y=z = (O(X)O(1) ™ sy=z, M

where z is a non-zero renormalization 4-vector scale within the renormalization window: a <
Iz| < A(‘;CD (where a is the lattice spacing and Aqcp is the QCD physical scale). The window
must be wide enough in order to keep lattice artifacts under control and at the same time to ensure
reliability of continuum perturbation theory. When operator mixing occurs, we need to consider
a set of conditions involving more than one Green’s functions of two or more gauge-invariant
operators, each of which has a similar form to Eq. (1), i.e., the renormalized Green’s functions are
set to their tree-level values when the operators’ space-time separations equal to specific reference

scales (see Sec. 3).

Tn addition, finite terms proportional to In(4x) — yg, where yg is Euler’s constant, are also removed in order to have
smaller coefficients in the perurbative expansion.
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The main advantages of GIRS compared to other schemes are:
1. Due to the gauge-independent nature of GIRS, gauge fixing is not needed.
2. Gauge-non-invariant (GNI) operators have vanishing correlation functions in GIRS; thus, when
mixing occurs, all GNI operators [Becchi-Rouet-Stora-Tyutin (BRST) variations and operators
which vanish by the equations of motion], which can mix with gauge-invariant operators, can be
safely excluded from the renormalization procedure, leading to a reduced set of mixing operators.
3. Contact terms are automatically excluded by the definition of the GIRS correlation functions.
4. Perturbative matching of GIRS and MS scheme is possible at high perturbative order (in most
cases).

A particular aspect of the present study is that summations over time slices of the operator
insertion points are employed in order to reduce the statistical noise in lattice simulations:

(Z§®)” 3 (0(F,24)0(F ya))
x5y

y4=t = Z (O(X,x4)0(F, yg))ree ’ )
x5y

X4— X4—y4=t
where ¢ # 0 is the GIRS scale.

In what follows, we consider two applications of GIRS, one in the multiplicative renormalization
of the vector one-derivative quark bilinear operator (Sec. 2) and the other in the study of mixing of the
QCD traceless gluon and quark flavor-singlet energy-momentum tensor (EMT) operators (Sec. 3).
The hadron matrix elements of these operators enter the calculations of the average momentum
fraction and the spin contribution of the constituent gluons and quarks inside the hadron. We use
several Ny = 4 twisted mass and clover-improved fermion ensembles of different volumes and
lattice spacings. The details are given in Table 1.

2. Application of GIRS to the renormalization of the non-singlet vector derivative
quark bilinear operator

First, we test the reliability of GIRS by calculating the RFs for the non-singlet vector derivative
operator:

Obv,, (x) = d(xX)y (D yyu(x), 3)

where ﬁ# is the symmetrized covariant derivative and {...} denotes the symmetrization over
Lorentz indices u, v and subtraction of the trace. The operator is chosen to be traceless in order
to avoid mixing with lower dimensional operators. On the lattice, where Lorentz symmetry is
replaced by hypercubic symmetry, diagonal (4 = v) and non-diagonal (u # v) components of
traceless symmetric operators belong to different representations of the hypercubic group, and thus,
they renormalize differently. In this study, we focus on the renormalization of the non-diagonal (nd)
components.

The strategy that we follow for extracting the RFs of the non-diagonal vector derivative operator
using GIRS is summarized below:
1. We calculate the following Green’s function of two vector derivative operators at different time

G (% - %0) = éz ; <ODV” (f %) OITDVU (§ %0)> ’ “)

slices:
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for different values of the source-sink time separations (fy — fg)/a. To alleviate the statistical
noise, we take averages over different Lorentz components of the operators due to the hypercubic
symmetry. Note that in the averages we have not included temporal components, since they give
vanishing contributions in the continuum, where the summations over the spatial components of
the operators’ positions are replaced by integrations.

2. In order to reduce the systematics, we eliminate discretization errors from the Green’s function
by removing tree-level artifacts calculated in lattice perturbation theory.

3. We impose the following renormalization condition and we extract the RF (ZGIRS) of the
non-diagonal vector derivative operator in GIRS:

t 1 t t
GIRS 2 s 0 t s 0
(ZDV nd (a - a) |t¢ —to=t = =G"™ (a - 2) |ts—t0:ta (5)

where G (¢/a) = (3N.)/(40x2|t/a|’), N, is the number of colors.

