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In this talk recent progress in studying the short-distance properties of the hadronic light-by-light
contribution to the muon g —2 is described. The intermediate and short-distance part contributes a
large part of the error of the theoretical prediction as described in the white paper [1]. We showed
that the massless quark-loop is the first term in a systematic expansion at short-distances, a result
already used in [1]. Newer results conclude that both nonperturbative and perturbative corrections
are under control. The talk describes these developments and how they fit in the total theoretical
prediction for the muon g — 2.
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Figure 1: The LO-HVP and HLbL contributions shown schematically. The arrowed line is the muon, wiggly
lines indicate photons and the blobs indicate hadronic contributions.

1. Introduction

There is a long standing difference between the Standard Model (SM) prediction [1] for the
muon anomalous magnetic moment a,, = (g —2)/2 and the experimental measurement [2] at BNL.
The latter was recently confirmed by the experiment at FNAL [3, 4]. The theoretical prediction,
af,M , and experimental average, aZxP , give a difference Aa,,:
ap™ = 116591810(43) x 107", a};"" = 116592061(41) x 107", Aa, =251(59) x 107",

W=
6]

The difference is 4.20-. The precision at FNAL is expected to improve significantly and there is an

independent measurement planned at J-PARC. Improving the theoretical prediction is needed.

The theoretical error is dominated by two hadronic contributions, the lowest order hadronic vac-
uum polarization (LO-HVP) and the hadronic light-by-light contribution (HLbL), shown schemat-
ically in Fig. 1. The higher order hadronic, electroweak and QED contributions are sufficiently
precise to not significantly contribute to the theoretical error. The error at the moment is dominated
by the LO-HVP but here improvements on both the dispersive and lattice calculations are expected.
We will not discuss further the hadronic vacuum polarization determinations.

The HLbL contribution and its error as estimated in the white paper [1] are

all Pt =92(18) 107" )

There have been a number of improvements since then, including an improved lattice QCD calcu-
lation [5] compatible both with the earlier lattice results [6] and (2). The main problem with the
HLbL calculation is that, as shown in the right figure of Fig. 1, its evaluation involves always one
very low momentum, g4 corresponding to the external magnetic field and momenta ¢q1, g2, g3 which
span the entire range, both low and high. For a long time this only allowed for model calculations,
see e.g. [7-12]. More recently [13, 14] produced a dispersive method allowing the long-distance
parts to get under better control. Tab. 1 summarizes the phenomenological parts of the HLbL as put
together in the white paper [1]. As one can see the long distance and heavier quark contributions
are under good control. The axial-vectors and the short-distance part provide the bulk of the error.
These were added linearly in [1] and include a guestimate of the overlap between the short-distance
from the quark-loop and the other contributions as well as of the contribution from other resonances
above 1 GeV. The work we describe here [15—17] should allow to reduce this error. Other recent
talks describing the same work are [18-21].
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Long distance Short and medium distance
7 (and , ") pole 93.8(4.0) 10~'"  Charm (beauty, top) loop 3(1) 107!
Pion and kaon box (pure) —16.4(2) 107! Axial vector 6(6) 10~
mr-rescattering —8(1) 10~'"  Short-distance 15(10) 1071

Table 1: The main contributions to the phenomenological evaluation of HLbL as estimated in [1]. Scalars
below 1 GeV are included in nr-rescattering. Scalars above 1 GeV are small.
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Figure 2: (a) The (constituent) quark-loop. (b) The quark-loop with an insertion of the quark-antiquark
vacuum-expectation-value. (c) An insertion of the back-ground field. (d) An example of a gluonic correction.

Short-distance constraints can be used in many ways, here we concentrate on those relevant for
the entire four-point function (3) and its derivative at g4 = 0.

The underlying object in HLbL is the hadronic blob in Fig. 1 with four photons attached to it,
i.e. the four-point function of four electromagnetic currents:

ot i [ dtxatydtze @) (1 (e (0 @7 0))  0)
In the notation of [14] the contribution to aIIbeL comes via
54 o
S Ae oI
D e Z T . 03=0{+03+2010:7. (4)
i=1 dap lg=0 =3 O9% q4=0
2a°
apit = 2% [ a01a0:0103 / == Z (01,021 T (01.02.7) )

The 12 ﬁi can be obtained from the fI,- fori =1,4,7,17,39,54. Weuse Q; - Qj = —q; - q;.

