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We present an automated framework for the calculation of beam functions that describe collinear
initial-state radiation at hadron colliders at next-to-next-to leading order (NNLO) in perturbation
theory. By exploiting the infrared behaviour of the collinear matrix elements, we factorise the
phase-space singularities with suitable observable-independent parametrisations. Our numerical
approach applies to a large class of collider observables, and as a check of its validity, we compute
the quark beam functions for transverse-momentum resummation and N-jettiness, which are

known analytically at this order, finding excellent agreement.
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1. Introduction

Beam functions constitute a key ingredient in factorisation theorems at hadron colliders. For the
measurement of a global observable w that is sensitive to soft and collinear QCD radiation, the
differential cross section typically takes the following schematic form,
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The hard function H(Q) describes the virtual corrections to the Born process, and it depends only
on the hard scale Q of the process, while it is independent of the specific measurement w. On
the other hand, the beam functions B;/,(w), the jet functions Jj(w) and the soft function S(w)
describe initial-state collinear, final-state collinear and soft emissions, respectively, and they are
observable-dependent. One thus needs to compute these functions on a case-by-case basis for each
observable, which for the beam functions has been achieved either analytically [1-11] or semi-
analytically [12, 13] in some cases relevant e.g. for transverse-momentum or jet-veto resummation.
An automated approach for the calculation of beam functions at next-to-next-to-leading order
(NNLO) in perturbation theory has been initiated only recently [14, 15], and in this article we report
on the status of these developments.

An automated framework for the calculation of soft functions at NNLO is already available
through the public package Soft SERVE [16—18]. This has been achieved by introducing suitable
phase-space parametrisations to factorise the divergences of the soft matrix elements at the second
order of the strong coupling. The singularity structure of the collinear matrix elements is, on
the other hand, significantly more complicated. The beam functions are, moreover, defined as
proton matrix elements of collinear field operators, and they need to be matched onto the standard
parton distribution functions to extract the relevant perturbative information. By employing suitable
phase-space parametrisations, sector-decomposition techniques and non-linear transformations, we
recently set up a similar automated framework for the calculation of the beam-function matching
kernels [14]. Asafirstapplication of our approach, we computed the quark beam function for jet-veto
resummation [15], and in this work we present our results for transverse-momentum resummation
and the event-shape variable N-jettiness. While these beam functions are known analytically at the
considered NNLO for quite some time [2, 6], they provide important reference observables for our
setup. In particular, they allow us to test the numerical accuracy of our predictions for different
classes of observables, which are known as SCET-1 and SCET-2 beam functions.

2. Quark beam functions

We are concerned with quark beam functions that are defined via
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where y = W;; @;& is the collinear quark field, and we used light-cone coordinates with k= 71 - k;,
_2 — O
and n - i = 2. The sum over X represents the phase space of the collinear emissions with momenta

klf = n-k; and a transverse component kl.l’” that satisfies 7 - kl.L =n- kl.L = 0, along with n? =
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{k;}, while the external state |a(P)) refers to a hadronic state with momentum P* = P~n* /2. The
function M(t; {k;}) furthermore specifies the observable, and in order to avoid distribution-valued
expressions, we assume that it is given in Laplace space, with 7 being the corresponding Laplace
variable (see also [16—18]).

Unlike soft and jet functions, beam functions are intrinsically non-perturbative objects, but
as long as the relevant scale of the collinear emissions is perturbative, i.e. 7 < 1/Aqcp, they
can be matched onto the usual parton distribution functions (pdf). The matching relation is
most conveniently expressed in Mellin space, éq n(N,T, 1) = /01 dx xN-1 By n(x,7, 1), where it
becomes

Bym(N,7,1) = Z Ty k(N 7, 1) fijn(N, ), 3)
k

and the sum runs over all partonic channels. The development of an automated framework to
compute the matching kernels ]’:q&k(N ,T, i) to NNLO accuracy is the goal of the current project.
The matching kernels can, in fact, be extracted from partonic rather than hadronic beam functions,
i.e. the external states |h(P)) in (2) can be interpreted as partonic states for this purpose. If
the matching is performed on-shell in dimensional regularisation, the partonic pdf evaluate to
f;; /j(N, 1) = 6x; to all orders in perturbation theory, and the extraction of the matching kernels boils
down to the calculation of the bare partonic beam functions.

