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1. Introduction

The purpose of these notes is to demonstrate in detail various approaches of constructing
supersymmetric cubic interaction vertices for higher spin fields. To this end we reconstruct well
known cubic vertices for N = 1 Super Yang-Mills and for linearized N = 1 Supergravities. In
particular, we consider the field theoretic limits of the pure N = 1, D = 10 supergravity [1]-[2], of
the N = 1, D = 4 supergravity coupled with one chiral supermultiplet [3], and of the N =1, D =6
supergravity coupled to one (1,0) tensor supermultiplet [4]- [S]. The reason for choosing these
particular types of supergravity will become clear in the following. We shall also comment on a
generalization of these vertices to higher spin “Yang-Mills-like" and “Supergravity- like" vertices
[6], and on the higher spin generalizations of the corresponding free Lagrangians [7].

First, we shall describe the covariant BRST approach,! which is similar to the one of Open
String Field Theory.? However, unlike String Field Theory, the BRST approach to higher spin
fields is essentially a method for the construction of free and interacting Lagrangians using gauge
invariance as the only guiding principle, without any recourse to a world-sheet description.

As the first step in this approach, one constructs free Lagrangians invariant under linear gauge
transformations. Because of the presence of gauge symmetry, these Lagrangians contain both
physical and non-physical degrees of freedom. Some of the non-physical degrees of freedom are
removed using the equations of motion, the others are gauged away, and in the end one is left
only with physical polarizations. In general, these systems can contain bosonic and fermionic
fields, which are described by Young tableaux with mixed symmetries. However, at the free level
one can consider Lagrangians for just one or several (a finite number of) representations of the
Poincaré group [24]- [25]. A further requirement of supersymmetry singles out some particular
representations of the Poincaré group, both in bosonic and fermionic sectors, so the corresponding
bosonic and fermionic Lagrangians are related by supersymmetry transformations.

As the second step in the BRST approach, one promotes the original gauge symmetry to an
interacting level by deforming the Lagrangian and gauge transformation rules with nonlinear terms,
in such a way that the gauge invariance is kept order by order in the coupling constant. As in the
case of free Lagrangians, supersymmetry singles out some particular subclass of the cubic vertices,
which were found for non-supersymmetric systems [26]-[31].

To describe how this approach works on the examples of N = 1 Super Yang-Mills and linearized
Supergravities, we start in Section 2 with a description of gauge invariant free Lagrangians. For the
massless vector field the corresponding Lagrangian is the standard (Maxwell) one. A gauge invariant
Lagrangian which contains the second rank symmetric massless tensor field as a physical component
describes spins 2 and 0 simultaneously. Then we present a similar gauge invariant description for
a massless spin-vector field which contains irreducible representations of the Poincaré group with
spins % and %

In Section 3 we reformulate the results of Section 2 in the BRST approach. Then we impose an
additional requirement of N = 1 supersymmetry on these systems. Using the technique developed
in the Open Superstring Field Theory [32] we show that N = 1 supersymmetry requires some extra
fields (both physical and auxiliary) in the bosonic sector [7]. The obtained Lagrangian provides a

1See [8] for a review of the BRST approach and [9] —[22] for reviews of different approaches to higher spin theories.
2See e.g. [23] for a recent review.
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“unified" description of the above mentioned N = 1 linearized supergravities in O = 4,6 and 10
dimensions.

In Section 4 we turn to cubic interactions in the covariant formalism and present generic
equations which determine the cubic vertices, as well as solutions to these equations for three
massless bosonic fields with arbitrary spins [30], [33]. We also present the generic equations for
determining cubic vertices for two massless fermions and one massless boson [6].

In Section 5 we describe N = 1 Super Yang-Mills in this formalism and in Section 6 we
consider cubic vertices for linearized supergravities. We comment on the higher spin generalization
of the vertices given in Sections 5 and 6. These cubic vertices [6] are covariant versions of the
vertices for two fermionic and one bosonic higher spin fields in arbitrary dimensions, first derived
in the light cone formalism [27].3

Finally, in Section 7 we describe the light cone approach to the construction of the cubic
vertices. In this approach one splits the generators of the Poincaré (super)group into dynamical
and kinematical operators. When using the field theoretic realization of the generators one takes
the kinematical operators to be quadratic in terms of superfields, whereas the dynamical generators
contain also cubic and higher order terms, i.e., cubic and higher order vertices. The requirement that
the Poincaré superalgebra stays intact after the nonlinear deformation of the dynamical operators
determines these vertices order by order in the coupling constant. We shall briefly review the
construction of [47] (see [48],[49] for the case of an arbitrary N) for arbitrary spin supermultiplets
in N =1, D = 1, and show how to obtain cubic vertices for four dimensional N = 1 super
Yang-Mills and N = 1 supergravity in the light cone gauge* as a particular example.

2. Free Lagrangians

21 s=1
Let us start with a massless vector field ¢, (x) with a standard gauge transformation rule
5(}5”()6) = a/lﬂ'(x) (D

The gauge invariant Klein -Gordon and transversality equations for the massless vector field can be
written as

O¢u(x) = 0,C(x), C(x) =0"u(x) 2

where we introduced an auxiliary field C(x), which transforms as
6C(x) = 0A(x) 3)
The equations (2) can be obtained from the Lagrangian
L= =3(06") @u9,) + C0¥ 6 — 5C° @

After eliminating the field C(x) via its own equation of motion one obtains the Maxwell Lagrangian
for the vector field ¢, (x).

