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We investigate the glueball spectrum for Ny = 4 fermions corresponding to low pion
masses of m, ~ 250MeV. We do so by making use of configurations produced with maxi-
mally twisted fermions within the framework of the Extended Twisted Mass Collaboration
(ETMC). We extract states that belong to irreducible representations of the octahedral
group of rotations R in combination with the quantum numbers of charge conjugation
C and parity P, i.e. RPY. We implement the Generalized Eigenvalue Problem (GEVP)
using a basis consisting only of gluonic operators. The purpose of this work is to investi-
gate the effect of light dynamical quarks on the glueball spectrum and how this compares
to the statistically more accurate spectrum of the pure gauge theory. We employed large
ensembles of the order of ~ O(10K) configurations for each of three different lattice spac-
ings. Our results demonstrate that in the scalar channel A7 ™ we obtain an additional,
lightest state due to the inclusion of light dynamical quarks while the next two states are
consistent with the lightest two states in the pure gauge theory. By contrast the mass of
the lightest tensor glueball JP¢ = 2%+ appears to be insensitive to the inclusion of sea
quarks, as is the mass of the lightest pseudoscalar. In addition we perform an investiga-
tion of the low lying spectrum of the representation At for N r =2+1+1 twisted mass
quarks with low masses and demonstrate that the extra lowest state depends strongly
on the pion mass. This suggests that the ground state of the scalar glueball has a large

quark content, possibly representing the decay of a glueball to two pions.

The 39th International Symposium on Lattice Field Theory (Lattice2022),
8-13 August, 2022
Bonn, Germany

*Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). https://pos.sissa.it/


mailto:a.athenodorou@cyi.ac.cy
mailto:j.finkenrath@cyi.ac.cy
mailto:mike.teper@physics.ox.ac.uk
https://pos.sissa.it/

The glueball spectrum with Ny = 4 light fermions Andreas Athenodorou

1. Introduction

The extraction of the spectrum of glueballs in full QCD at physical quark masses is still
an open question which requires a coordinated effort from the Lattice community. Given
that a number of experiments such as PANDA [1] and BESIII [2] are currently looking
for such states, the extraction of the associated spectrum and the understanding of how
light dynamical quarks affect the spectrum of glueballs is a timely question. A recent
review on searches for glueballs can be found in the Lattice 2022 plenary presentation
by Davide Vadacchino [3]. Glueball states have large fluctuations and possibly a broad
resonance width and so the precise determination of their spectrum requires high statistics
of the order of O(10 — 100K) configurations. Hadron physics performed using current
Lattice methodology and machinery, on the other hand, makes use of sets of typically a few
hundred configurations. Nevertheless, for a number of measurements on the lattice such as
the extraction of renormalisation factors, large sets of configurations are produced and can
be, thus, used for exploratory investigations of the glueball spectrum. This work results
from the availability of accessing such large sets of configurations.

In this work we investigate the effect of light quarks on the spectrum of glueballs. The
spectrum of QCD with light quarks is of interest for both phenomenlogical and theoretical
reasons. On the phenomenological side it would provide important information regarding
the mixing of qq states with glueball states which is expected to be modest by the OZI
rule [4]; this could mean that in practice states with quark content could actually be un-
detectable in glueball spectroscopy or they appear with extremely small overlaps. For this
purpose we use configurations produced with Ny = 4 light twisted mass quarks with masses
corresponding to m,; ~ 250 MeV, i.e. not very far from the physical quark masses. We
extract the glueball spectrum and then compare it with the one extracted using pure gauge
SU (3) configurations [5]. We expect that such a set up will enhance the contribution of light
dynamical quarks to the spectrum of glueballs. For massive dynamical quarks we expect,
from decoupling arguments, that the glueball spectrum becomes similar to the spectrum of
the pure gauge theory. The important question which arises here is what happens if one
includes dynamical fermions with low masses close to physical values.

