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It is often taken for granted that Generalized Parton Distributions (GPDs) are defined in the
"symmetric" frame, where the transferred momentum is symmetrically distributed between the
incoming/outgoing hadrons. However, such frames pose computational challenges for the lattice
QCD practitioners. In these proceedings, we lay the foundation for lattice QCD calculations of
GPDs in "asymmetric" frames, where the transferred momentum is not symmetrically distributed
between the incoming/outgoing hadrons. The novelty of our work relies on the parameterization of
the matrix elements in terms of Lorentz-invariant amplitudes, which not only helps in establishing
relations between the said frames but also helps in isolating higher-twist contaminations. As an
example, we focus on the unpolarized GPDs for spin-1/2 particles.
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Figure 1: Graphical representation of the two frames employed in this work. Left plot: Symmetric frame.
Right plot: Asymmetric frame.

1. Introduction

Generalized Parton Distributions (GPDs) are the 3D generalizations of the collinear Parton
Distribution Functions (PDFs) [1, 2]. There are several motivations to study GPDs:

* For ¢ = 0 the Fourier transforms of the GPDs are related to the impact-parameter dis-
tributions which provide information about the three-dimensional distribution of partons —
(one-dimensional) longitudinal momentum distribution; (two-dimensional) transverse spatial
distribution, see for example Ref. [3].

» Twist-2 GPDs are related to the total angular momentum of partons [1].

* One should look for other ways to access GPDs because of the challenges involved in their
extraction through the processes of Deep Virtual Compton Scattering (DVCS) [2] and meson
production [4]. Challenges are caused by the sensitivity of differential cross-sections to
only x-integrals of GPDs, and not GPDs themselves [1, 2]. Therefore, it is desirable to
extract the x-dependence of the GPDs from first principles within Lattice QCD. However,
for a very long time this was not possible because of time-dependence of these quantities.
As a result, all of the lattice calculations were limited to the calculations of lowest Mellin
moments of the GPDs, see Ref. [5]. In 2013, there was a path-breaking proposal by X. Ji to
calculate instead auxiliary quantities called "quasi-GPDs" [6—8]. This approach relies on the
extraction of matrix elements for boosted hadrons involving spatially-separated fields. Ever
since this proposal, enormous progress has taken place, see some reviews [9-11]. In fact,
Ref. [12] provides the first-ever lattice-QCD results of the unpolarized and helicity GPDs
of the nucleon from the quasi-distribution approach. Lattice QCD calculations have the
potential to not only provide insight into the experimentally-inaccessible features of GPDs,
but also help in extracting the "full" GPDs from the existing experimental data.

2. Formalisms to calculate GPDs in asymmetric frames

2.1 Frames: Symmetric and asymmetric

The most widely used frame of reference to calculate GPDs is the symmetric frame. For
this frame, the momentum transfer is symmetrically distributed between the incoming (p;) and the
outgoing hadrons (p ) (see left plot of Fig. 1). However, one can also think of a frame where the
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momentum transfer is not equally shared between the incoming and outgoing hadrons, but is rather
exclusively applied to the incoming hadron (see, right plot of Fig. 1). Such a frame is known as an
asymmetric frame.

Lattice calculations of GPDs has primarily been confined to symmetric frames. However,
such frames pose serious computational challenges because they require separate calculation for
each values of the momentum transfer (A), resulting in increased computational costs. So the
question that we strive to address in this work is: Can we lay a formalism to systematically perform
lattice calculations of GPDs in asymmetric frames (which is expected to be computationally less
expensive)? In this work, we argue that there are two approaches to solving this question. In the
first approach, we will show that it is possible to relate the two frames via an appropriate Lorentz
transformation. In the second approach, we will propose a Lorentz-covariant decomposition of
the lattice matrix elements in terms of Lorentz-invariant (frame-independent) amplitudes. These
amplitudes will then be used to make connections between the two frames. As a byproduct, we will
show that this approach helps in identifying higher-twist contaminations which may be present in
quasi-GPDs at finite values of momentum.

