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distribution functions and TMD fragmentation functions from experimental data sets of Semi-
Inclusive Deep-Inelastic Scattering, Drell-Yan and Z boson production. The global fit is performed
at the N3LL logarithmic accuracy and is based on flexible non-perturbative functions, allowing to
reach a very good agreement with data
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1. Introduction

Multi-dimensional maps of the internal structure of the proton are essential ingredients for
an increasing understanding of confinement and QCD dynamics. In recent years, the extraction
of transverse momentum dependent (TMD) parton distribution functions (PDF) and fragmentation
functions (FF) from experimental data has reached a high level of sophistication and we now have
global analyses based on both Semi-Inclusive Deep-Inelastic Scattering (SIDIS) and Drell-Yan (DY)
data at high perturbative accuracies [1–3].

This contribution is a short summary of results obtained in [1], and we refer the reader to the
full publication for all the technical details. The main features of our work can be summarised as
follows: we performed a fit of 2031 SIDIS and DY experimental data, at an (approximate) N3LL
perturbative accuracy and with a non-perturbative functional form depending on 21 free parameters,
obtaining a global 𝜒2/𝑁𝑑𝑎𝑡𝑎 = 1.06.

2. Formalism

In the framework of TMD factorisation [4], the differential cross section for the Drell-Yan
process (ℎ𝐴ℎ𝐵 −→ 𝛾∗/𝑍 + 𝑋 −→ ℓ+ℓ− + 𝑋) can be schematically written in the following form:

𝑑𝜎DY

𝑑𝑞𝑇 𝑑𝑦 𝑑𝑄
∝ 𝑥𝐴𝑥𝐵 𝐻DY(𝑄, 𝜇)

∑︁
𝑎

𝑐𝑎 (𝑄2)
∫ +∞

0

𝑑𝑏𝑇

2𝜋
𝑏𝑇𝐽0

(
𝑏𝑇𝑞𝑇

)
𝑓 𝑎1 (𝑥𝐴, 𝑏2

𝑇 ; 𝜇, 𝜁𝐴) 𝑓 �̄�1 (𝑥𝐵, 𝑏2
𝑇 ; 𝜇, 𝜁𝐵)

(1)
where 𝑞𝑇 , 𝑦 and 𝑄 are the transverse-momentum, rapidity and invariant mass of the lepton pair,
respectively. The hard factor 𝐻𝐷𝑌 admits a perturbative expansion, is equal to 1 at leading order
and depends on the renormalisation scale 𝜇. The 𝑄-dependent 𝑐𝑎’s are the electroweak charges
of the quarks. The unpolarised quark TMD parton distribution functions 𝑓 𝑎1 and 𝑓 �̄�1 depend on
the longitudinal momentum fractions 𝑥𝐴, 𝑥𝐵, on the Fourier-conjugate variable 𝑏𝑇 to the (non-
measured) quark transverse-momentum 𝑘⊥, and on the renormalisation(𝜇) and rapidity(𝜁) scales.

A similar schematic form for the differential cross section for the SIDIS process (ℓ𝑁 −→ ℓℎ+𝑋)
reads as follows:
𝑑𝜎SIDIS

𝑑𝑥 𝑑𝑧 𝑑𝑞𝑇 𝑑𝑄
∝ 𝑥 𝐻SIDIS(𝑄, 𝜇)

∑︁
𝑎

𝑒2
𝑎

∫ +∞

0

𝑑𝑏𝑇

2𝜋
𝑏𝑇𝐽0

(
𝑏𝑇𝑞𝑇

)
𝑓 𝑎1 (𝑥, 𝑏2

𝑇 ; 𝜇, 𝜁𝐴) �̂�𝑎→ℎ1 (𝑧, 𝑏2
𝑇 ; 𝜇, 𝜁𝐵)

(2)
where 𝑥, 𝑧, 𝑞𝑇 , 𝑄 are the standard kinematic SIDIS variables, 𝑞𝑇 and𝑄 being the photon transverse-
momentum and the four-momentum transfer, respectively. The hard factor 𝐻𝑆𝐼𝐷𝐼𝑆 can again be
calculated order by order in perturbation theory, and we have introduced the unpolarised quark
TMD fragmentation function 𝐷𝑎→ℎ1 . In this case, 𝑏𝑇 is the Fourier-conjugate variable to 𝑞𝑇

which, at low transverse-momenta, is related to the measured hadron 𝑃ℎ𝑇 through the formula:
𝑞𝑇 ≈ −𝑃ℎ𝑇/𝑧 ≈ −(𝑘⊥ + 𝑃⊥/𝑧), where 𝑃⊥ is the (non-measured) transverse momentum of the
hadron relative to the quark.