Our investigation for Ny = 4 QCD with light fermions reveals, at least in the scalar
channel (RF¢ = A]™), an additional state which is also the lightest state. Possibly this
state involves some mixing of ¢ states. To understand what occurs in the low-lying spec-
trum of the scalar channel and whether this additional state includes ¢g states we turn
to Ny = 2+ 1+ 1 configurations. Within this setup we extract the ground state energy
for the scalar channel which appears to exhibit a strong dependence on the pion mass.
Overall, our main findings can be summarized in the following points. (1) In the scalar
channel we obtain an additional state when we introduce light dynamical quarks, and this
is the lightest state with the next two states having masses consistent with the lightest two
glueballs in the pure gauge theory. (2) The tensor glueball mass appears to be insensitive
to the presence of light dynamical quarks. (3) The pseudoscalar glueball mass is affected
only slightly by the appearance of light dynamical quarks and is close to the mass of the
tensor glueball.
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Following the structure of the actual presentation [6] this paper is organised as follows.
In Section 2 we present the lattice set up used to produce the configurations with Ny = 4
and Ny = 2+ 1+1 twisted mass fermions as well as those with the pure gauge action. Then,
in Section 3 we explain briefly how one can extract the spectrum of glueballs in Lattice QCD
by making use of the GEVP. Following that, in Section 4, we describe the calculation of the
topological charge which is used as a measure of the ergodicity of the system. Furthermore
we explain how we evaluate the energy scale tg using the gradient flow. Subsequently, we
move to the presentation of the results by focussing on the scalar channel RF¢ = ATJF, the
tensor glueball whose components are split between the R’ = ET+ and the T2Jr * channels,
as well as the pseudoscalar glueball obtained in the RF“ = A" channel. In Section 6 we
focus our discussion on the ground state obtained in the scalar channel for Ny =2 +1+1
which appears to include g states. Finally, in Section 7 we present our conclusions.

2. Simulation Details

We use gauge ensembles of clover improved twisted mass fermions produced with 4
degenerate light flavours (Ny = 4) at two different lattice spacings as well as two ensembles
with 2 degenerate light flavours and a strange and a charm quark (Ny =2+41+1). All the
configurations with dynamical quarks have been generated by ETMC. We use the Iwasaki
improved gauge action |7, 8], and the fermionic action from Refs. [9, 10] where the clover
term is included in the action to suppress cut-off effects reducing the difference between the
mass of the charged and neutral pions [11]. Turning now to the case of Ny =2+ 1+1, the
additional strange and charm quarks are included as a non-degenerate twisted doublet [12].

The partial conserved axial current (PCAC) mass is tuned to zero in order to achieve
maximal twist. This ensures automatic O(a) improvement for the expectation values of the
observables of interest [13]. The simulation parameters of the gauge ensembles with Ny = 4
as well as Ny = 2+ 1+ 1 quarks are given in Tables 1 and 2 respectively.

IS csw 1 L ampg to/a?
cB4.06.16 | 1.778 | 1.69 | 0.006 | 16 | 0.2652(53) | 4.947(62)
cB4.06.24 | 1.778 | 1.69 | 0.006 | 24 | 0.1580( 8) | 4.667(17)
cC4.05.24 | 1.836 | 1.6452 | 0.005 | 24 | 0.1546(20) | 6.422(48)

Table 1: Simulation parameters of the Ny = 4 gauge ensembles [11, 14] used in this work.

B csw 1 L amps to/a?
cA211.53.24 | 1.726 | 1.74 | 0.005 | 24 | 0.1661( 4) | 2.342( 6)
cA211.25.32 | 1.726 | 1.74 | 0.003 | 32 | 0.1253( 1) | 2.392( 4)

Table 2: Simulation parameters of the Ny = 2+ 1+ 1 gauge ensembles [11, 14] used in this work.

For purposes of comparison with the SU(3) pure gauge theory, we also simulate that
theory using the standard Wilson action. The simulation algorithm combines standard
heat-bath and over-relaxation steps in the ratio 1:4; these are implemented by updating
SU(2) subgroups using the Cabibbo-Marinari algorithm. The parameters of the pure gauge
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runs are 3 = 6.222, L = 30 to match to/a® = 6.422(48), B = 6.135, L = 26 to match
to/a? = 4.947(62) and 3 = 6.117, L = 26 to match to/a? = 4.667(17).

The idea behind choosing the particular parameters is based upon matching the gradi-
ent flow times to/a® between the Ny = 4 QCD runs and the pure gauge runs. Since Ny = 4
QCD configurations had already been produced, we calculate the corresponding values for
top/a® and we subsequently match them to the right value of 3 for the pure gauge theory
using interpolations based on data from Refs [15-18]. The motivation for this procedure is
discussed in Section 5.