2.2 Lorentz transformation approach

In this section, we explain the Lorentz transformation (LT) approach. First, it is straight-
forward to realize that a LT along the z-direction is not optimal for lattice calculations because this
requires a spatial operator distance (say z = (0,0, z> # 0)) to pick up a temporal component (that
is z LR (z° # 0,0.,z%)). However, a LT applied to any direction transverse to the z-axis does
not change the spatial nature of operator distances. This transformation is called as the "transverse
boost". We explain this by considering a transverse boost in the x-direction and for the simplest case
of zero skewness. The logic can be generalized for any general transverse boost and for arbitrary
values of skewness.

We begin by relating the incoming state in the two frames, p} = (E?, —Ab$/2,0, P?) and
pi = (EY, -Ab4 0, P3). LT provides p* = Art p¢,

E} y -~yB 00 Ef
Pt |_[7vB vy 0 0| f-Abe W
P> 0 0 10 0 |
Pt 0 0 01 p3
This gives,
E; =y(E{ + BA™). 2)
and,
Pt = —y(BEf +AMY) = A =2y (BEf + A1) 3)

Similarly, the outgoing state in the two frames, pj} = (E%,AY%/2,0, P) and p; = (E4,0,0, P%)
can also be related. (Keep in mind that the energies of the incoming and outgoing states are different
in the asymmetric frame.) We then find,

E} =yE%, “)
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and,
py*=-yBE{ — A =-2yBE}. (5)

From Egs. (2) and (4), we find,

E® — E4
B= —(Tf) : (©)
From Eqgs. (3) and (5), we find,
A],u
f=- ™)
Ef + E?

Then, Egs. (6) and (7) imply,

Al = JE? = (B2 ®)

Hence, 8 can be written as,
B=—|—=<0. )]

This implies A%¢ < 0, and
1 Ef + E?

T iep \ 2B

Therefore, by using the expressions for (3,y), we can write down uniquely the symmetric frame

Y (10)

variables (E?, A"%) in terms of the asymmetric frame variables (E4E J‘j, A'9): The energy should
be,

E%(E% + E%)
ES = yE® = % (11)

and the transverse-momentum transfer,
A = —2yBE4,

a a_ ra
E4(E; Ef):

o, A"=2 (12)

2(E{ + E9)

We repeat that the above method can be generalized for A L = (A", A?) and for arbitrary values of
skewness.

Now that we have sketched the idea of how to relate the kinematical variables between the two
frames, we proceed to understand how the matrix elements defining quasi-GPDs transform between
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the two frames. For this purpose, we focus on spin-0 particles such as the pion. (The method can
be generalized for spin-1/2 particles.) The (unpolarized) pion GPD is defined as,

Ff(z, P,A) =pslqg(=5)7" W(-5.5)9(3)Ipi) . (13)

Here, ‘W is a straight Wilson line required to make the correlator gauge invariant. Historically,
(unpolarized) quasi-GPDs have been defined through matrix elements of the operator y°, see for
instance Refs. [12, 13]. By applying the transverse boost Eq. (1), we find that the matrix element
(..¥°..) in the symmetric frame can be expressed in terms of matrix elements of different operators
{(..(y* +y")..) in the asymmetric frame,

(Pla(=57" W(=2,2) g(3)Ip)* = ¥(p gy  W(-5, %) ¢(3)Ipi)°
—yB(pfla(-3)y W(-5,2)q(B)p). (1)

This equation simply reflects how the 0" component of a 4-vector changes under the Lorentz
transformation Eq. (1). Therefore, this implies that a transverse boost that fixes (3,v) (Egs. (9)
and (10)) allows for an exact calculation of quasi-GPDs in the symmetric frame through matrix
elements of the asymmetric frame. However, Eq. (14) also shows that a quasi-GPD defined through
the operator ¥ is not Lorentz invariant. In the limit of a large momentum, we recover,

. 1
lim (%) ~ <..y0..>“+0(—3)<..y‘..>“ — (0.4, (15)
P35 P

which means that the contribution from the matrix element (..y!..) maybe viewed as a power
correction at finite values of momentum P>.