3Covariant cubic vertices with two fermions and electromagnetic and gravitational fields are given in [34]-[35].
Supersymmetric cubic interactions on flat and AdS backgrounds are given in [36]-[43].
persy g g
4The cubic vertices for O = 4, N = 4 super Yang-Mills in the light cone formulation are given in [50]-[52].
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22 s=2ands=0

One can repeat a similar consideration for a second rank symmetric tensor field ¢, (x). Now
the gauge invariant Klein-Gordon equation reads,

D¢/Jv(x) = a,ucv(x) + avc,u (x) )
where the physical field ¢, (x) and the auxiliary field C,,(x) transform as
6¢,uv(x) = ay/lv (x) + av/l,u (x), 6C,u (x) = D/lu (x) (6)

In order to write gauge invariant transversality conditions one needs one more auxiliary field D (x),
which transforms as

0D (x) = 0" A, (x) @)
Then the gauge invariant transversality equation is
0" ¢y (x) = 9uD(x) = Cyu(x) ®)
Finally, one can write a gauge invariant Klein-Gordon equation for the field D (x)
oD (x) = 0" Cp(x) &)

and “integrate” the equations (5), (8) and (9) back into the Lagrangian
1
L= —5(6”¢Vp)(6,,¢vp) +2CH0Y ¢y — CHCy + (0¥ D) (0,D) +2D0HC,, (10)

Again, the only propagating degrees of freedom are the physical components of the field ¢, (x).
Its longitudinal components and the fields Cy,(x) and D (x) are either pure gauge or zero on shell.
Finally, since there is no zero trace condition involved, one obtains a gauge invariant description
simultaneously for a spin 2 field g, (x) and for a scalar ¢(x), both packed in the field ¢, (x).

_3 _ 1
2.3 s—zands—j

The Lagrangian describing only spin % field is simply
L=-iPy"9,¥ (11)

99 99

The next simplest example is a spin-vector field W} (x), where “a” is a spinorial index (see appendix
A for the present conventions). Gauge invariant Dirac and transversality equations can be written
by introducing one auxiliary field y“(x) as

Y 0, ¥, (x) +0ux(x) =0 (12)
OHY,(x)+y 0, x(x) =0 (13)

The equations (12)— (12) are invariant under gauge transformations
oWyu(x) =9, A'(x), ox(x)=-y"9,4'(x) (14)

and can be obtained from the Lagrangian
L=-iPy0, ¥, — i PHo,x +i 0"V, +i xy"Oux (15)
Similarly to the previous case, one can gauge away the auxiliary field y“(x) and the non-physical

polarizations of W} (x). Then, one has a gauge invariant description simultaneously of spins % and
%, the latter being the gamma-trace of the field ¥}, (x).
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3. BRST invariant formulation

3.1 Set Up

A systematic way to obtain the systems described above is to use the BRST approach. Let us
introduce an auxiliary Fock space spanned by one set of creation and annihilation operators. The
commutation relations and the vacuum are defined in the usual way

[a/.l’ a:] =Nuvs a’/1|0>(t =0 (16)

A vector |®) in this Fock space is a series expansion in terms of the creation operators a/;;. In the
rest of this paper we shall take the maximal number of these oscillators to be equal to two. Using
more than two oscillators will result in components of higher spin. The divergence, gradient and
d’Alembertian operators are realized as

l=p-a, I'=p-a*, ly=p-p, a7

with p,, = —id,, and A-B = n,,,A#B”. The operators (17) form a simple algebra with only non-zero
commutator, being
[L,1"] =l (18)

Following a standard procedure (see [8] for a review) for each operator [*, [ and [y one introduces
ghosts ¢, ¢*, ¢y of ghost number +1 and the corresponding momenta b*, b, by which have ghost
number —1 . These operators obey the anticommutation relations

{b,c*}={b",c} ={bo,co} = 1 (19
We define the ghost vacuum as
c|0)gn. = b|0)gn. = bo|0)gn. = 0, (20)
the total vacuum being |0) = |0), ® |0)¢,.. Using the corresponding nilpotent BRST charge
0 =colo+cl*+ctl=cteby, 0*=0 21
this set up allows one to build gauge invariant free Lagrangians in a compact form,
£= [ denaiopo) 22)
where the gauge transformation is given by
51Dy = Q|A) (23)
The Grassmann integration is carried out using the standard rule of
/ decoco =1 (24)

The requirement that the Lagrangian (22) has zero ghost number uniquely fixes the expansion of an
arbitrary vector |®) in terms of the ghost variables. Noticing that the number operator

N=a"-a+c'b+b'c (25)
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commutes with the BRST operator (21), one has the following expansion for the case of the vector
field
|®) = (¢¥ (x)aj, —iC(x)cob™)|0) (26)

Since the BRST charge has the ghost number +1 and the vector |®) has the ghost number zero, then
due to (22) the parameter of gauge transformations has the ghost number —1. Therefore

|AY = ib*A(x)|0) (27)

Using the equations (22), (21) and (26) one can recover the Lagrangian (4) after performing the
normal ordering and integrating over cg. Similarly, using (21), (26) and (27) one recovers the gauge
transformation rules (1) and (3).

One can repeat the same procedure for the system described in the subsection 2.2. In particular,
the expansion of the vector |®) and of the parameter of gauge transformations |A) have the form

|®@) = (¢"” (x)aj, @, — icob™CH(x)a; + c"b"D(x))|0) (28)
|A) = ib*A* (x)aZlO) (29)
Using this expansion one obtains the Lagrangian (10) and the gauge transformation rules (6) — (7).

The BRST formulation for fermions is slightly more complicated, because of the anticommuting
nature of the Dirac operator
go=p-y (30)
As a result, one has to introduce a commuting ghost variable, which in turn leads to an infinite
expansion in its powers. One can, however, partially fix the BRST gauge to truncate the expansion
of the vector in the Fock space to a finite form and write the Lagrangian

1 _
Lr = — o(P11(80)"p|P1)" + o (P2 OF | 1) + 31)
V2

+ a(P1OFI¥) + V2 o (Palctc(g0) b ¥a)?

where
QFZCT11+C11T (32)

One can check, that the Lagrangian (31) is invariant under the gauge transformations
5P = QA

1
5P = ——(g0)% |A)? 33
[W2) \/Q(go) b A" (33)

and is equivalent to (15) with
[¥1)" =P (x)a,l0), [¥2)* =b"x"(x)|0) (34)
The gauge transformations are obtained by taking the gauge parameter |A’) to be of the form

|A) =ib" 2" (x)|0) (35)

+
7l

by the choice that the field |¥;)“ contains a maximal spin equal to % and the requirement that the

As in the case of the bosonic fields, the dependence on «}, and on ghost variables is uniquely fixed

Lagrangian (31) has zero ghost number.
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3.2 Supersymmetry. Linearized Supergravities

Let us notice that the systems considered in the subsections 2.2 and 2.3 can not be connected
by supersymmetry transformations, because the fields ¢, (x) and ¥, (x) have different numbers of
physical degrees of freedom on-shell.