4. We convert to the MS scheme at the reference scale of 2 GeV by calculating conversion factors
CGIRS—>MS
Dvnd

and evolution functions R (,ul (2) in the continuum at some perturbative order:

MS VS
o L g™ (1) )’ (g)
GIRS—MS _ ~DVy MS N
Cbv,, ZGIRdS’ Rov (1. p2) = exp _/gMS(m) % ,BN?g(g) ©
DVpng

where Bm( g), yl(\)Tsv (g) are the beta function and the anomalous dimension of the operator, respec-
tively.

5. We take a plateau fit over the GIRS scale 7, since the MS renormalization factor must be
independent on the initial scale.

In our analysis, we employ Ny = 4 dynamical ensembles, generated by the Extented Twisted
Mass Collaboration (ETMC), at three different lattice spacings (a) and different volumes (L3 xT),
using four degenerate light maximally twisted-mass/clover quarks and Iwasaki-improved gluons.
The goal of our study is to extract RFs for different values of the lattice spacing in order to be
able to perform a continuum extrapolation on the nucleon matrix elements. The parameters of the
ensembles are given in Table 1. The values of the lattice spacing have been determined using the
nucleon mass. The number of configurations in each ensemble varies between 100 to 200.

Ensemble B a(fm) | L3xT ap K CSW

cB4.060.12 | 1.778 | 0.080 | 123 x24 | 0.006 | 0.1393050 | 1.6900
cB4.060.16 | 1.778 | 0.080 | 16> x 32 | 0.006 | 0.1393050 | 1.6900
cB4.060.24 | 1.778 | 0.080 | 24° x 48 | 0.006 | 0.1393050 | 1.6900
cC4.050.24 | 1.836 | 0.069 | 24° x 48 | 0.005 | 0.1386735 | 1.6452
cC4.050.32 | 1.836 | 0.069 | 323 x 64 | 0.005 | 0.1386735 | 1.6452
cD4.040.48 | 1.900 | 0.058 | 48% x 96 | 0.004 | 0.13793128 | 1.6112

Table 1: Ensembles and their parameters used for the calculations: 8 = (2N, /g?), where g is the running
coupling, lattice spacing (a), lattice volume (L3 x T), twisted-mass parameter (au), hopping parameter « and
clover coeflicient cgw.

To exemplify the procedure we provide step-by-step results for the ensemble cB4.060.24. In
the first step, the bare Green’s function of Eq. (4) is calculated using the stochastic method of
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Figure 1: Left: Plot of G(¢/a) as a function of #/a for different lattice sizes (ensembles: ¢B4.060.12,
cB4.060.16, cB4.060.24). Right: Plot of Zg\l,RdS as a function of ¢/a for the ensemble cB4.060.24 with and
without tree-level corrections by employing ratio and subtraction methods explained in the text.

one-end trick, described in Ref. [5]. The number of stochastic sources employed in each ensemble
varies between 5 to 12. Time dilution is also performed to further improve the estimator. Periodic
boundary conditions have been implemented for the gluon fields and (anti-)periodic boundary
conditions in the (temporal) spatial direction for the quark fields. In order to check for possible
volume effects, we compare the calculated Green’s function for different lattice sizes (ensembles:
cB4.060.12, cB4.060.16, cB4.060.24). From the left plot of Fig. 1, we conclude that there are
no significant volume effects especially for the smallest values of the source-sink time separation
t/a. In what follows, we focus on the larger volume ensemble ¢B4.060.24. To further improve
the statistical signal we perform the average: [G (t/a) + G (T/a —t/a))]/2, where T is the time
component of the lattice volume, since the Green’s function is even under time reversal due to the
use of periodic/anti-periodic boundary conditions.

In the second step, we apply two different methods in order to reduce tree-level discretization
erTors:
1. Ratio method: GO (ree 1i0) (¢ /) = G(t/a) x R(t/a),
2. Subtraction method: G- (tree subtacted) (¢ /) = G (t/a) — D(t/a),
where R(t/a) = [Gtree, cont.(t/a)]/[Gtree, lat.(t/a)]’ D(t/a) = (lree, lat.(t/a) — Glree, cont.(t/a)’ and
Grees cont(1/g) (G 13 (¢ /@) is the continuum (lattice) tree-level value of G (¢/a); the perturbative
calculation on the lattice has been performed to all orders in the lattice spacing for the finite volume
243 x 48. The two methods differ by higher-loop discretization errors. We test both methods
by extracting the GIRS RF [Zggids]. In the right plot of Fig. 1, we observe that both correction
methods work for small values of #/a, while for larger values only the subtraction method gives
reliable results. However, the discrepancy between the two methods indicate that higher-loop
discretization errors are still important. For the next steps we consider both methods, since the
renormalization window lies in small values of 7/a.