2.3 Amplitude approach: Spin-1/2 particles

In this section, we explain the amplitude approach through the example of spin-1/2 particles,
such as the proton. (We refer to Ref. [14] for details on spin-0 particles.) As a first step, we
build a Lorentz-covariant decomposition of the vector matrix element in terms of the available
vectors (P*, z#*, A*). By considering constraints from parity, we find that the general structure of
the vector matrix element involves eight linearly-independent Dirac structures multiplied by eight
Lorentz-invariant (frame-independent) amplitudes,

PH AH i g-HA
F”(Z,P,A) = l/_t(pf,/l’) —A +mzt Ay + — Az +imoHP AL + 17 As
m m
PHi ZA AHj zA
T Ag+mztic A+ T Aglu(pi, ). (16)
Here o = %()f”y" —yYyH), ok = oHPz,, oHA = oHPA,, o = 0P 2pAr, 7 = (° =

0,7z, =0,,z> #0). (For a derivation of Eq. (16), we refer to Ref. [15]. See also Ref. [16] where
the vector matrix element has been parameterized in the momentum space for a straight Wilson
line.) For brevity, we use the compact notation A; = A;(z - P,z - A, A2, Zz), with A;’s being the
Lorentz-invariant amplitudes whose arguments are functions of Lorentz scalars!.

In the literature, the amplitudes have also been called generalized Ioffe time distributions (ITDs) [13].
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For spin-1/2 particles, the vector matrix element can be parameterized in terms of two light-
cone GPDs H and E [17],

F+(Z,Ps/a’As/a) — ﬁs/a(p}/a’/l/) )’+H(Z, Ps/a’As/a)

l0'+'uAg/a
+ LB PN [ (py .

By using u = + in Eq. (16), followed by a subsequent change of basis, it is possible to map the A;’s
onto the H and E GPDs in Eq. (17). The results are,

/ / +,5/a

s/a s/a —_

H(z, PS4, A%y = A + o a3 (18)
+,5/a

E(z, PY/* A%%) = —A, - o A3 +2As5+ 2P Ag + 2AT/977 Ag (19)

Keep in mind that the arguments of the A;’s for light-cone GPDs have no dependence on z2. Also,
H=(0,z7,0,) and A*/P* =z-A/z- P, etc. Thus, it is possible to write the above expressions in
a Lorentz invariant way as,

s/a .
H(z- Ps/a’Z . As/a, (As/a)Z) =A + Psla A3 , (20)
, , , AS/“ :
E(z- P4 7. A% (AS19)?) = — A, - oTa A3 +2A5+ 2P ZAg + 2087 . zAg . (21)

This means the light-cone GPDs are frame-independent as long as the Lorentz scalars (z - P*/¢, z
AS/2, (AS/%)?) are the same in the two frames.

Next, we turn to the quasi-GPDs H and &, which historically have been defined in terms of
matrix elements of y° operator as [18, 19],

FO(z, P14, 1) = (p3f . 01a(=5)7 4 (5)1p} . )
=" (p}, A’>[7°W5‘/“<z, pela, Asle)

i O A/
+ g P, A‘/“)} we(pd. @)

If we use u = 0 in Eq. (16), then after performing a change of basis it is possible to map the A;’s
onto the quasi-GPDs in Eq. (22). The relations in the symmetric frame read,

AOs A0 3 [(AO’S)ZZ3 AOSABS PO Z(AY )2]
4 6

s S OASY _ _ _ _
Hy (2. PP AT) = A+ 5243 = o s 2 p3s 2(P3)? 2 p3s
(AO,s)3Z3 (AO,S)2A3,SZ3 AO’SZ3(A§_)2 ’
2POsp3s T p(P3s)2 pOspis |7F (23)
AO,s mon,sZ3 (AO,S)2Z3 PO,SAO,SA3,SZ3 3 (A )2
E(z P, AY) = —A; — Po,sA3 * S pospis Aa+24s5+ | - 2pis T 2(P3s)2 S pas