Depending on the observable, dimensional regularisation may not be sufficient to resolve
all phase-space singularities that appear in the beam-function calculation. It is well-known that
one needs an additional prescription to regularise rapidity divergences for transverse-momentum
dependent SCET-2 observables. In our approach, we regularise these divergences with a symmetric
version of the phase-space regulator proposed in [19]. We thus introduce the following phase-space
factor for each emission with momentum kf R

/ dk; ( k'_: - .+) S(k2) 0(KY), (4)

where « is the rapidity regulator and v the corresponding rapidity scale. The choice of a symmetric
regulator under n < 71 exchange enables us to derive the anti-collinear beam function directly from
the collinear one. For consistency one then also has to calculate the soft function in the same
regularisation scheme, for which we make use of Soft SERVE.

We finally expand the bare matching kernels in the renormalised strong coupling as as

= 2o e [V )Y =
Iqo(_k(N,T,v):éqk+( e )(,1127'2) (q_) IqR&k(N,e,oz) 5)
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where € = (4 — d)/2 is the dimensional regulator, T = 7¢”Z, and Z, = 1 — Boa,/(4me) is the
coupling renormalisation factor in the MS-scheme. We furthermore traded the large component P_
in the beam-function definition by the component g_ = xP_ that enters the hard interaction, before
performing the Mellin transformation. We note that the rapidity regulator « is only required for
SCET-2 observables and it can thus be set to zero in the SCET-1 case.
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3. NLO calculation

As purely virtual corrections are scaleless and vanish in our setup, only the real-emission process
contributes at NLO. Denoting the momentum of the emitted parton by k*, the on-shell condi-
tion along with the delta function in (2) fixes two light-cone components to k* = |l—cl|2 [k~ and
k™ = (1 — x)P~. The remaining components are then parametrised as
ke = 184, o= 0 ©)
2

where k* is the transverse part of k* in light-cone coordinates, and 6y, is its angle with respect to a
reference vector v+ in the transverse plane.

In terms of these variables, we write the one-emission measurement function in the form (see
also [16-18)),

Mi(r; k) = exp [—TkT((1 kr P ) f(fk)]- (7

The observable is thus characterised by the parameter n, which controls the scaling of the observable
in the soft-collinear limit [17], and its azimuthal dependence is described by the function f(#).
With this ansatz one can derive a master formula for the calculation of the NLO matching kernels,

-ne BeVE€ r( 2an)
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where we introduced the notation X = 1 — x, etc. The off-diagonal kernel A'f_g(N €,a) takes

0
a similar form with P(qlq (%) replaced by P;Lq g

well-known (crossed) splitting functions, and they are given by

_(x). The latter quantities are related to the

(0) _ ﬁ 2 _ =2 (0) __TIr 2, =2
P‘I_’qg()_xi [1+x ex], Pg_’qq()_(l—e)x[x + X 6]. )
From the master formula in (8) we read off that the rapidity regulator @ is only required for the
diagonal channel to control the divergence in the limit x — 1 as long as n = 0, which corresponds
to the SCET-2 case.

4. NNLO calculation

At NNLO there are two different types of contributions, viz. the real-virtual (RV) and the real-real
(RR) contribution. Inthe former case, the calculation follows along the lines outlined above, with ad-
ditional explicit divergences coming from the one-loop corrections to the splitting functions [20-22].
In particular, the phase-space divergences can still be exposed with the parametrisation given in (6),
and one can derive a similar master formula as for NLO contribution.



Automated Calculation of Beam Functions at NNLO Goutam Das

The RR case, on the other hand, is more complicated. It involves two emissions with momenta
k* and [#, which we parametrise according to
k™1

T
==L  p=
a _kT

kr k™+1"
- 7=

=7 R gr = (k= + ) (k* +17), (10)

~

where again kr = |l_cl| and Iy = |11|. In physical terms, the variable a represents a measure of the
rapidity difference of the two emissions, b is the ratio of their transverse components, and z is the
splitting variable of the joint system composed out of the two emitted particles. Notice that gr is
the only dimensionful variable in this parametrisation, whereas there are further angular variables
that we parametrise similar to the NLO case from above. Two of these angular variables (#, ;) are
defined with respect to the reference vector v, whereas the third one (#;;) represents the relative
angle between the two emitted partons in the transverse plane.