The general structure of a TMD parton distribution function is

𝑓 𝑎1 (𝑥, 𝑏2
𝑇 ; 𝜇 𝑓 , 𝜁 𝑓 ) = [𝐶 ⊗ 𝑓1] (𝑥, 𝑏∗; 𝜇𝑏∗ , 𝜇2

𝑏∗
) exp

{ ∫ 𝜇 𝑓

𝜇𝑏∗

𝑑𝜇

𝜇
𝛾
(
𝜇, 𝜁 𝑓

)} ( 𝜁 𝑓
𝜇2
𝑏∗

)𝐾 (𝑏∗,𝜇𝑏∗ )/2
𝑓 𝑁𝑃1 (𝑥, 𝑏2

𝑇 )

(3)
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The coefficient function 𝐶 provides the matching to collinear PDFs 𝑓1 in the small 𝑏𝑇 region
(𝑏𝑇 ≪ 1/Λ𝑄𝐶𝐷) and is computable order by order in perturbation theory. The 𝛾 and 𝐾 functions
are the anomalous dimension and the Collins-Soper, respectively, dictating the evolution of the TMD
up to large 𝑏𝑇 values. They also admit a perturbative expansion. The 𝑏𝑇 variable is replaced by a 𝑏∗
which saturates at a fixed 𝑏𝑚𝑎𝑥: this guarantees that the scale 𝜇𝑏∗ = 2𝑒−𝛾𝐸/𝑏∗ is sufficiently larger
than the QCD Landau pole and, thus, that the TMD is perturbatively meaningful. The perturbative
order at which the above quantities are included in the theoretical predictions determine the accuracy
of the fit: in our case, 𝐻 and 𝐶 are computed at the second order, 𝐾 at the third order and 𝛾 at
the fourth order in the strong coupling, allowing us to reach the N3LL accuracy. Collinear PDFs
and FFs should also be included at the corresponding accuracy. However, when we performed the
fit, collinear PDFs were available at NNLO while collinear FFs were not and we included them at
NLO. For this reason we dubbed “N3LL−” the perturbative accuracy of our fit.

The 𝑓 𝑁𝑃1 factor1 is the genuine non-perturbative contribution that we fit from experimental
data. Its functional form is largely arbitrary, though based on model calculations of TMD PDFs
and FFs, and is chosen in such a way that 𝑓 𝑁𝑃1 → 1 and 𝐷𝑁𝑃1 → 1 in the 𝑏𝑇 → 0 limit.
For the TMD PDF we define

𝑓 𝑁𝑃1 (𝑥, 𝑏2
𝑇 ) =

𝑔1(𝑥) 𝑒−𝑔1 (𝑥 )
𝑏2
𝑇
4 + 𝜆2 𝑔2

1𝐵 (𝑥)
[
1 − 𝑔1𝐵 (𝑥)

𝑏2
𝑇

4

]
𝑒−𝑔1𝐵 (𝑥 )

𝑏2
𝑇
4 + 𝜆2

2 𝑔1𝐶 (𝑥) 𝑒−𝑔1𝐶 (𝑥 )
𝑏2
𝑇
4

𝑔1(𝑥) + 𝜆2 𝑔2
1𝐵 (𝑥) + 𝜆

2
2 𝑔1𝐶 (𝑥)

.

(4)
For the analogous 𝐷𝑁𝑃1 factor in the TMD FF, entering the SIDIS formula, we define

𝐷𝑁𝑃1 (𝑧, 𝑏2
𝑇 ) =

𝑔3(𝑧) 𝑒
−𝑔3 (𝑧)

𝑏2
𝑇

4𝑧2 + 𝜆𝐹
𝑧2 𝑔

2
3𝐵 (𝑧)

[
1 − 𝑔3𝐵 (𝑧)

𝑏2
𝑇

4𝑧2

]
𝑒
−𝑔3𝐵 (𝑧)

𝑏2
𝑇

4𝑧2

𝑔3(𝑧) + 𝜆𝐹
𝑧2 𝑔

2
3𝐵 (𝑧)

. (5)

The 𝑔𝑖 functions describe the dependence of the widths of the distributions on 𝑥 and 𝑧:

𝑔{1,1𝐵,1𝐶 } (𝑥) = 𝑁{1,1𝐵,1𝐶 }
𝑥𝜎{1,2,3} (1 − 𝑥)𝛼

2
{1,2,3}

𝑥𝜎{1,2,3} (1 − 𝑥)𝛼
2
{1,2,3}

, (6)

𝑔{3,3𝐵} (𝑧) = 𝑁{3,3𝐵}
(𝑧𝛽{1,2} + 𝛿2

{1,2}) (1 − 𝑧)𝛾
2
{1,2}

(𝑧𝛽{1,2} + 𝛿2
{1,2}) (1 − 𝑧)𝛾

2
{1,2}

, (7)

where 𝑥 = 0.1, 𝑧 = 0.5. We have, in total, 21 free parameters to fit: one from the non-perturbative
part of the Collins-Soper kernel 𝐾 (see the previous footnote), 11 for the TMD PDF and 9 for the
TMD FF.