223 (PO,S)Z (AO,S)3Z3 (AO,S)2A3,SZ3 AO sZS (A )2 2Z3P0,3A0,s
T p3s T 2p0spis T 2(P35)2 S p0s pis P3.s Ag.
(24)
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On the other hand, the relations in the asymmetric frame read,

AO,a mZAO,aZ?a 1 mZAO,aA3,aZ3
a a Aay _
Hy (z, P9, A%) = Ar + PO,aA3 "~ |2papia (1+ 25 4P0,a(P3,a)2:| 4
2p3.a
(AO,a)ZZ?a 1 (AO,a)2A3,aZ3 1 PO,aAO,aA?a,aZ?a Z3 (AJa_)Z
+ - a - a - 6
2P3,a (1 " ZA;;,H) 4(P3,a)2 (1 + ZAPSé,a) 2(P3,u)2 2P3,a ]
(AO,a)3Z3 ~ 1 (AO,a)3A3,aZ3 ~ 1 (AO,a)2A3,aZ3 ~ Z3(A31_)2A0,a .
2 p.ap3.a (1 + ZA;;at) 4P0,a(P3,a)2 (1 + ZA;;aa) 2(P3,a)2 2 p0.ap3.a ?
(25)
AO,a mZAO,aZS 1 mZZS mZAO,aAS,aZS
a a Aay _
8o (2, P7,AT) = -4y - WA3 B [_ 2P0apia " L A (P3,a ~ 4p0a(pia) ) A4 +24s
( + 2P3,a)
(AO,a)2Z3 1 (PO,aAO,aZ3 (AO,a)2A3,aZS 1 223(})0,51)2
+ —_— — —_— —_—
2P3,a (1 n 2A1:3aa) PS,a 4(P3,a)2 ) (1 + ZA;:a) ( P3,a
PO’“AO’aA3’aZ3 Z3 (Ajl_)Z (AO,a)3Z3 1 (AO,a)2Z3 (AO’“)3A3’aZ3
_ Ac+ | — —_ _
2(P3,a)2 ) 2P3,a ] l 2PO,aP3,a (1 + 2%:;“) ( P3,a 4ﬁo’a(P3’a)2 )
1 2Z3P0,aAO,a (AO,a)2A3,aZ3 Z3(Ai)2A0,a
- (1 N A3 ) p3.a - 2(P3,a)2 2p0.a p3.a 8- (26)
2p3.a

However, one can think of other definitions of quasi-GPDs. For this purpose, we recall the
position-space matching relation between, for instance, light-cone GPD H and quasi-GPD H [13]:

1
H(z- P,—2£(z- P), A%, 2% 1%) = / duC (u,z-P,&, 2%, u*) H(u(z - P), —-2ué(z - P), A%, 1?) .
-1
27
Here, C is the pertubatively-calculable matching coefficient [13] and u is the renormalization scale

in the MS scheme. At leading order in ay, the above formula indicates that H collapses to H in the
light-cone limit z> — 0,

lim H(z-P,z-A A% Z2)=H(z-P,z-A,A%0) +O(ay). (28)

z2—0

Therefore, a natural way to define the quasi-GPDs H and & is through a Lorentz-invariant gener-
alization of the light-cone definitions in Egs. (20) and (21) to z> # 0, i.e.,

s/a

H(z- Pz A9 (A2, 2) = A+ — A5, (29)
Psla . z
As/a i
E(z- P,z AN (A2, 2%) = —A) - = “ A3+ 245+ 2P0 2Ag + 209 - zAg, (30)
* Z

where now the arguments of the A;’s have a non-zero dependence on z2. We expect the definitions in
Egs. (29-(30) to have two advantages: First, these definitions may converge faster to the light-cone
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GPDs because of the similarities in their functional forms with their (respective) light-cone GPDs.
(Such a statement is inspired from Ref. [20], where similar arguments were made for the quasi-
PDFs. See also the next paragraph for explicit explanations.) Second, these definitions differ from
their light-cone GPDs by frame-independent power corrections; contrast with historic definitions
which are frame-dependent.