In order to establish N = 1 supersymmetry, one can take a formulation of the Open Superstring
Field Theory [32] as a hint and proceed as follows [7]. Consider two independent sets of a-oscillators

[a',u,m’ a’:,n] = nyvémn, m,n=1,2 (36)

The corresponding divergence and gradient operators, as well as the ghost variables ¢, and b}, will

9999

get the index ”m” as well. Therefore, we have the algebra
[lm’ l;] = 5mn lO (37)

{bm,c}}y ={b}cn} =6mn,  {bo,co} =1 (38)

We take the fields in the fermionic sector to contain only the first set of oscillators. In other words,
we consider the system described in the Subsection 2.3 without changes and in the corresponding
BRST formulation in the Section 3 we assume that all oscillators belong to the first set (m = 1).

On the other hand, the vectors in the Fock space in the bosonic sector contain both types of
oscillators. Taking physical component of the field |®) to contain one oscillator of each type, we
get the following expansions

| D) (¢H,V(x)a’11’+a;’+ — A(x)c]bs — B(x)cyby (39)

+ icobiCy (x)a/é“r +icobsE, (x)ai”) |0).
and
A = (b5, (x)al" +ibTp,(x)ah™ = cobTb37(x))|0). (40)
Using the corresponding nilpotent BRST charge

O =colo+ ). (emby+Chlm = Chicmbo), Q*=0 1)
m=1,2

it is straightforward to obtain the Lagrangian

Lp =-¢"""0¢,,, + BOA + AOB 42)
+EH*0,B+CY0"¢, , +C"0,A+ EHD ¢,
-Bo,E - ¢"H0,C, — A3, CH — "V O,E,
+CHC, + EFE,, .

by plugging the expressions (39) and (41) into (22), performing the normal ordering of oscillators
and integrating over cg according to (24). Similarly, one can find, that Lagrangian (42) is invariant
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under the gauge transformations

0@y, u(X) = Opdy(x) + dypu(x),

0A(x) = =0 pu(x) — 7(x),

0B(x) = =0"1,(x) +7(x),

0C, (x) = —04,(x) + 0,7 (x), (43)
O0E,(x) = -0p,(x) — 0,7(x).

The Lagrangian (42) is analogous to the one given in the equation (10). However, the present
Lagrangian describes a physical field ¢, , (x) with no symmetry between the indices ¢ and v. As
aresult, the Lagrangian contains more auxiliary fields. In particular, the fields C,(x) and E, (x) in
(42) are analogous to the field C,,(x) in (10), and the fields A(x) and B(x) are analogous to the field
D(x). Again, after eliminating the auxiliary fields after gauge fixing and using the equations of
motion one is left with only physical polarizations in the field ¢,, , (x). This means, that we have a
description of a spin 2 field g, (x), of an antisymmetric second rank tensor B, (x) and of a scalar
¢(x), all contained in the field ¢, , (x).
Finally, one can check that the total Lagrangian

Lo, =-¢"""0¢,,, + BOA + AOB (44)
+E¥0,B+CY0" ¢, , + CY0,A+EH0" ¢,
-Bo,E! - ¢"10,C, — A3, CH — "V O,E,
+CHC, + EVE,,
—i VY0, P, — i PO +i MY, +i pyH Oy
being a sum of the Lagrangians (15) and (42), is invariant under the supersymmetry transformations
[7) )
6¢yu(x) =iV ()yve, 6Cy(x) = -0} (x)y"yve, 6B(x) =—iy(x)e, (45)
6y (x) = —y"y’€dydpu(x) - €Ey(x), Sx(x) =-y"eCy(x). (46)
Let us note that we have not encountered any restriction on the number of space-time dimensions
until now. The requirement that the algebra of supersymmetry transformations (45)—(46) closes on

shell singles out the number of space-time dimensions to be D = 3, 4, 6, or 10.
Decomposing the fields into irreducible representations of the Poincaré group as

1 1 1
¢/1,v = ¢(,u,v) - nyv5¢pp) + ¢[/J,V] + nuv5¢pp = hpv + Byv + 577/11/90 (47)

and
1 1 -
Vi = Vit ) ety = Wi+ S (1) B (48)
one obtains the following N = 1 supermultiplets:

e In D = 4: a supergravity multiplet ( 8uv(X), ¥y (x)) and a chiral multiplet (¢(x), a(x), E(x))

where d,a(x) = %eyvaaVBpo—(x)'
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e In D = 6: a supergravity multiplet (g#,,(x),B;V(x),(//ﬁ (x)) and a (1,0) tensor multiplet

((;S(x), B, (x), E(x)), where we decomposed By, (x) into self-dual and anti self-dual parts.
* In O = 10: one irreducible supergravity multiplet.

Therefore, one can say, that the Lagrangian (44) gives an “uniform" description of various linearized
N = 1 supergravities. The case of 9 = 3 contains no massless propagating degrees of freedom
with spin 2, so we shall not consider it here.

Writing the supersymmetry transformations (45)—(46) in terms of auxiliary oscillators,

016 ppu,v (x) a/f @y =i (Ol@# (x) a?’ (y-a) € (49)
(06 Cpu(x) @b by = —(0lx(x) go (y - @2) € by
(016 B(x) by c2 =i (0)x(x) brcae

§ Py (x) @]""[0) = (=i go (v - @2) € Py (¥) @] )" — € Ey(x) &f"")|0)
6 x (x) b710) = =(y - @2) € b7 C*(x) @, ,|0) (50)

one can see that supersymmetry is "generated" by the second set of oscillators (m = 2). In other
words, to obtain the N = 1 supermultiplets one can start with the fermionic sector, which contains
only the first set (m = 1), then apply the transformations (49)—(50) and require the closure of SUSY
algebra.’