When comparing theoretical predictions with experimental SIDIS data, we observe a good
agreement at NLL accuracy but a severe underestimation of N2LL and N3LL perturbative results
with respect to both HERMES and COMPASS data. The suppression of theoretical predictions is

1In order to improve readability, here we write a simplified version of the non-perturbative form factor, i.e., we omit

the non-perturbative correction term to the Collins-Soper kernel: a factor
[
𝜁

𝑄2
0

]𝑔𝐾 (𝑏2
𝑇
)/2

should be appended both to

𝑓 𝑁𝑃1 and 𝐷𝑁𝑃1 .
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largely due to the inclusion of higher orders in the 𝐻 function in Eq.(2). An extensive discussion
on this topic can be found in [5]. This led us to the introduction of a normalisation pre-factor,
chosen in such a way to correctly recover the integrated (DIS) cross-section. We stress that these
multiplicative factors only depend on the collinear PDFs and FFs, are computed before performing
the fit and are totally independent on the functional form of the non-perturbative contribution.

3. Data

Since the TMD formalism is only valid in the small-𝑞𝑇 region, we choose to impose the
following cuts on experimental data:

𝑞𝑇 < 0.2𝑄 (DY) |𝑃ℎ𝑇 | < min
[
min[𝑐1𝑄, 𝑐2 𝑧𝑄] + 𝑐3 GeV, 𝑧𝑄

]
(SIDIS) (8)

with fixed parameters 𝑐1 = 0.2, 𝑐2 = 0.5 and 𝑐3 = 0.3. The number of points passing the cuts is
484 for the Drell-Yan process, coming from Fermilab fixed-target experiments, STAR, PHENIX,
Tevatron (CDF and D0 at Run I and Run II) and LHC (ATLAS, CMS, LHCb at 7,8,13 TeV). As for
the SIDIS process, the flexibility of the 𝑧-dependent formula in Eq.(8) allowed us to include 1547
data points from the HERMES and COMPASS datasets. Our global analysis, thus, rely on a total
number of 2031 data points, whose coverage in 𝑥 vs. 𝑄2 is shown in Fig.1.
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Figure 1: The 𝑥 −𝑄2 coverage of the experimental data used for the fit.

4. Results

The quality of the fit is represented by the 𝜒2 value of the best fit to the experimental data:
𝜒2

0 = 1.06. This result shows that we are able to simultaneously describe data from two different
processes over a wide kinematic range. The error analysis is based on the so-called bootstrap
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method, i.e. the fitting of Monte Carlo replicas (250, in our case) of the datasets and the subsequent
derivation of uncertainties from confidence level intervals.

After the introduction of the normalisation factor, the agreement with SIDIS data is particularly
satisfactory for each dataset. As for the DY case, we observe some discrepancy with ATLAS data
that might be due to theoretical corrections not included in the present analysis but relevant when
comparing to very high precision data.

In the upper plots of Fig.(2) we show the TMD PDF for the up quark at𝑄 = 2 GeV and𝑄 = 10
GeV as a function of the quark transverse momentum 𝑘⊥ for 𝑥 = 0.001, 0.01, 0.1. The uncertainty
bands correspond to the envelope of 68% of the replicas generated with the bootstrap method. We
notice that at 𝑥 = 0.01 the TMD seems more widespread, while at 𝑥 = 0.001 its tail extends well
above 1 GeV for 𝑄 = 10 GeV. The 𝑥 = 0.001 TMD has also the largest error band (at low 𝑘⊥, in
particular) mainly because of the very few data points in this kinematic region.

In the lower plots of Fig.(2) we show the unpolarised TMD FF for an up quark fragmenting into
a 𝜋+ at 𝑄 = 2 GeV and 𝑄 = 10 GeV as a function of the hadron transverse momentum |𝑃⊥ | for 𝑧 =
0.3 and 0.6. In addition to the high tails, we notice the emergence of a structure at intermediate 𝑃⊥
that deserves further studies and would benefit from electron-positron annihilation data for better
interpretation. Possible extensions of this work include the introduction of theoretical uncertainties
via suitable scale variations (along the lines of [6]) and the investigation of flavour-dependent effects
[7, 8].

The complete list of results obtained from the fit presented in this contribution will be available
in a public git repository [9].
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