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The deep interrelation between elementary particle physics and cosmology manifests itself when
one considers the contribution of quantum fluctuations of vacuum fields to the dark energy and
the effective cosmological constant. The contribution of zero-point energy exceeds by many
orders of magnitude the observational cosmological upper bound on the energy density of the
universe. Therefore it seems natural to expect that vacuum fluctuations of the fundamental fields
would influence the cosmological evolution in any way. Our aim in this review article is to
describe a recent investigation of the influence of the Yang-Mills vacuum polarisation and of
the chromomagnetic condensation on the evolution of Friedmann cosmology, on inflation and
on primordial gravitational waves. We derive the quantum energy-momentum tensor and the
corresponding quantum equation of state for gauge field theory using the effective Lagrangian
approach. The energy-momentum tensor has a term proportional to the space-time metric and
provides a finite non-diverging contribution to the effective cosmological constant. This allows
to investigate the influence of the gauge field theory vacuum polarisation on the evolution of
Friedmann cosmology, inflation and primordial gravitational waves. The Type I-IV solutions
of the Friedmann equations induced by the gauge field theory vacuum polarisation provide an
alternative inflationary mechanism and a possibility for late-time acceleration. The Type II
solution of the Friedmann equations generates the initial exponential expansion of the universe of
finite duration and the Type IV solution demonstrates late-time acceleration. The solutions fulfil
the necessary conditions for the amplification of primordial gravitational waves.
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Gauge Field Theory Vacuum and Cosmological Inflation

1. Introduction

The deep interrelation between elementary particle physics and cosmology manifests itself
when one considers the contribution of quantum fluctuations of vacuum fields to the dark energy
and cosmological constant A.. [1, 2, 16, 18, 19, 25, 26, 28, 34]. In discussing the cosmological
constant problem, it is assumed that A.. corresponds to the vacuum energy density, for which
there are many contributions and that anything that contributes to the energy density of the vacuum
acts as a cosmological constant. The contribution of zero-point energy exceeds by many orders of
magnitude the observational cosmological upper bound on the energy density of the universe!.

Therefore it seems natural to expect that vacuum fluctuations of the fundamental interactions
would influence the cosmological evolution in any way [1, 2]. Our aim in this review article is
to describe a recent investigation [3] of the influence of the Yang-Mills vacuum polarisation and
of the chromomagnetic condensation [4-9] on the evolution of Friedmann cosmology [10, 11], on
inflation [12—16, 18-20, 24-26] and on primordial gravitational waves [27-32].

The calculation of the effective Lagrangian in QED by Heisenberg and Euler was the first
example of a well-defined physically motivated prescription allowing to obtain a finite, gauge and
renormalisation group-invariant result when investigating the vacuum fluctuations of quantised
fields [40]. It appears that only the difference between vacuum energy in the presence and in
the absence of external sources has a well-defined physical meaning [4-8, 40-47]. In [3] we
follow this prescription with the aim to derive the quantum equation of state for non-Abelian gauge
fields by using the effective Lagrangian approach [48—69] and analyse the properties of Friedmann
cosmology driven by the quantum Yang-Mills equation of state.

In Section 2 we will derive the quantum equation of state (18) for the non-Abelian gauge fields
by using the effective Lagrangian approach, and in Section 3 we will analyse the properties of
Friedmann cosmology driven by the quantum Yang-Mills equation of state (42) and (44). In the
subsequent four sections we will demonstrate that the nonsingular Type II solution of the Friedmann
equations (86), (87) provides an alternative mechanism for a very early stage inflation of a finite
duration (95), (94) and that there is no initial singularity (84). The Type IV solution provides an
early-time expansion of the universe that follows a prolongated phase where the universe remains
almost static and subsequently induces a late-time acceleration of a finite duration (122). The Type I
solution represents the universe that recollapses in a finite time. The parameters of Type III solution
are such that the universe asymptotically approaches a static universe. Infinitesimal deviation of the
Type III parameters will place it ether into the Type II or Type IV solutions. In Sections 8 and 9 we
consider the solutions of the Friedmann equations in the cases of flat k = 0 and positive curvature
k = 1 geometries that appear to represent the evolution of the universe of a finite duration. In the
last Section 10 we discuss the generation of primordial gravitational waves.

2. Inflation Drive by Scalar Fields

Let us first review in short the basic properties of Friedmann equations and the standard
contributions to the energy density and pressure by dust, radiation and barotropic fluid [16, 18, 25,

! However it seems that in the case of massless fields the zero-point energy contribution vanishes and there is no
modification of the cosmological constant by the zero-point energy of the massless fields [35-38].
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26, 28]. The equation of state of matter in the universe defines the cosmological evolution and
enters on the right-hand side of the first and of the second Friedmann equations [10, 11]:

k a4 8rnG k +a2+2a‘ 8nG W
= ——6€, _ —_ - =—-——D,

a’? 3¢t a> a*> a o+ P

where € is the energy density, p is a pressure, d = da/cdt and k defines the sign of the curvature.