The matrix element of the RR contribution is proportional to the leading-order triple-collinear
splitting functions [23, 24], which contain overlapping divergences that cannot be disentangled with
a single parametrisation. We then start from the following ansatz for the two-emission measurement
function,

Mo(t; k1) = exp [_TQT (q—T_) Fa,b, z,te, t1,t1) | » (11)
(1-x)P

in which the observable is again described by the parameter n and a function ¥ (a, b, z, tx, 17, tx1),
whose explicit form can become quite lengthy. Even worse, this function may vanish in the singular
limits of the matrix element, and in this case one needs to apply sector-decomposition steps to
correctly extract the associated divergences.

With the above form of the measurement function, one can easily follow the dependence on
the variable g7, which we integrate out analytically. In order to factorise the remaining phase-space
divergences, we apply a mixed strategy that consists of sector-decomposition steps, non-linear
transformations and selector functions. This allows us to bring all divergences into monomial form,
and we finally perform a Laurent expansion in the two regulators. For the numerical integration of the
coeflicients in this double expansion, we rely on py SecDec [25] and its Cuba implementation [26].

5. Renormalisation

While the computation of the bare matching kernels can be performed in a universal framework for
SCET-1 and SCET-2 observables, their renormalisation aspects are different, and we discuss them
one by one in this section.

5.1 SCET-1 observables

In the combined Mellin-Laplace space the renormalisation of the beam-function matching kernels

it _ 7B 70 Zf B ;
takes a multiplicative form, 7y ; = Z; X IqH " Zk<_j, where Z;' subtracts the UV divergences of

the beam function, whereas Z{(_j captures the IR divergences that match the UV divergences of the
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pdf. The renormalised matching kernels fulfil the renormalisation-group equation (RGE)

d

T BtV = 2800 Tip(as) L+ 75 @9)] Zicy (N p0)

_22 j—;ﬁk(NvT’ﬂ)ﬁkﬁj(N’a/S)’ (12)
k

where g(n) = (n + 1)/n, L = In (u7/ (q_f)l/ 8 ), Féusp(as) is the cusp anomalous dimensions in
the representation of the parton i, yZ(«s) is the non-cusp anomalous dimension, and Pre (N, as)
are the DGLAP splitting functions in Mellin space. Expanding the anomalous dimensions in the
form G(ay) = Xpr_) Gm (3= )erl the two-loop solution of the RGE becomes,

T j(N, 7, p) = 6 + (Z_;) {(g(n) 0oL +9p L)‘S“ -aLPL )+ TBJ(N)} -
2 2 2 1
(52 (5 oo+ B2 s SR o) o

=gt TyL + (Bo + )12 P (N) + (o) T + (o + 260)L) T, ()

+2Z(L2 PO (V) - L“”km)) P (N)-2LP) (N)+T <N)}
k

l<—_]

The renormalisation constants ZB and Zf fulﬁl similar RGE that are controlled by the first line
or the second line of (12), respectlvely Thelr explicit form up to two loop-order can be found
e.g. in [14] for Zf and in [15] for Z{(_J.. From the pole terms of the bare matching kernels we
then extract the non-cusp anomalous dimension y2, and from the finite terms we obtain the non-
logarithmic coefficients ffﬁ)j (N), which we sample for different values of the Mellin parameter N.

5.2 SCET-2 observables

In the SCET-2 case we follow the collinear-anomaly approach [27, 28], which states that the product
of the soft, collinear and anti-collinear functions can be refactorised in the form

Ty i(NL, T 1, v) I j(Noy 7, 1, v) Syg(t, 1,v) o
= (QF) Haa™) T i(Ny T, 1) Ty j (N2 T, o), (14)

where Q? = ¢, ¢_, and the quantities on the right-hand side are referred to as the collinear-anomaly
exponent F;(7, 1) and the refactorised matching kernels 'I:P j(N,7,u). The former renormalises
additively, Fg =Fyg + ZF_ and it obyes the RGE

qq’°
d
dinpg Faq(t, 1) = 2 Tdyp(as), (15)
which is solved by
Qg a2
Foq(t.p) = (E) {2rg L+ dl} + (E) {2/30rg L2 +2 (9 + fody) L+ dg}, (16)
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pr Analytic This work N-jet Analytic This work

dy’ -8.296 —8.293(4) v ~26.699 —26.700(34)
s -3.732 —3.705(40) y<a -6.520 —6.549(324)
dsr 0 0.044(74) yer 21.220 21.223(518)

Table 1: Two-loop anomaly coefficient for transverse-momentum resummation (left) and two-loop non-cusp
anomalous dimension for N-jettiness (right). The analytic results have been extracted from [2, 6].

where now L = In(ut). The two-loop expression for the anomaly counterterm Zg 5 can be found
e.g.in [15].