3. Calculation of glueball masses

Glueballs are colour singlet states and their masses can be calculated using the stan-
dard decomposition of a Euclidean correlator of an operator ¢(t) onto physical states in
terms of the energy eigenstates of the Hamiltonian of the system H: (¢'(t = an;)¢(0)) =
(pte=Hantg) = S~ |¢;|2eabin b2eo |co|?e@F0omt | Here the energy levels are ordered, E; 1 >
FE;, with Ey that of the ground state. The only states that contribute in the above sum-
mation are those that have non zero overlaps i.e. ¢; = (vac|¢f|i) # 0. We therefore need to
match the quantum numbers of the operator ¢ to those of the state we are interested in.

The extraction of the ground state relies on how good the overlap is onto this state
and how fast in ¢ we obtain the exponential decay according to Eq. (3). The overlap can
be maximized by building operator(s) which "capture" the right properties of the state,
in other words by projecting onto the physical length scales of the relevant state as well
as onto the right quantum numbers. To this end we employ the GEVP applied to a basis
of operators built by several lattice loops in different blocking levels. This reduces the
contamination of excited states onto the ground state and maximizes the overlap of the
operators onto the physical length scales.

The glueballs are color singlets and, thus, an operator projecting onto a glueball state
may be obtained by taking the ordered product of SU(N) link matrices around a con-
tractible loop and then taking the trace. The real(imaginary) part of the trace projects
onto charge conjugation C' = +(—). We sum all spatial translations of the loop so as to
obtain an operator with zero momentum. We take all rotations of the loop and construct
the linear combinations that transform according to the irreducible representations, R, of
the rotational symmetry group of our cubic spatial lattice. We always choose to use a
cubic spatial lattice volume (L, = L, = L) that respects these symmetries. For each loop
we also construct its parity inverse so that taking linear combinations we can construct
operators of both parities, P = £. The correlators of such operators will project onto glue-
balls with momentum p = 0 and the RP® quantum numbers of the operators concerned.
A number of the paths used for the construction of our basis are provided in Figure 1.
The irreducible representations R of our subgroup of the full rotation group are labelled
as A1, Ao, B, 11, T5. The A; is a singlet and rotationally symmetric, so it will contain the
J = 0 state in the continuum limit. The A5 is also a singlet, while the F is a doublet and
Ty and Ty are both triplets. Since, for example, the three states transforming as the triplet
of T, are degenerate on the lattice, we average their values and treat them as one state in
our estimates of glueball masses and we do the same with the £ doublets.
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Figure 1: All the different closed loops used for the construction of the glueball operators.

The glueball energy states are extracted using correlation matrices Cj; = (¢I(t)¢j(0)>
with 4,7 = 1...Nyp, in combination with GEVP where N, is the number of operators.
The scalar channel Af+ has a non-zero projection onto the vacuum and we, thus, use the
vacuum-subtracted operator ¢; — (¢;), to remove the contribution of the vacuum in Eq. 3,
so that the lightest non-trivial state is the leading term in the expansion of states.

4. Topological charge and scale setting

In the continuum, the topological charge is defined as the integral over the four-
dimensional volume of the topological charge density: Q = 55 [ d*2€p0 Tr [Fyu (2) Fpo ()] -
The discrete counterpart of the above quantity can be obtained by replacing the gluonic
field tensor with a lattice operator that reproduces the correct continuum limit. The choice
is not unique, and operators with smaller discretization effects can be obtained by using
O(a)-improved definitions of F},,. The definition of @ we choose to use in this work is the
symmetric definition. We use the gradient flow [15] in order to suppress the UV fluctuations
of the gauge field defining the topological charge. The smoothing action employed in the
flow equation is the standard Wilson action. The elementary integration step is € = 0.01
and the topological charge is computed on the smoothed fields at multiples of A7ggy = 0.1.
The flow time must be chosen large enough such that discretization effects are negligible
but not so large that the topological properties of the gauge field are changed; this happen
at av/8Thow ~ O(0.1fm) according to Ref. [15].