The scale factor a(r) enters into the metric as [16, 18, 25, 28]

dy? + x2dO? k=0
ds® = 2di* - d*() dy? + sin? ydQ? k=1 . ()
dy? + sinh? ydQ? k=-1

These are comoving coordinates; the universe expands or contracts as a(t) increases or decreases,
and the matter coordinates remain fixed. The conformal time 7 is defined as cdt = a(n)dn. It is
convenient to transform the Friedmann equations (1) into the following form [16, 25, 28]:

é+3%e+p =0 3)
a

a 471G

d_ 4G 1 3p) @)

a 3¢

The behaviour of the solutions of the Friedmann equations are defined by the equation of state of
the matter that filled the universe p = p(€). In the case of dust of zero pressure p = 0 it follows from
(3) that € a® = const and in the case of pure radiation p = €/3 that € a* = const. The acceleration
d/a is negative in both these cases (€ + 3p > 0) and the inflation of the universe is impossible with
these equations of state.

Considering the general parametrisation of the equation of state p = we in terms of the
barotropic parameter w one can find that the solution of (3) has the following form:

€ >0 = const ®)

and that in the important case of positive energy density and negative pressure p = —e < 0, that is

for w = —1, one can find that the acceleration in (4) is positive because € + 3p = —2¢ < 0 and we
have
i 871G
4a_2°oy € >0, p=—-€<0. (6)
a 3¢t

Thus representation the dark energy as a fluid of positive energy density but negative pressure
provides a sufficient condition for the accelerating expansion - inflation - of the universe [13—
16, 18, 25, 26, 33]. The inflation became possible because the strong energy dominance condition
€ +3p > 0 is violation by a large negative pressure.

The question is if there exits any field theoretical model that can realise equation of state with
negative pressure (6). It has been found that this type of inflation can be driven by a scalar field
[16, 18, 20-23]. A negative pressure fluid is realised because in scalar field theory the energy
density and pressure have the following form:

1. 1.
e=5#+vwx p=§#—vw) (7)
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and therefore € + p = ¢*> > 0, € + 3p = 2¢> — 2V(¢). The inflationary condition € + 3p < 0 in (4),
(6) can be satisfied when the scalar field is in its vacuum state:

do=0.  V(0)=0, V(do)>0, p=-€e<0 ®)
and
€+3p=-2V(¢p) <O. ©)
In that case the equation (4) takes the following form
i 8nG
- = V(¢0) >0 (10)

and describes a positive acceleration of the universe. It is interesting to know how unique is a scalar
field induced inflation and if there exits any other field theoretical model that realises equation of
state that allows accelerating expansion (6) of the universe. Our aim is to demonstrate that a similar
acceleration condition are realised in the universe that is filled by the gauge field theory vacuum
fluctuations [3].

3. Equation of State Describing Gauge Field Theory Vacuum Fluctuations

We will assume here that the universe is filled by the gauge field theory vacuum fluctuations
and will analyse the influence of these vacuum fluctuations on the evolution of the universe. At this
stage we will neglect the contributions to the energy density from radiation, elementary particles
of the Standard Model or of the Grand Unified Theory (GUT). These contributions can be analysed
afterwards.

In order to derive the equation of state describing the gauge field theory vacuum fluctuations
we will use the explicit expression for the effective Lagrangian [4—8]. The effective Lagrangian is a
sum of the Heisenberg-Euler Lagrangian £, [40] taken in the limit of massless chiral fermions [5]:

28%F

Ly = T+ o 2g27"[1( )= 11, (11)

where Ny is the number of fermion flavours and of the Yang-Mills effective Lagrangian £, for
SU(N) gauge field theory [4-6]:

1IN , 2g> 7" .
where invariant ¥ = 1 gPgroGa ay0Ops = 0 is of a chromomagnetic type. The effective Lagrangian

has exact logarlthmlc dependence on the invariant ¥ and we can obtain the quantum energy
momentum tensor 7}, by using the expressions (11) and (12) [5]:

bg? 2g27: bg?
st | g, oS G- (13)

where b = 11N — 2Ny. The vacuum energy density has therefore the following form:

bg
" 96n2

2 2
Too = €(F) = ?’( gﬂfc - 1) (14)
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Figure 1: There are regions in the phase space (¢, p) of the quantum Yang-Mills states (18) where € and p
are positive, where p is positive and € is negative and where they are both negative.

and the spacial components of the stress tensor are:

1bg?
39672

7(1n Zg:f +3)| = 6 pP). (15)

1
T[ j = 5,',‘ [—7: +
213
Thus the gauge field theory vacuum fluctuations are described by the following equation of state:

~ b g* 28°F 1 1bg?
(F)= F + 967T2T(1n r 1), PF) = 37 + 396ﬂ27(ln

28°F
L

+ 3). (16)

The energy density €(%) has its minimum outside of the perturbative vacuum state & = 0 at the
Lorentz and renormalisation group invariant field strength [4]

967
b g%(u)

which characterises the dynamical breaking of scaling invariance of YM theory (13):

28*Frac = u*exp (- ) =AY (17)

T =

M _@Zgz?-vac-

Thus the equation of state (30) will take the following form:

e(F) = bg’ (ngZ?-l), p(F) = lbgz?'(ln

2g27_~
9672 a A? 39672
YM

4
AYM

+3). (18)