In the next step, we perform the conversion to the MS scheme at the reference scale of 2 GeV,
by using 4 different methods, which differ by higher-loop corrections:
CGIRS—MS

DV

1. M1: We employ the two-loop conversion factor, , that we have calculated in continuum
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Figure 2: Plot of the matching factor between GIRS and MS schemes at the reference scale of 2 GeV, by
applying 4 different methods (M1 - M4) descibed in the text.

perturbation theory? for an arbitrary renormalization scale fi, and we set the scale directly to 2 GeV.
2. M2: We convert to MS at an intermediate scale of g = 1/¢ in order to eliminate the logarithmic
terms In(%¢%) appearing in the conversion factor (see [6]), and then we make use of the 3-loop
expression for the anomalous dimension of the vector derivative operator, calculated in Refs. [7, 8],
in order to evolve to 2 GeV.

3. M3: Method 3 is similar to method 2 with the difference of tuning the intermediate scale j in
order to take more convergent conversion factors. This can be achieved by comparing the size of
the one-loop and two-loop contributions to the conversion factor, when varying the intermediate
scale. We found that the optimal value of the intermediate scale is g ~ 2.18/z.

4. M4: In method 4, we generalize method 3 by adding a second scale through the evolution of the
running coupling (gM3) to a different scale (as first proposed in Ref. [9]). In this way, we need to
tune two different variables in order to get even better convergence of the conversion factor. The
optimal value for the second scale is found to be ~ 1.5/r.

All methods are tested by comparing the one-loop and two-loop contributions to the overall matching
factor (conversion factor and/or evolution function), Mpy,,, as shown in Fig. 2. As we observed,

M3 and M4 give more compatible results between the one and two-loop matching factors, and thus,
we proceed only with these two methods.

In Fig. 3 we show results for the RF in the MS scheme by employing the two methods of
the matching for both uncorrected and corrected renormalization factor using the ratio and the
subtraction method for reducing discretization errors. As we see, a clearer and a larger plateau can
be obtained from the ratio method and method 4 of the matching. By employing these methods, we
take the plateau fit as the final step (see Fig. 4). The interval used for the fit is (0.5 - 2.9) GeV~!,
which lies in the renormalization window.

Omiting intermediate results, we also present, in Fig. 4, the final step of taking the plateau fit
for the remaining ensembles C and D. In Table 2, we provide the final values of the renormalization
factors after the plateau fit. Systematic errors are estimated by varying the intermediate scales

2The one-loop result is given in Ref. [6], while the two-loop result will be provided in a forthcoming publication.
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Figure 3: Plot of Z§ ; (2 GeV) as a function of 7/a by employing methods M3 and M4 of the matching for
both uncorrected and corrected (using ratio and subtraction methods) renormalization factor.
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Figure 4: Plateau fit of Z]gsn . (2 GeV) for the ensembles cB4.060.24, ¢cC4.050.32 and ¢cD4.040.48.

Ensemble GIRS RI/MOM

cB4.060.24 | 1.1234(1)(46) 1.1209(5)(142)
cC4.050.32 | 1.1558(1)(43) 1.1490(3)(111)
cD4.040.48 | 1.2239(104)(131) | 1.1995(4)(113)

Table 2: Comparison of Z]@ . (2 GeV) coming from the GIRS and RI’/MOM prescriptions. The error in
the first (second) parenthesis is statistical (systematic).

in the matching factor and by varying the plateau fit interval. We compare the results with those
coming from a similar study using the RI’/MOM scheme for the same ensembles. The results of
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the two schemes are compatible (within error) for all ensembles.