The description for the N = 1 supersymmetric vector multiplet is similar. Taking the fields in
the bosonic and the fermionic sectors as

@) = (¢ (x)ay" —icob3E(x))|0), |¥) =¥(x)|0), (6D
one can check that the corresponding Lagrangian
L=(0,0")(0udy) —2E" ¢, + E* — i Py*9, ¥ (52)
is invariant under the supersymmetry transformations

i (O[¥(x) (y-a) € (53)
(=i go (v @) € pu(x) b — € E(x))|0)

(016 ¢, (x) @b
6 ¥(x)|0)

After eliminating the auxiliary field E (x) via its own equations of motion one obtains the standard
formulation of N = 1 vector supermultiplet in D = 4, 6, or 10 with an on-shell supersymmetry.

5The same pattern persists for the higher spin supermultiplets: the fermionic sector contains only the first set of the
oscillators, while the bosonic sector contains the oscillators from the first set and at most one oscillator from the second
set, see [7] for the details.
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4. Cubic Interactions

4.1 Three bosons

In order to construct cubic interactions for the fields considered in the previous sections, ¢ we
take three copies of the auxiliary Fock space and corresponding operators. The oscillators now
obey the commutation relations

[t @01 = 67 Sl oD
(e b) = (e by = (el e = 676, (55)

i7j:1’2’3, m,n:1,2, ,U,V:O,...,D—l

Then, we can consider the cubic Lagrangian
3 . o . .
Lo = Y, [ del) @V1Q10) + (56)
i=1

+ g( / dcgl>dc(§2>dcg3)<c1><1>|<q><2>|<c1><3>||v>+h.c.)

where g is a coupling constant and
VY =Vipu el e bl b ) eg e e 100) @ 102) @ 10) (57)

where V is a function of the creation operators that is restricted as follows. An obvious requirement
is that V must be Lorentz invariant. In order the Lagrangian to have the ghost number zero, the
function V must have the ghost number equal to zero, and finally, the requirement of the invariance
of (56) under the non-linear gauge transformations

5|q)(i)> — Q(i) |A(i)> _ (58)
B g/ dc(()i+l)dc(()i+2) ((<(I)(i+1)|<A(i+2)| + (@2 |<A(i+1)|)|V>)
up to the first power in g, implies that the vertex V') is BRST invariant:
@V +0? +0Mv)=0 (59)

The same condition guarantees that the group structure of the gauge transformations is preserved
up to the first order in g. Using momentum conservation

pf,” + p,(f) + pff) =0 (60)

and the commutation relations (54), one can show that that the following expressions are BRST
invariant for any values of the spins entering the cubic vertex [30], [33]

gD = (pUHD) 2y o (04 (b(()i+1) _ b(()i+2)) e (61)

6See [44], [45] for the details of construction for higher spin fields and [46] for the analogous construction in Open
Bosonic String Field Theory.

10
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O = Dt . gDt 4 (Dt (Dt | (Dot (D)t (62)
Zonp = QDK + @5V + @l K, (63)

where | |
Q,(qi,}”l) _ CL’,(,?’Jr . ar(:+1),+ + 5bfrtl),+cl(1z+l),+ + Ebl(’Ll+1)’+cr(rll)’+' (64)

Before turning to a description of cubic vertices between bosonic and fermionic fields, let us
note that one can consider the cubic vertices between three bosonic fields obeying some off-shell
constraints. In particular, for the fields considered in Subsection 3.2 we shall impose off-shell
transversality conditions

Huy(x) =0"¢uy(x) =0 (65)
These conditions in turn restrict the parameters of gauge transformations
0H A, (x) =0"pu(x) =0, OA,(x) =0pu(x) =0, 7(x)=0. (66)
The constraints can be rewritten as
1100y =510y =0, 171AD) = 71A0) = 171AD) = 0 (67)

As a result of these constraints, all auxiliary fields and the ghost dependence disappears in |®())
and the Lagrangian (56) reduces to

L= Y GOU10D) +¢ (GO 6@ @D V) +he) (68)
i=1,2,3
The formulation in terms of the constrained fields considerably simplifies the consideration of
supersymmetry, as we shall see below.

4.2 Two fermions and one boson

For cubic interactions between two fermionic and one bosonic fields the procedure is similar.
Again, in order to simplify the consideration one imposes an off-shell transversality constraint on
the physical field,

MPi(x)=0 o L[¥)=0 (69)

thus putting to zero the auxiliary field y (x) (see subsection 2.3). This constraint, in turn, restricts
the parameter of gauge transformations to

P () =0 & glA)=0 (70)

The corresponding cubic Lagrangian which describes interactions between two fermionic and one
bosonic fields has the form

2
Lopmim = ). al®P1(ee") %19 + (0D 115" 1) + (71)
i=1

+g ((GO1 2D FPNV 4 hc).

11
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The requirement that the Lagrangian (71) is invariant under the non-linear gauge transformations

o197y = 0 INg) + (72)
+ gD H AP NW ) 4 (PO H(AD | Wby,

sy = GWIARMye 4 (73)
a (2) N a
+ (PO AD WD 1 (6O (AL (Wb,
W) = 0P IAF®) + (74)

+ gD BAD WY 4, (PO (AP W) R yaby,

as well as the requirement of preservation of the group structure for the gauge transformations up
to the first power in the coupling constant g imposes conditions on the vertices |V)*? and |'W)%?
[6], which are similar to (59).