We now discuss in detail the various definitions of quasi-GPDs: We notice that for finite values
of the momentum, the historic definitions of quasi-GPDs (H l9(As2), 88/ “(A;;2)) in Egs. (23)-
(26) involve additional amplitudes that are not present in the light-cone GPDs, Eqgs. (20)-(21).
This is not the case for the Lorentz-invariant definitions of quasi-GPDs (H (A;;z), E(A;;z)) in
Egs. (29)-(30). (Note that this is different from the (unpolarized) quasi-PDF case where arguments
were made in favor of y° (against y>) because of the absence of such additional amplitudes
relative to the (unpolarized) light-cone PDF case [20].) Therefore, the additional amplitudes in
(7-(5 a (A3 2), 85/ “(A;; 7)) may be viewed as contaminations from explicit power corrections, which
one would have to suppress by going to larger and larger values of momentum. Hence, we believe
that (H(A;;z),E(A;;z)) may converge relatively faster to their (respective) light-cone GPDs,
simply because of the absence of such additional amplitudes. (Of course, (H(A;;z),E(Ai;2))
also have power corrections, but they are implicit within the amplitudes themselves. Our argument
above is for the power corrections that are explicit.) Our reasoning is perhaps too simple and for sure
needs further substantiation. In fact, it may be that the actual convergence of the various definitions
of quasi-GPDs is determined by the underlying dynamics. Note that the Lorentz non-invariance of
the historical definitions of quasi-GPDs implies that the basis vectors (y°, iO'OAS/u) do not form a
complete set for spatially-separated bi-local operators for finite values of momentum. Therefore, we
can argue that the Lorentz-invariant definitions are in fact just a redefinition of quasi-GPDs in terms
of a suitable linear combination of operators (which turns out to be y, ) that make them functions
of Lorentz scalars [14].

In Ref. [14] and [21], we compare numerically the different definitions of quasi-GPDs for
¢ = 0 to get an idea about the relative size of power corrections. Finally, we remark on the
matching coefficient for the different definitions of quasi-GPDs: It is known that the GPD matching
coeflicient for the operator y° reduces to that for the corresponding PDF when & = 0, even if
t # 0 [13]. The PDF matching coefficient for 4 is for the amplitude A;, which is also the only
contributing amplitude to the LI definition of the GPD when ¢ = 0. Therefore, the matching
coefficients for the y° and the LI definitions of the GPDs are equal. We will elaborate this point
more, including the general case of ¢ # 0, in a forthcoming publication.

3. Summary

In these proceedings, we have laid down the theoretical tools to perform lattice QCD calcu-
lations of GPDs in asymmetric frames. We have highlighted two approaches to performing such
calculations:

* Lorentz transformation (LT) approach (Sec. 2.2): We have shown that there exists a LT called
the "transverse boost" (transverse with respect to the Wilson Line) that allows one to uniquely
relate the kinematical variables as well as the matrix elements in the two frames.
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¢ Amplitude approach (Sec. 2.3): We have proposed a Lorentz-covariant decomposition of
the vector matrix element in terms of Lorentz-invariant/frame-independent amplitudes. The
amplitudes can be used as tools to relate the two frames. This approach also shows that at
finite values of the boost momentum the historic definitions of quasi-GPDs (defined through
¥°) have additional amplitudes that are not present in the light-cone limit. This motivates us
to come up with alternative definitions of quasi-GPDs that may potentially converge faster.
One such candidate can be the case where one chooses the same functional form as the
light-cone GPDs subjected to include z> # 0. Naively, because of the similarity in the
functional forms (or because of the absence of additional amplitudes), one may expect such
a definition of quasi-GPD to converge faster to the light-cone GPD. Such a definition is also
frame-independent, contrary to the historic definitions.
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