2. Constituent quark-loop

The constituent quark-loop has been used for full HLbL estimates since the 1970s and has often
been recalculated. It was used in [8] to match with short-distances using the mass as a lower-cutoff.

The total contribution with My = 0.3 GeV is aELbLQ = 54 - 107! and above 1 GeV only
12 - 107!, The massless quark-loop above 1 GeV is 17 - 1071, One of our results is that the latter
makes sense within QCD as the first term in a well defined operator-product-expansion (OPE). The
dependence on Q iy is shown in Fig. 3(a) and goes as 1/ Qrznin as expected.
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Figure 3: The contribution with Q; > Qu;, for (a) Mp = 0 and Mo = 0.3 GeV, from [1]; (b) the massless
quark-loop (LO) and the gluonic correction (NLO) and its uncertainty due to varying as, from [17].

3. First attempt: naive OPE

The usual OPE applied to (3) puts all currents close together or assumes that all |Q; - Q ;| are
large. We then take the derivative w.r.t. ¢4 and send g4 — 0. The simple quark-loop of Fig. 2(a)
is well defined, with 0%, 03,03 > Q2. > AéCD.
(IR) divergence. The problem comes when we try to add higher orders in the OPE, e.g. a vacuum

The loop integration over p damps the infrared

expection value contribution shown in Fig. 2(b). The thick propagator becomes divergent when we
send g4 — 0. This method cannot be used to obtain a proper OPE for the HLbL contribution to a,,.

4. OPE in an background field

The same problem with limits appeared in the QCD sum rule calculations for electromagnetic
radii and magnetic moments [22, 23]. There the solution was to do the OPE in a background field.
We thus treat the g4-leg as a constant background field and do the OPE in its presence. The IR
divergences are absorbed in condensates and the expansion where the three remaining currents are
close or Q%, 02, Q% > A2QCD can be done. An example of a background induced condensate is
the magnetic quark-susceptibility X, defined via (Go.pq) = e, FopX, . Pictorially one replaces
the diagram of Fig. 2(b) with the one of Fig. 2(c) and the IR divergence of the zero-momentum
propagator in Fig. 2(b) is absorbed in the induced condensates.

This expansion can be done in principle to any order. The first term is the massless quark-
loop [15], the next term is proportional to the quark-mass, due to helicity, and the magnetic

susceptibility. More details, including the detailed treatment of the IR divergences, and the expan-

2

sion including the first three orders is done in [16]. As an example of the IR interplay, the mg

corrections to the quark-loop mix with the magnetic susceptibility contribution.

Using phenomenological estimates or lattice calculations, values for all condensates were
obtained in [16]. The contribution to a, is shown in Tab. 2. The main message is that all higher
orders are small because of small quark-masses and condensates for a lower cut-off above 1 GeV.
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Quark- | Gluon corrections
Order Contribution Omin = Omin = loop "7‘ units)

2 1 Gi\g ’ Gi\]] 0, | 0.0084 —0.0077
1/0;in quarlli—ioop 1.73 - 10 435-10 T, RN e
1/Q?nin Quarm-zoopa —57.107% | =3.6-10°15 l:I3 078 087

Xo,m ! 1210712 | =73.10°14 1?4 -2.25 0.62
1/anin X0,m 6.4-1071 1.0- 1016 1:15 0.00 0.20
X3 -3.0-107% | —4.7-10716 r_I6 2.34 —1.43
X4 33.1004 | 53.10716 I; | -0.097 0.056
Xs -1.8-1008 | —2.8.10°15 1:18 0.035 0.41
X6 1.3-1073 | 2.0-107B I 0.623 —0.87
X7 92-10°% | 1.5-1074 1o 1.72 ~1.61
X3,1 3.0-10°8 | 4.7-10715 I 0.696 ~1.04
X3, ~-1.3-10713 | =2.0- 1071 ), 0.165 ~0.16
(a) Total 17.3 ~17.0

(b)

Table 2: (a) Numerical results for the massless quark-loop and the contributions from condensates. Table
from [16]. (b) Numerical results for the twelve different ﬁ,- contributions from the quark-loop and the gluonic
corrections in units of 10~ and 10‘”&5/71 Table from [17].