The vertex |V) is again defined by a Lorentz invariant, ghost number zero function of the
creation operators. Given |V), gauge invariance of the Lagrangian (71) holds provided one can
find transformation vertices |"W) such that

(85 )l WE)" = () bWy )P + G| V)* = 0 (75)
(g5 ) bW )" + 157 Wy 2>“C+Q<2>W>“C=o (76)
(8670 ol W5 )" + 171 W )y = P [V = (77

The preservation of the group structure leads to another set of equations. For consistency, there
must be some functions |X;) such that

(2) |(W2 3>ab + Q(3) |(W13,2>ab (1) |X >ab (78)
(1) |(Wl 3>ab + Q(3)|(W3,1>ab (2)|X >ab (79)
(I)I(Wl 2>ab (2)|(W2 l>ba (3)|X >ab (80)

Note that the equations (75)-(80) should hold only when acting on fields and transformations
satisfying the constraints of equations (67), (69), and (70). The generalization to the unconstrained
case was written in [6].

5. N =1 Super Yang-Mills

Let us turn to particular examples.
For the case of Super Yang-Mills one introduces colour indices in the equations (56)—(58) and
in (71)—(74) and takes the fields in the bosonic and the fermionic sectors as

DA _ (0),+ . A (i),+4 (1), i
|DN)A = (¢ (x)ah )" —iEA(x) ey b5 )01, (81)

[ @Dyad = pad ()0 (82)

12
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the only non-zero parameter of gauge transformations being
IADYA = ib (A% ()0 (83)

The full interacting cubic Lagrangian is a sum of (68) and of”

(5]

L= Y POl 180 4+ (22D PO @[V ape + cyelic)  (84)
i=1
The cubic interaction vertex between three bosons is given by the expression (63) with added colour
indices )
l
Viasc =~ 55 fascZom x ¢y e e 107) @ [0%) @ [01) (85)

The cubic interaction vertex between two fermions with spins one-half and one boson with spin one
is .
! 3), .
VYise = 3fanc(ay”" 7)™ 01) ©0%) ©10%) + cyelic (86)
The only non-trivial |'W) vertices in the solution of equations (75)—(77) are given by

WEehe = 1Wy D 8he = fanc €05 100) @ 10%) @ [0) (87)

The vertex (86) enters the Lagrangian and determines the interaction between the vector field and
two fermions, whereas the vertices (87) express the nonlinear part of the gauge transformations.

After eliminating the auxiliary field E4(x) via its own equations of motion one obtains an
action for N = 1 Super Yang-Mills up to the cubic order. Alternatively, one could have imposed
an off-shell transversality constraint on the physical field ¢ﬁ(x) similarly to how it was done for
the supergravity multiplets (see the discussion around the equations (65) — (68)). This would have
put an auxiliary field E4(x) equal to zero and restricted the parameter of gauge transformations as
oA(x) =0.

A higher spin generalization is given in [6], by multiplying the vertex (86) with an arbitrary
function of the BRST invariant expressions (61)—(63) and then finding corresponding |'W) and | X)
vertices. These solutions are covariant versions of the vertices found in the light-cone formalism
[27].

Because of the cubic interactions, the supersymmetry transformations for the fermion in (53)
will be deformed with a nonlinear term

§'NPNNG = g fapc X (88)

j j i+1), i+2), ] ] ]
x B<¢(l+l)|C<¢(l+2)|('yﬂv)abaé,; ) +a£,: ) +eb |0(1+1)> ® |O(1+2)> ® |O(l)>

being the standard supersymmetry transformations for the N = 1 Yang-Mills supermultiplet. Let
us notice, however, that if one imposes the off-shell transversality condition on the vector field, the
supersymmetry transformations put the fields completely on shell. In this way one considers on-
shell cubic vertices, which transform into each other under linear supersymmetry transformations
(53).

7Note that in Section 4.2 we placed the boson in the third Fock space, whereas now we have three copies of the
boson’s Fock space in addition to three copies of the fermion’s. To write the interaction in a symmetric way, we introduce
a cyclic sum over the Fock space indices.

13
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6. N =1 Supergravities

In the following we show how we can write the cubic interaction vertices of N = 1 supergravity
in O = 4,6 and 10 dimensions. These can be compared with the full Lagrangians of the theories
which we include in Appendix B.

The cubic vertices for N = 1 supergravities, which describe a nonlinear deformations of the
Lagrangian (44) can be divided into two types. The first type is universal in the same sense as is
the Lagrangian (44), i.e., the vertices have the same form in © = 4,6 and 10. The second type of
the vertices are specific to particular dimensions.

In this section we consider the cubic interaction vertices of supergravities whose free versions
were written in Section 3.2. Namely, these are supergravity in 9 = 4 coupled to a chiral multiplet,
supergravity in 9 = 6 coupled to a (1, 0) tensor multiplet, and pure supergravity in D =

In Subsection 6.1 we write the “universal” vertices, which are present in D = 4, 6, and 10.
In Subsections 6.2 and 6.3 we write specific boson-fermion-fermion vertices for = 10 and 6,
respectively.

6.1 Universal vertices

Let us start with the first type of cubic vertices. We impose off-shell transversality constraints
on the physical fields ¢, , (x) and ¥ (x). Therefore, we have

167) = g (@) @O0y, POy = W (x) o} 0 (89)
‘We take the cubic vertices for three bosons
~2g(¢W] (2] (671Z111 222210y ® [0 ® [0) (90)

where the expressions for Z,,,,, are given in (63). For two fermions and one boson we take the
vertex
2 (601 (V] (PN Zin(y - 57 *100) ©10P) @ 07)) + cyclic. 1)

which solves the equations (75)—(77) and (78)—(80) with

(W31,2)ab _ (2)+(7 ;)ab(ap)&_al(l)ﬁ') 92)
((W32,1)ab _ cil)+(,y.a,;r)ab(a{2),+. (3),+)

(Wi = = (W )y - a) (@ af)

(WyH? = =" (P ey - )P (@ )