3. Application of GIRS to the renormalization of the QCD traceless
energy-momentum tensor

As a follow-up, we proceed with the application of GIRS to the renormalization of the QCD
traceless gluon and quark energy-momentum tensor (EMT) operators:

Ny
T (x) = =2Tr [Fpu(x) Fyyp(x)], Th, ()= > 0y Dyyr ), (D)
=1

The calculation of the renormalized hadron matrix elements of these operators are very important
for extracting useful key observables. In particular, by decomposing the nucleon matrix elements of
the EMT operators into generalized form factors [10] and taking the forward limit, we can extract the
gluon and quark average momentum fractions (x)&(4), as well as the gluon and quark contributions
to the nucleon spin J&(4):

(NG, sHTED INGB, 9)) =

— = . Piuovyipdp Q{ qv} -
an (p',s') A5 (g2) iy Py + B (g 2)% +C8 (A un (Bos),  (8)

where P = (p' +p)/2, q = p’ - p, and (x)§@ = A5\9(0), Js@ = [A5\?(0) + BS\" (0)1/2.
The ultimate goal of our study is to confirm the momentum and spin sum rules: (x)$ + (x)? =1,
JE+J1=1]2.

A difficulty in studying the renormalization of these operators is that mixing is present; the
two operators along with three GNI operators [11] mix among themselves, as they have the same
transformations under Euclidean rotational (or hypercubic, on the lattice) symmetry. However, by
using the gauge-invariant scheme the mixing problem is simplified, since the GNI operators are
automatically excluded from the renormalization procedure. Then, for the renormalization of the
two remaining operators, we need to construct a 2 X 2 mixing matrix:

—o.R _
7:5"]3 — Zgg qu 7:5" (9)
TZV qu qu T;l]V

The calculation of all mixing matrix elements requires a total of four conditions involving
g(q

correlation functions of 7, Three conditions can be obtained by considering two-point functions
between the two EMT operators. A fourth condition can be obtained by considering three-point
functions among an EMT operator and two lower dimensional operators, e.g., two fermion bilinears>.

Below, we propose a solvable system of conditions for the case of non-diagonal (¢ # v) EMT

3Two-point functions between an EMT operator and one fermion bilinear operator vanish due to trace algebra or
charge conjugation symmetry.
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Figure 5: Plots for the mixing coefficients of the non-diagonal (¢ # v) EMT operators in the MS scheme
for the ensemble cB4.060.12.

Ensemble | ZMS 2Gev) | ZMS (2Gev) | Z)S 2Gev) | Z)S (2 GeV)
cB4.060.12 | 1.100(23)(125) | 0.035(114)(34) | 0.152(95)(68) | 1.054(4)(5)

Table 3: Final values of the mixing coefficients of the non-diagonal (1 # v) EMT operators in the MS
scheme for the ensemble cB4.060.12.

operators (in terms of renormalized operators):

= xzy: ;< T GIRS _) 7% GIRS(y’ Z))> liy—to=t = %, (10)

. ;}: ;< 74 GIRS _) T?JGIRS(y’ t:;)> lty—t0= = %’ (11)

< Z Z <—g GIRS _) T4 GIRS(y’ )> e =0, 1
%,y 1]

é%‘g; <O$inzs > _)Tg Gle( _) OGIRS*( t_0)> lt‘}[__t?o:ff’ =0, (13)

where O,, = dy;u is the flavor non-singlet vector operator. As in the non-singlet case, we only
consider spatial Lorentz components of the operators in order to avoid vanishing contributions in
the continuum, which can lead to a non-solvable sytem of equations.

Following a similar procedure as in Sec. 2, we present in Fig. 5 preliminary results of all the
mixing coefficients in the MS scheme for the ensemble cB4.060.12. The final values are listed in
Table 3.

4. Conclusions and future prospects

In this work, we presented initial results within GIRS for the renormalization of the non-
singlet vector one-derivative quark bilinear operator, as well as in the mixing of the traceless EMT
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operators. We calculated the non-perturbative renormalization functions of these operators in the

MS scheme. We employed a number of N r = 4 ensembles at 3 different lattice spacings. Our

results were applied in the calculation of the quark and gluon average momentum fractions of the

nucleon, giving compatible results with previous studies in phenomenology and lattice QCD.
Some possible extensions/future plans are:

o To extract the EMT mixing matrix (using GIRS) for finer lattices (C and D ensembles).

¢ To reduce systematics related to the quark-mass dependence of the RFs. By employing ensembles

of the same lattice spacing and different values of the quark mass, we can perform chiral extrapola-

tions in order to obtain RFs in the massless limit.

¢ To extend our calculation to diagonal EMT operators u = v.

e To study the renormalization for the trace part of EMT using GIRS, which has some further

complications on the lattice.
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