The gradient flow also enables the definition of a physical scale parameter ¢y, which
can be determined to high precision. This flow observable was introduced in [19]. t¢ is
defined according to the following prescription. First, we set F(t) = t>(E(t)) where E(t) =
%Bfw(t), where B, is field strength obtained by flowing F},, along the flow time direction.
We define the scale to(c) as the value of ¢ for which F'()],—y(c) = ¢, where we choose ¢ = 0.3
which is the value commonly used in lattice QCD calculations.

In Fig. 2 we present the history of the topological charge as well as its distribution for
our reference ensemble cB4.06.24. Clearly the plots do not indicate topological freezing,
suggesting that the Markov-Chain is ergodic. Furthermore the distribution of the topolog-
ical charge is to a good extent Gaussian-shaped suggesting our calculations have correctly
probed the topological sectors of the theory. All other ensembles exhibit similar behaviour.

5. Results

We have extracted the low lying spectrum for the irreducible representations A#,
E*T, T2+ * as well as Af*, corresponding to the scalar, tensor as well as to the pseudoscalar
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Figure 2: The history of the topological charge as well as its distribution for cB4.06.24 at t = tg.

channels. The first striking feature of the calculation is that the effective mass plateaus
(Figure 3) set in relatively late in time, leading to an overlap of 30 - 50 % which compares
badly with the fast converging mass plateaus one encounters in the pure gauge theory with
overlaps of 90 - 100 %. This indicates that the Hilbert space of the tower of states is rather
rich due to the inclusion of dynamical quarks and, thus, of the mixings with mesonic states.
We have attempted to increase the overlaps onto the extracted states by increasing the
variational basis of operators, however, with negligible differences.
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Figure 3: Left panel: The effective masses for the ground and first excited states of the representa-
tion AT for the ensemble cB4.06.24. Right panel: The effective mass for the ground state of the
representation T2+ T for the ensemble cB4.06.24; states in T representation come in triplets, thus,
the three states appear as ground, first and second excited states within the variational analysis.

In the left, middle and right panels of Figure 4 we present the results for Ny = 4,
{=1.778,L = 16}, {f = 1.778, L = 24} and {f = 1.836, L = 24} respectively as well as
the comparison with the pure gauge theory. We consider the plot in the middle of Figure 4
as our reference plot since we know that the pion mass does not experience finite volume
effects in this case. (Glueball masses appear to be insensitive to finite volume effects.) This
can be seen by comparing the plot in the middle where the spatial lattice size is L = 24
with the one on the left where L = 16 while the value of 3 is kept fixed. Nevertheless,
lowering the volume can give rise to other non-glueball states such as di-torelons. As a
matter of fact on the left panel, for the representation ETT the ground state is a di-torelon
with mass slightly larger than twice the mass of the torelon. As expected by increasing
the lattice spatial length (L = 16 — 24), this state effectively disappears. In addition
we investigated whether a reduction in the lattice spacing would affect the spectrum of
Ny = 4, demonstrating that, at least for the low lying spectrum, the spectrum presented in
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the middle plot of Figure 4 does reflect continuum physics. This can be seen by comparing
the spectrum on the right of Figure 4 where we alter the value of 3.
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Figure 4: The spectrum of glueballs for the representations Af ", E**+, T, AT for the ensem-
bles cB4.06.16(left panel), cB4.06.24(middle panel) and cC4.05.24(right panel). The states of
Ny =4 QCD are denoted in purple while the states of pure gauge SU(3) in green.

Turning now to the comparison between Ny = 4 QCD and the SU(3) pure gauge theory
we first extract the value of ty/a? for N ¢ = 4 configurations and we subsequently extract
the spectrum of glueballs for the pure gauge theory at a value of 8 that corresponds to
the same tg/a?. The values of ty/a? are given in Table 2 while the values of 3 have been
extracted using interpolations of data in Refs [15-18]. Since to/a? is defined using purely
gluonic variables, just like our glueball operators, and since it is much more precise than
the masses, comparing dimensionless ratios Mg+/tg in this way, between the two different
theories, is a plausible, although not unique, strategy.

The glueball masses for pure gauge theory are represented in green color while the
masses for Ny = 4 are in purple. Strikingly, with Ny = 4 the ground state within the A#
tower of states is a state that is additional to the states in the pure gauge theory. In contrast
we observe an adequate agreement of the pure gauge ATF ground state with the first excited
Af+ state of Ny = 4. This immediately leads to the assumption that the ground state of
Ny = 4 includes significant quark content while the first excited state corresponds to the

actual glueball state. Needless to say this scenario requires further investigation.