(WEH® = =e3CZni+ e (pV - ) ey - a3) P (o) 0P

(W) = GCPZin+e 7 (pP ) ey - a) (@) 0P

and
Xlab — (2) + +b(1) +Cab(p(1) (3),+) _ (2),‘" (3) + (1) +(p(l) . ,y)ac(,y . (}';)Cb
Xzab — + (1) +b(2) +Cab( (2) . (3) +) +c (3) + (1) +b(2) +(p(2) . y)ac(,y . CL’;)Cb
xeb = _Cgl) +C§2) +b$3)+( o ab ©3)

14
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The total Lagrangian, which is the sum of (68) and of

3
L= (PO 190) + g (FOUFD @D |V) + eyelic) (94)
i=1

has the form

L = _¢#’VD¢/I,V + 48g(8par¢y,v)¢#’v¢p"r - 96g(apar¢u,v)¢#"r¢p’v (95)
e . Vg . VAN L
- E‘P“y"av‘l’,u +12igp"" "Wy, 0, ¥y — 6igd! "V "y, 0, Vo

Let us note that the overall coefficients in the cubic vertices (90) and (91) are not fixed by the
requirement of the gauge invariance and this particular choice is dictated by the supersymme-
try transformations. However, due to the off-shell transversality conditions the supersymmetry
transformations

bv.u (x) = ili’p (x)yv €, 0¥, (x) =—y"y’e OvPp.u (x) (96)

put the fields completely on shell.

Similarly to the case of cubic vertices in Super Yang-Mills, the supergravity vertices of the first
type (91) can be generalized to higher spins [6] by multiplying them by an arbitrary function of the
BRST invariant expressions (61)—(63) and finding corresponding |'W) and |X) vertices.

6.2 Vertices of D = 10 supergravity

In order to consider the cubic vertices of the second type it is easier to decompose the fermionic
fields into irreducible representations of Poincaré group according to (48). Then in ten dimensions
we have the vertex

@1 oM bV, ©7)
where
(ng — (Yyrovlv)aba'il(1)’+a/r(2)’+p.r’(3)af—(3)’+a;(3)’+ + (98)
3), 1), 2), 3), 2), 1), 3),
O R (0 g T (T B A O O R e
3), 1), 2), 3), 2), 1), 3),
- @)Y @) = (0 P e )+
1), 3), 2), 3), 2), 3), 1), 3),
+ (% U ) @ oY) - (0 ) (] )]

This vertex corresponds to the coupling of the field B, (x) with two gravitini. The corresponding
W vertices have the form

1

(Wehe = S ey a7y (yay)® (99)
1

((W31,2)ab — 2 52) +a/1/(1)+ o(3),+ /1(3)+('}’0'/l'}’v)ab

W™ = DT (p® ) el @ DT ad D ()P

+p(1)’#(1'1/(2)’+(10—(3)’+a'/1(3)’+

(77;11/7/1')’1/ —NuAYoVv+ nyvy(rd)ab]

1

2. 1 3 3

(WP = 0P ) ea a7 D o)+
1), 3),+ _A(3),

+P(2)’”G’T( ) +G’;T( ) +G’2( ) +(’7#v7/l7’v “NuaYo Vv + nﬂvy‘f/l)ba]

15



Supersymmetric Cubic Interactions For Lower Spins From “Higher Spin" Approach M. Tsulaia

The solution for the group structure equations includes

1), 3 2 3 > 3 2 3 )
X = b e e (- ) e p D) = P (- e (y - p D))
2), 3), 1 3 3 1 3
xgb = bi“[ci“ci“(y-aé“)“c(y-p@))cb—cg”ci“(y ;) (y - pP)]
X3ab — b§3),+ci3),+cil),+(,y . a’§3)’+)ab _ b§3)’+c§3)’+cil)’+(y . a,f’j) +)ab (100)

The remaining cubic vertices in D = 10 are those which correspond to the coupling of the
B, (x) to one gravitino and one dilatino,

IR AR R (AU T T (101)

There are two such couplings. The first is
3), 3), >
(V) = ) PP Py D] (@) - ) (102)

The non-trivial ‘W vertices are

(WiHe = =" () ey eI (103)
(W He = ci”*[(yw)%af““ T“”(pz O
The second vertex of this type is
(V)% = 6“p(@” -’ ) (@] p) (104)
for which
(W2hyeb = ;ilHC“b @t Ot (105)
(Wb = ;§I)+(p )t g

For the last two vertices the solutions for the group structure equations are with |X;) = 0

6.3 Vertices of D = 6 supergravity

Most of the vertices of D = 6 supergravity have already been described above. They include
the universal vertices of Subsection 6.1, as well as the vertices (102) and (104), which are both
present in O = 6.

The vertex that has a different form is the coupling of the B-field to two gravitini, which is now

given by
— (yrypvpyﬂ)ab A1)+ 7(2)"' ,11(3) /1(3)+ V(g)"' (106)

The corresponding ‘W vertices have the form

((W32,1)ab — (1),"’05(2)"" V(3)’+a,p(3)v+(,yvp,y#)ab (107)

) 2 2 3 3
((W31 )ab — 5 )+a§l( )+a,;’( )t P( )+(')/Vp 'u)ab
3
(W = e o)t “mp)“cp Doy (,y0) +
+2(p(1) . a,(z)s+)aV(3)a+a,P(3),+(,yvp)ab]
1 1 2
(WD = Py D () e p Ve  (ay )P +

3),
200 - a D) DD+, yab]
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with
41 3+ (2 3 - 3.+ (2 3 .
Xlab — _bi )+[ ( )+ ( )+(7 a,( )+)ac(,y 'p(l))Cb _ ( )+ ( )+()’ a,( )+)a (y ‘p(l))cb]
2).+1 .3 1 3 3 1 3
Xzab — bi )+[ ( )+ ( )+(7 a,( )+)ac(,y ‘p(2))cb ( )+ ( )+(,y a,( )+)a (')’ ‘p(2))cb]
X3ab = 2bi3) +Ci1) +C§2) +(,y . 053) +)ab b(%) >+ (1) + (2) +(,y 0(3) +)ab (108)
solving the group structure equations.
There is also the coupling of B, to two dilatini,
(@1 @D P EPNVi)a. (109)
which is of the form
(V¥)ab = Yyop)app"Vay e (110)

In this case all the ‘W vertices are trivial.