5. Perturbative corrections

Since the nonperturbative corrections were small, the last place where large corrections might
exist are the perturbative corrections, i.e. gluonic corrections to the massless quark-loop. A
representative diagram is shown in Fig. 2(d). We used the method of master integrals and it turned
out that all needed integrals are known analytically [24]. We used dimensional regularization for
both IR and UV divergences, which all cancel. Results and more details can be found in [17].

Numerical instabilities appear in the expressions near 1 = Qf + Q3 + 03 — 20703 - 20307 -
2Q§Q% = ( but one can perform the needed expansions analytically. Analytical results for the full
expressions and all needed expansions are in the supplementary material of [17]. Numerical results
are shown in Tab. 2(b). Corrections are typically of order —10%. The main uncertainty is which
value of ag to use, especially for lower Qnin. This is shown as the band in Fig. 3(b).

6. Melnikov-Vainshtein limit

A very strong constraint was derived in [25] in the limit of two of the q% much larger than the
third. Consequences for the theoretical amplitude are very strong because of the anomaly. Recent
discussions of this can be found in [26-32]. In particular, it is known that the massless quark-loop
reproduces this constraint [17, 29] as argued earlier [33]. There is also a short-distance gluonic
corrections to this constraint, see [27]. Our gluonic corrections reproduce this limit correctly.
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7. Conclusions

We have done a study of the short-distance contributions for HLbL for the muon g — 2. We
have shown that this can be done properly in QCD and found that there are no unusually large
corrections.

Acknowledgments

We thank Laetitia Laub for a fruitful and enjoyable collaboration. This research is supported in
part by the Albert Einstein Center for Fundamental Physics at Universitdt Bern (NHT), the Swedish
Research Council grants contract numbers 2016-05996 and 2019-03779 (JB) and the Agence
Nationale de la Recherche (ANR) under grant ANR-19-CE31-0012 (project MORA) (ARS).

References

[1] T. Aoyama et al., The anomalous magnetic moment of the muon in the Standard Model, Phys.
Rept. 887 (2020) 1 [2006.04822].

[2] Muon G-2 collaboration, Final Report of the Muon ES821 Anomalous Magnetic Moment
Measurement at BNL, Phys. Rev. D73 (2006) 072003 [hep-ex/0602035].

[3] Muon G-2 collaboration, Measurement of the Positive Muon Anomalous Magnetic Moment
to 0.46 ppm, Phys. Rev. Lett. 126 (2021) 141801 [2104.03281].

[4] M. Fertl et al., The muon g — 2 experiment at FNAL, PoS (PANIC2021) 014.

[5] E.-H. Chao, R.J. Hudspith, A. Gérardin, J.R. Green, H.B. Meyer and K. Ottnad, Hadronic
light-by-light contribution to (g — 2), from lattice QCD: a complete calculation, Eur. Phys.
J. C 81 (2021) 651 [2104.02632].

[6] T. Blum, N. Christ, M. Hayakawa, T. Izubuchi, L. Jin, C. Jung et al., The hadronic
light-by-light scattering contribution to the muon anomalous magnetic moment from lattice
QCD, Phys. Rev. Lett. 124 (2020) 132002 [1911.08123].

[7] J. Bijnens, E. Pallante and J. Prades, Hadronic light by light contributions to the muon g-2 in
the large N(c) limit, Phys. Rev. Lett. 75 (1995) 1447 [hep-ph/9505251].

[8] J. Bijnens, E. Pallante and J. Prades, Analysis of the hadronic light by light contributions to
the muon g-2, Nucl. Phys. B 474 (1996) 379 [hep-ph/9511388].

[9] M. Hayakawa and T. Kinoshita, Pseudoscalar pole terms in the hadronic light by light
scattering contribution to muon g - 2, Phys. Rev. D 57 (1998) 465 [hep-ph/9708227].

[10] J. Bijnens, E. Pallante and J. Prades, Comment on the pion pole part of the light by light
contribution to the muon g-2, Nucl. Phys. B 626 (2002) 410 [hep-ph/0112255].