Turning now to the ground state of ETT and T. 2+ * and, thus, to the ground state of
277, it appears that there is an agreement between Ny = 4 and the pure gauge theory,
suggesting that accurate pure gauge calculations of the tensor glueball can be used for
comparison with experiment. Finally, a similar situation obtains for the A1_+ pseudoscalar
ground state, although there is some suggestion, at the level of one sigma, that it becomes
slightly lighter when dynamical quarks are inserted into the simulation. Furthermore, in
N; = 4 the ground state of 27 is close to that of the 07, just as in the pure gauge theory.
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6. The A" ground state for Ny =2+1+1

To further investigate the nature of the additional Af+ state seen in Figure 4 we
carried out a simulation in Ny = 2+ 141 QCD. To be specific, we extracted the low-lying
A;r+ spectrum in the more realistic case of Ny = 2 + 1 4 1 twisted mass fermions for
two values of the pion mass, m, ~ 260 and ~ 350 MeV. Once more we have made use of
ensembles consisting of as many configurations as possible. Hence, for the purposes of this
investigation we found suitable the choice of the ensembles cA211.53.24 (5000 confs) and
cA211.25.32 (2500 confs) the details of which are presented in Table 2.
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Figure 5: The ground state as well as the first excited state of the scalar channel A7 ™ for the
ensembles cA211.53.24 and cA211.25.32. The blue band represents the scalar glueball mass of
the SU(3) pure gauge theory at 3 = 5.8941 (tg/a® ~ 2.2) taken from Ref. [5].

The results, presented in Figure 5 show the ground as well as the first excited state
for the two different pion masses. The message is unambiguous, namely the ground state
depends strongly on the pion mass while the first excited state is approximately constant.
This leaves little doubt that the ground state has a dominant quark content, possibly
representing a decay of a glueball to either two or four pions. We note that the mass of the
ground state is to a good extent close to the mass of two pion masses. The first excited
state which appears to be roughly constant fits the scenario of representing the lightest
glueball. Of course the lattice is coarse and, thus, we expect the masses to be significantly
influenced by lattice artifacts; hence, presumably, the significant deviation from the pure
gauge value.

7. Conclusions

In this work we have investigated the spectrum of glueball masses for the scalar, tensor
and pseudo-scalar channels, J = 07", 2+ and 0~ respectively, in the presence of dynam-
ical quarks. We have first extracted the spectrum of glueballs on configurations produced
with Ny = 4 light quarks with m, ~ 250 MeV. This includes an investigation of possible
finite volume and discretisation effects. We adopt as our point of reference the cB4.06.24
ensemble for which the pion mass exhibits negligible finite volume effects. We compare
the resulting masses with the corresponding pure gauge configurations using tq/a® as the
physical scale, and we do so at comparable values of ty/a? so as to hopefully minimise
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any distortion from lattice corrections (which in any case are likely to be small compared
to the large statistical uncertainties). Strikingly, the ATF spectrum appears to include an
additional state, which for our light quark masses happens to be the lightest state. The fact
that the first and second excitation levels of the A#, Ny = 4 spectrum have masses close
to the ground and first excited states of the pure gauge theory, suggests that this Aﬁ,
Ny = 4 ground state is a multi-pion or quarkonium state. Furthermore, the 2t Ny =4
ground state is in a good agreement with the pure gauge 27" ground state. In addition,
the pseudoscalar A1_+, Ny = 4 ground state is close to the pure gauge Al_“L ground state.
To shed more light on the additional state appearing in the Ai“r channel we extracted the
spectrum of the Ai“r with Ny =2+ 1+ 1 for a fixed lattice spacing of ~ 0.09 fm and two
pion masses revealing that the mass of the AIL+ depends strongly on the pion mass. This
is a clear indication that the Af+ additional state has a large "quark content" and is not
a glueball, something that needs to be addressed in more detail in future investigations.
Finally, our findings in combination with data obtained from other projects suggest that
the actual glueball spectrum depends negligibly on the mass of dynamical quarks.
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