The refactorised matching kernels, on the other hand, obey an RGE that is structually of the
same form as the one discussed in the previous section with g(n) — 1 and L — In(u7), while
the non-cusp anomalous dimension is usually expressed in terms of the collinear quark and gluon
anomalous dimensions in this case, i.e. yB(as) — -2y (as) with i € {g,g}. As the latter are
observable-independent, we use them to cross-check our calculation, similar to the cusp anomalous
dimension I’} usp(as) In essence we thus extract the non-logarithmic terms d,, of the anomaly

exponent and the coefficients /}Z)/ (N) of the refactorised matching kernels for SCET-2 observables.

6. Results

With this setup, we computed the quark beam functions for transverse-momentum resummation
and N-jettiness. As the NLO case is trivial, we focus here on the NNLO numbers, which we present
in the form yf = ylcF C% + yICA CpCy + y?f CrTrny, and similarly for d>. For the non-logarithmic
terms of the matching kernels we use the decomposition

T2 (N) = C2 T2SN) + CpCa TESY(N) + CrTeny T (N) + CrTr TETP(N),

q<—q F q%q CI*Q —q ‘J‘—q
Iyl o(N) = CrTr IS (N) + CaTr Tl (N),
IE) L(N) = Cp(Ca = 2Cp) e/ (N) + CrTr T3 (N),
7 7 _ 7% TF)
q<_q (N) - q(_q (N) CFTF q—q (N) . (17)

There are thus seven independent coefficients to describe quark beam functions at NNLO, which
we evaluate for ten values of the Mellin parameter N € {2,4,6,8,10,12,14,16,18,20}.

We start with transverse-momentum resummation, which is a SCET-2 observable and hence
corresponds to the case n = 0. According to the collinear-anomaly relation (14), we need to combine
the bare beam-function matching kernels with the corresponding soft function that we obtain from
Soft SERVE. Our results for the collinear-anomaly exponent d, are shown in Table 1, and the
non-logarithmic terms of the Mellin-space matching kernels are displayed in the upper panels of
Figure 1. The plots also show the analytic results from [2], and we observe a very good agreement
with the numerical predictions of our novel automated approach.

We next consider the N-jettiness beam function, which is a SCET-1 observable with n = 1. In
this case we extract the two-loop non-cusp anomalous dimension yf and the non-logarithmic terms
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Figure 1: Two-loop non-logarithmic matching kernels for transverse-momentum resummation (upper line)
and N-jettiness (lower line). Left: The contributions to the diagonal kernels f(q%)_q (N). Right: The same for

the off-diagonal kernels Z(Izlg (N) and i‘(ﬁ)_ a (N). The solid lines represent the analytical results from [2, 6],

and the dots show the numbers of our automated approach. The numerical uncertainties of the latter are too
small to be visible in the plots.

of the matching kernels fl(?_)] (N). The former are given in Table 1, and the latter are displayed in the
lower panels of Figure 1. Our numbers are again in excellent agreement with the known analytic
results [6].

7. Conclusion

We have presented a novel framework to calculate beam functions at two-loop order for a broad
class of observables. Our approach is based on suitable phase-space parametrisations and a system-
atic application of sector decomposition and non-linear transformations, which allows us to expose
all phase-space singularities in an observable-independent fashion. In order to avoid distributions,
we furthermore chose to work in the Mellin-Laplace space, but we emphasise that our approach
is not limited to this assumption, and we in fact already started to explore a direct calculation in
momentum space. Our method has been implemented in the public package pySecDec, and it has
been validated against known results in the literature for transverse-momentum resummation and
N-jettiness. As a further application, we recently calculated the quark beam function for jet-veto
resummation [15]. In the future we plan to extend our setup to gluon beam functions as well as to
publish an automated standalone C++ code in the spirit of Soft SERVE.
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