[11] M. Hayakawa and T. Kinoshita, Comment on the sign of the pseudoscalar pole contribution
to the muon g-2, hep-ph/0112102.


https://doi.org/10.1016/j.physrep.2020.07.006
https://doi.org/10.1016/j.physrep.2020.07.006
https://arxiv.org/abs/2006.04822
https://doi.org/10.1103/PhysRevD.73.072003
https://arxiv.org/abs/hep-ex/0602035
https://doi.org/10.1103/PhysRevLett.126.141801
https://arxiv.org/abs/2104.03281
https://doi.org/10.1140/epjc/s10052-021-09455-4
https://doi.org/10.1140/epjc/s10052-021-09455-4
https://arxiv.org/abs/2104.02632
https://doi.org/10.1103/PhysRevLett.124.132002
https://arxiv.org/abs/1911.08123
https://doi.org/10.1103/PhysRevLett.75.1447
https://arxiv.org/abs/hep-ph/9505251
https://doi.org/10.1016/0550-3213(96)00288-X
https://arxiv.org/abs/hep-ph/9511388
https://doi.org/10.1103/PhysRevD.57.465
https://arxiv.org/abs/hep-ph/9708227
https://doi.org/10.1016/S0550-3213(02)00074-3
https://arxiv.org/abs/hep-ph/0112255
https://arxiv.org/abs/hep-ph/0112102

Short-distance constraints in hadronic-light-by-light for the muon g — 2 Johan Bijnens

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

(20]

[21]

(22]

(23]

[24]

[25]

J. Prades, E. de Rafael and A. Vainshtein, The Hadronic Light-by-Light Scattering
Contribution to the Muon and Electron Anomalous Magnetic Moments, Adv. Ser. Direct.
High Energy Phys. 20 (2009) 303 [0901.0306].

G. Colangelo, M. Hoferichter, M. Procura and P. Stoffer, Dispersion relation for hadronic
light-by-light scattering: theoretical foundations, JHEP 09 (2015) 074 [1506.01386].

G. Colangelo, M. Hoferichter, M. Procura and P. Stoffer, Dispersion relation for hadronic
light-by-light scattering: two-pion contributions, JHEP 04 (2017) 161 [1702.07347].

J. Bijnens, N. Hermansson-Truedsson and A. Rodriguez-Sanchez, Short-distance constraints
for the HLDL contribution to the muon anomalous magnetic moment, Phys. Lett. B798 (2019)
134994 [1908.03331].

J. Bijnens, N. Hermansson-Truedsson, L. Laub and A. Rodriguez-Sanchez, Short-distance

HLbL contributions to the muon anomalous magnetic moment beyond perturbation theory,
JHEP 10 (2020) 203 [2008.13487].

J. Bijnens, N. Hermansson-Truedsson, L. Laub and A. Rodriguez-Sanchez, The two-loop
perturbative correction to the (g — 2), HLbL at short distances, JHEP 04 (2021) 240
[2101.09169].

J. Bijnens, N. Hermansson-Truedsson, L. Laub and A. Rodriguez-Sanchez, Short-distance
HLbL contributions to the muon g-2, Nucl. Part. Phys. Proc. 312-317 (2021) 15306
[2011.12123].

J. Bijnens, N. Hermansson-Truedsson, L. Laub and A. Rodriguez-Sanchez, 2-loop
short-distance constraints for the g —2 HLbL, in 24th High-Energy Physics International
Conference in Quantum Chromodynamics, 7,2021 [2107.13886].

J. Bijnens, N. Hermansson-Truedsson and A. Rodriguez-Sanchez, Short-distance constraints
in hadronic-light-by-light for the muon g — 2, in Particles and Nuclei International
Conference , 10, 2021 [2110.13529].

J. Bijnens, N. Hermansson-Truedsson and A. Rodriguez-Sanchez, Short-distance constraints
Jor HLbL in muon g-2, EPJ Web Conf. 258 (2022) 06005.

LI Balitsky and A.V. Yung, Proton and Neutron Magnetic Moments from QCD Sum Rules,
Phys. Lert. 129B (1983) 328.

B.L. Ioffe and A.V. Smilga, Nucleon Magnetic Moments and Magnetic Properties of Vacuum
in QCD, Nucl. Phys. B232 (1984) 109.