7. Light Cone Formalism

In this Section we describe how to construct cubic vertices of O =4 N = 1 super Yang-Mills
and Supergravity in the light cone approach following [47] (see also [53]-[54] for a brief review of
the light cone approach).

7.1 Set Up

To construct cubic interaction vertices in the light cone approach let us consider a field theoretic
realization of the = 4 N = 1 super Poincaré algebra

1
[0%,0"] = E(y”)“bP,,, (111)
1
(0%, JH] = E(V”V)abe’ (112)
[JHY, PP] = PP — PP (113)
[JHY, JPT) = JHIn"P = JY TP — JHOnY T 4 JPpH (114)

Here J#” are generators of Lorentz transformations, P# are generators of translations, and Q¢
are generators of Supersymmetry transformations. These generators are split into kinematical and
dynamical generators. Kinematical generators preserve the Cauchy surface (the light cone) and are
quadratic in fields both on free and interacting levels. The other generators are dynamical and they
receive higher order corrections in fields. These corrections are determined from the requirement
that the Poincaré algebra is preserved at the interacting level.
We choose the four dimensional coordinates as
T S Lo, .2 N NP N
xXF=—xxx), z=—x +ix?), Z=—((x —ix°) (115)

V2 ’ V2 V2
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The coordinate x™ is treated as the time direction and H = P~ is the Hamiltonian8. The generators
of the super Poincaré algebra are split according to

kinematical : P, P%, P% J¥ JE T 01,00, : 9 (116)
dynamical : P, J,J5,07,0 .5 (117)

It is sufficient to construct the Poincare algebra at x* = 0 and then evolve all the generators
according to G = i[H, G]. The equations to be solved are

[0°,P]=[0",P]=0, [J*,P|=[J>",P]=0. (118)

The spectrum consists of bosonic ¢,(x) and fermionic ¥, (x) fields® with the helicities 1 = +1, +2

for bosons, A = i%, i% for fermions. It is convenient to work with partial Fourier transforms

_3 +i(x~B+zp+Zp) >\ 43
palx)=(2m)"2 [ e pa(p)dp, (119)

-3 +i(x~B+zp+zp) >\ 13
v = @3 [ eteBmy Gy (120)

with d3p = dB dp dp. The fields obey the following conjugation rules
4(P) = $-a(=P). ¥ (F) = Y-a(~P) (121)

Introducing a Grassman momentum pg, one can combine the bosonic and fermionic fields into
superfields

D)=+ %’lﬂﬁ_%, Pl =Y 4l tPed-as (122)

with conjugation properties

D =t L PO D =yt i
(I)_/l_(b_/l-i-Fw—/H%’ q)/l_% __(///l_%+p9¢/p (123)
The equal time Poisson brackets between the fields
ot o (-7 L S - ")
[6a(5), 0 (P)] = 640 —5—=,  [Wa(P), 0}y (5] = San (124)
2B 2
read in terms of the superfields as
- = -y ’ € 63(ﬁ_ﬁ/)5(p€_p,)
[@2(5.20). @ (7', )] = (=) 26, 4, T (125)

where €, is O for integer A and is 1 for half-integer A.
The kinematical generators, which are the same both on free and interacting levels have the
form

0

Pt=B, P=p, P'=p, Jr=-p_—,
op

JE = —ﬁ%, (126)

8Note that 3 is used instead of p* in order to simplify the form of the equations.We shall also put x* = 0 for now on.
°In this Section, unlike the previous ones, the index A denotes a helicity of a field, rather than its Lorentz index.
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0 1 0 1 . 0 0
Tt =L B cpo— t mer, JE = pdy - P+ A o
Pe 319 Ope

o -
Q"= ()B7—. O0"=(-)"po
dpo
The dynamical generators at the free level are

pp

H, = PP (127)
B
_ 0 pp 0 1 o \p 1 0 1 p
Jjom o= B, (- Zp,— | E+[= —ZglE
2 ap p " Pop ( 2pgap9)ﬁ+(2p 9 2”)/3
- opp _0 1 o \p 1 0 1 p
Ji- = ___£F - | £ _ _Z 7
2 ap g Pap ( 2”"ap9)ﬁ+(2p"ap f‘)ﬁ
14
Qz = (_)QEPG
0
= ]
Q2 (=) papg

At the level of cubic interactions one assumes the following expansion for the dynamical generators

3 TULB ) g1q:g;
H; = H2+/dr (3] (I)(JIQMS h/ll/h/l% (128
_ _ /11/12/13 919243
0; = 0, +/dr[3 19293 D0, 1,15
= A /11/12/13 =419293
Q3 = Qz +/dr[3 a19293 D15
- i
]3 = ]2 +/dF[3]x
— A A3 PR
—A1 43 : a(pq 9293 1 > aq)q 9293
[ 8 -3 2 e i - 3 2 e
19293 Y 12223 5 1243 14243
Gk 3\ 94
- _  gz-
]3 = J2 +/dF[3]x

’11’12’13 ~q19293

3 aq)/ll/lz/b 3
% q)/h/lz/h 19293 Z 4149293 para24s (Z q_
T fI1612fI3 243

q19293 /11/12/13 an /11/12/13

A1 A2 A3

where CD‘ZI‘IZQS

— A —L—=A43
- q)ﬂhq)qz q)% and

3 d3qk 3 3 3
I3 = (2n)° l_[ & (Z qz') l_l dgg, 6 Z qe,j (129)

k=

—_

~
l\)
N\L»

is an integration measure.