F. Chavez and C. Duhr, Three-mass triangle integrals and single-valued polylogarithms,
JHEP 11 (2012) 114 [1209.2722].

K. Melnikov and A. Vainshtein, Hadronic light-by-light scattering contribution to the muon
anomalous magnetic moment revisited, Phys. Rev. D70 (2004) 113006 [hep-ph/0312226].


https://doi.org/10.1142/9789814271844_0009
https://doi.org/10.1142/9789814271844_0009
https://arxiv.org/abs/0901.0306
https://doi.org/10.1007/JHEP09(2015)074
https://arxiv.org/abs/1506.01386
https://doi.org/10.1007/JHEP04(2017)161
https://arxiv.org/abs/1702.07347
https://doi.org/10.1016/j.physletb.2019.134994
https://doi.org/10.1016/j.physletb.2019.134994
https://arxiv.org/abs/1908.03331
https://doi.org/10.1007/JHEP10(2020)203
https://arxiv.org/abs/2008.13487
https://doi.org/10.1007/JHEP04(2021)240
https://arxiv.org/abs/2101.09169
https://doi.org/10.1016/j.nuclphysbps.2021.05.048
https://arxiv.org/abs/2011.12123
https://arxiv.org/abs/2107.13886
https://arxiv.org/abs/2110.13529
https://doi.org/10.1051/epjconf/202225806005
https://doi.org/10.1016/0370-2693(83)90676-7
https://doi.org/10.1016/0550-3213(84)90364-X
https://doi.org/10.1007/JHEP11(2012)114
https://arxiv.org/abs/1209.2722
https://doi.org/10.1103/PhysRevD.70.113006
https://arxiv.org/abs/hep-ph/0312226

Short-distance constraints in hadronic-light-by-light for the muon g — 2 Johan Bijnens

[26]

[27]

(28]

[29]

[30]

[31]

(32]

[33]

M. Knecht, On some short-distance properties of the fourth-rank hadronic vacuum
polarization tensor and the anomalous magnetic moment of the muon, JHEP 08 (2020) 056
[2005.09929].

J. Lidtke and M. Procura, Effects of Longitudinal Short-Distance Constraints on the
Hadronic Light-by-Light Contribution to the Muon g — 2, Eur. Phys. J. C 80 (2020) 1108
[2006.00007].

P. Masjuan, P. Roig and P. Sanchez-Puertas, A different viewpoint on the Hadronic
light-by-light tensor short-distance constraints, 2005.11761.

G. Colangelo, F. Hagelstein, M. Hoferichter, L. Laub and P. Stoffer, Short-distance
constraints on hadronic light-by-light scattering in the anomalous magnetic moment of the
muon, Phys. Rev. D 101 (2020) 051501 [1910.11881].

G. Colangelo, F. Hagelstein, M. Hoferichter, L. Laub and P. Stoffer, Short-distance
constraints for the longitudinal component of the hadronic light-by-light amplitude: an
update, Eur. Phys. J. C 81 (2021) 702 [2106.13222].

J. Leutgeb and A. Rebhan, Axial vector transition form factors in holographic QCD and their
contribution to the anomalous magnetic moment of the muon, Phys. Rev. D 101 (2020)
114015 [1912.01596].

L. Cappiello, O. Cata, G. D’Ambrosio, D. Greynat and A. Iyer, Axial-vector and
pseudoscalar mesons in the hadronic light-by-light contribution to the muon (g — 2), Phys.
Rev. D 102 (2020) 016009 [1912.02779].

J. Bijnens and J. Prades, The Hadronic Light-by-Light Contribution to the Muon Anomalous
Magnetic Moment: Where do we stand?, Mod. Phys. Lett. A 22 (2007) 767
[hep-ph/0702170].


https://doi.org/10.1007/JHEP08(2020)056
https://arxiv.org/abs/2005.09929
https://doi.org/10.1140/epjc/s10052-020-08611-6
https://arxiv.org/abs/2006.00007
https://arxiv.org/abs/2005.11761
https://doi.org/10.1103/PhysRevD.101.051501
https://arxiv.org/abs/1910.11881
https://doi.org/10.1140/epjc/s10052-021-09513-x
https://arxiv.org/abs/2106.13222
https://doi.org/10.1103/PhysRevD.101.114015
https://doi.org/10.1103/PhysRevD.101.114015
https://arxiv.org/abs/1912.01596
https://doi.org/10.1103/PhysRevD.102.016009
https://doi.org/10.1103/PhysRevD.102.016009
https://arxiv.org/abs/1912.02779
https://doi.org/10.1142/S0217732307022992
https://arxiv.org/abs/hep-ph/0702170

	Introduction
	Constituent quark-loop
	First attempt: naive OPE
	OPE in an background field
	Perturbative corrections
	Melnikov-Vainshtein limit
	Conclusions