7.2 D =4, N =1 Super Yang Mills and Pure Supergravity

The cubic vertices which are present in the interaction part of dynamical generators (128) are
determined from the requirement of preservation of the algebra (111). A solution which contains
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the N = 1 Super Yang Mills and Supergravity vertices has the form [47]

3 3
_ i-ter, =y a1 -5 ey
BS = CHR (F) M Hﬁi e | [T a3
i= i=1
S
_ ~Ai—5 €y
= - B [ o a3
iz
S
. o “AiTy €y
e ] LA (132
i=1
and 1 1
My =241+ A2+ 13, /11=S1—§, /12=S2—5, A3 = =53 (133)

. =3 .
In these equations C1124, C are coupling constants and

1
P=3 [(B1 = B2)p3 + (B2 — B3)p1 + (B3 — B1)p2] (134)
1
Po =3 [(B1=B2)pos+(Ba=B)poa+(Bs = B)pes] , (135)
X = B1(A2 = A3) + B2 (A3 — A1) + B3(41 — A2) . (136)
The momenta §;, p;, p; and pg ; obey the conservation properties as in (60). The vertices cji’li%‘/ﬁ
and J_gl‘f{j/qu can be obtained from (131)—(132) by relevant hermitean conjugation.

The cubic vertices for N = 1 Super Yang Mills can be recovered by choosing s; = s = s3 =1
in the equations above. Similarly, pure N = 1 Supergravity vertices can be recovered by putting
S1 =85y =53 =2.
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A. Conventions

We mainly follow the notations of [55].
The Latin letters a, b . . . label spinorial indices. The Greek letters yu, v, . . . label flat space-time

vector indices and Greek letters with “hat” (i, ¥, . . . label vector indices in curved space-time.
We choose a real representation for Majorana spinors

AY* =29, Ay =1Cha (A.1)
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The spinor indices can be raised and lowered by anti-symmetric charge conjugation matrices C,p,
and C“? as

A9=CP2,, 2,=2Cha, CPCp. = —62. (A.2)
The y—matrices satisfy the following anti-commutation relations
YO+ () () = 29" 07, (A3)

In © = 4 the matrices y,, and 7y, with both spinorial indices up (down) are symmetric and the
us With both
spinorial indices up (down) are symmetric, and the matrices y,,, u,,; are antisymmetric.

matrices C, ys and ysy, are anisymmetric. In O = 10 the matrices vy, and 7y,

.....

For checking the on-shell closure of the supersymmetry algebra and of the supersymmetry of
the vertices we have used the following gamma-matrix identities

(yv)ab (yv)cd + ('yv)ac (YV)db + (yv)ad(')/v)bc =0, (A4)

yly ey = (=1)"(D = 2r)y" e (A.5)
For a product of gamma matrices we have

k=min(i,j)

Vipeoes Vi — Z i!j! [Viseees Vi-k Vi 61’{,71 6Vn,—k+l] (A 6)
= I (T Uittty O Ot +-0 ) '
and in particular
YuYvi,..vii = Yu,vi,..., vi T knu[vl Yva,..., vic] (A7)

B. N =1 Supergravities in D =4,6, 10

The Lagrangian for © = 10 N = 1 Supergravity is [1] — [2]

| S R 3 5

L = _ER_EWWVPD"W_Z‘D ZH“V'DH/W/@—
le o 90M8d 3V2- , 4 Opd
V2

-3 7 AVpTA TV 0T PR/ A=
T Hpe Gy T + 60 Yy T = N2y Ty IE) +

+ (fermion)*

where Hy55 = 013 Byp) and Dy, is a covariant derivative
1
.Z)ﬁ‘Pg = 6,;,‘1’;1 + Zwﬁp‘r(yp(r‘l’;,)a (B.])
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The supersymmetry transformations with a local parameter €% (x) are
o Lew B.2
oe’. = 56’)/ Ui (B.2)
2
o = —§¢ EE
V2 o5 _ V2 o
0By = -5 ¢ (Evas —Eyoip — - EYarE)
Sy = (Dﬁ + ;/—2_¢_Z (ya™?7 =96,v") HW;@-) € + (fermion)?
3v2 4 1 o )
0B = —T\/—¢_l YHOpd e+ §¢_% Y*P € Hypp + (fermion)? (B.3)

The Lagrangian for & = 4 N = 1 Supergravity coupled with one chiral supermultiplet, with

no superpotential and the cannonical kinetic term for the scalars is [3]
1 1o aop 1 * *
_ER — ¥ay Dy + g((aﬂ)z —(0v27)2)Ys | ¥p —

1 Lo ( 4 1 -
- 5(6,1z)((9,1z*) -5E (y”Z),; - g((a,;z)z* - (Gf,z*)z)) =
+ (fermion)*

which is invariant under supersymmetry transformations

50i = D+ 5 (352)* = (@)2)| € + (fermion)?
(1+7ys) yﬁ(f)ﬁz)e + (fermion)?

with ys = —yoy17273.

(B.4)

The Lagrangian for D = 6 N = 1 Supergravity coupled to one (1, 0) tensor multiplet is

L = -

1 [ _ oA 1 AN
ER - %l/lﬂ)/'uwoﬂ,;l//ﬁ + EeZ\EQS H'quHﬂ,gﬁ +

[l

A 1,
YHDRE + 56”(1&6,;([) - @57 Yy 0 +

V22 Hyyos (= y 172 Py 0 T + 200 1y APy A8 - By PPPE) +

|~

i
24
+ (fermion)*

where Hy5p = 013 Byp) and Dy is a covariant derivative

1
Z)ﬁ‘Pg = 6ﬁq’g + Zwﬁpo-(’ypa—q,{,)a
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The

supersymmetry transformations with a local parameter €% (x) are

6eg =—iéy"yu (B.6)

i _ _ _ . _
0Bay = —5e V20 (Eyaws — Eyop— i €vasE)

1 AAn
SYa=|Dp— ﬂeﬁq’y”‘”yﬁ Hﬁpﬁ) € + (fermion)?
- i i 2¢ . avp . N2
0B = —6)/ €0y ¢ — Ee y*"PeH 5 + (fermion) (B.7)
We linearize around a flat background
1 3 i 1oa
eg(x) = 6/’; + Ehz(x), e,"j(x) = 6Z - Ehﬁ(x), (B.8)

and consider a cubic Lagrangian with global supersymmetry.
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