By expressing the vacuum field strength tensor ¥ in terms of vacuum pressure ¥ = ¥ (p) and
substituting it into the vacuum energy density we will get the equation of state in the form € = €(p)
shown in Fig.1. In the limit 2g>F > A}, (18) reduces to a radiation equation of state: p = €/3.
There are regions in the phase space of states (¢, p) where € and p are positive, where p is positive
and e is negative and where they are both negative, as it is shown in Fig. 1. The pressure is always
higher than in the case of radiation equation of state:

2
In2%7% 43
1 4bg*F P Aym
p_56+5—96712 Ay, and W_Z_—31 2F 1. (19)
S
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Our aim now is to analyse the Friedmann cosmology that is driven by the gauge field theory vacuum

equation of state (18). The equations of general relativity in the presence of the vacuum energy

momentum tensor (13) has the following form?:
1

8nG
Rﬂy - EgﬂVR = 7 [TJVM(I +

b g2
2 In 4
961 u

2 2
ﬂ) bs” &, (20)

862
The induced effective cosmological term can be expressed in terms of vacuum energy density (18)
and vacuum field (17) as

8nG 817G b

2
Aeff = F €ac = _szg 7:\/010 = -

During the cosmological evolution the field strength tensor ¥ will not stay permanently in its AdS

812G b

3¢t 19272 YM D

ground state (17), (21) but will roll out through the well-defined trajectory in the phase space of
states (€, p) shown in Fig.1 that is defined by the Friedmann equations (1) and (3), (4).

The Yang-Mills energy momentum tensor 7y, in (13), (15) has a diagonal homogeneous form,
while the energy momentum tensor T,,Q,,ED in QED is inhomogeneous due to the term —E; E; — H; H;
in (23) and it is a critical barrier for a successful vector field driven cosmology and inflation
[101, 115]3. The reason for this essential difference between QED and Yang Mills theory is that
in Yang Mills theory the energy momentum tensor TKVM is homogeneous on the time dependent
solutions A{(#) of Yang-Mills equations [75-77, 79] and therefore opens a room of possibilities
for a vector field driven cosmology and inflation [3]. The space homogeneous gauge fields are
described by a classical mechanical system, so called Yang-Mills classical mechanics (YMCM)
[75-82, 84-93, 95-99], it represents the bosonic part of the matrix models [81, 85-91] and were
considered in the context of the cosmological models in [106—-108, 108—119].

The chromoelectric and chromomagnetic fields have the following form:

Ef =G§, Hf= %eijkG_;?k, G§ =AY, G = ge Al A] (22)
and the components of the energy momentum tensor therefore are:

1 1 1
Too = E(E;‘)2 + E(H,.“)Z, Toi = e Ef HY, Ty = 504(EfE! + HY HY') = EFEff = HPH'. (23)

The "white colour” solution found in [75] has the form
A =58 f(n), (24)
and the corresponding chromoelectric and chromomagnetic fields take the following form:
Ef =67 f(t), Hf = gd{ f(). (25)

The energy density therefore is:

3 .
€ =Ty = §(f2 +g2fh =, (26)

2The r.h.s in (20) is the contribution of the gauge field theory vacuum polarisation 7y, (13). There are no particles
in the initial state of the universe. The effect is similar to the vacuum polarisation by the gravitational field [12—17].
3 I would like to thank Prof. Viatcheslav Mukhanov for the discussion of this point.
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where u* is a constant of dimension mass*. Unusual property of this solution is that the chromo-
electric and chromomagnetic fields are parallel to each other (25) and therefore the energy flux, the
Pyonting vector, vanishes [75]

Toi =S = EijkEf‘H“ =0. 27

Thus importantly the space components of 7, in (23) are diagonal:

1 . .
T = 565(f7 + &) = 8. 28)

The full energy momentum tensor has the form of a relativistic matter:

(29)

oo O
o< O o
T O o O

It follows from relations (26), (27) and (28) that the classical Yang Mills equation of state is
equivalent to a homogeneous relativistic matter

1
p=se (30)

As we have seen above there are quantum corrections to the classical equation of the state (30)
given by the first formula in (19)
1 4b g 27: 4

P=3

3¢ 7 37962 M (D

In the subsequent sections we will investigate the solutions of the Friedmann equations in the
universe that if filled out by the gauge field theory vacuum fluctuations described by the quantum
equation of state (18), (19), (31) [3].

4. Quantum Yang-Mills Equation of State in Friedmann Cosmology

The time derivative of the energy density given in (18) is

28%F
4 b
Ayy

¢ =B (2¢°F) log (32)

where ¥ = dF /cdt. The time evolution of the energy density € in (3) depends on the sign of the
sum € + p. By using the expressions for € and p in (18) for the sum € + p we will obtain:

48 28*F
e+p=— (28°F) log 5. (33)
YM
where 8 is the coefficient of the one-loop S(g) function:
b 11N - 2N
= ! (34)

B = =
19272 19272
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It follows that for 2g°F < AA{, » the weak energy dominance condition € + p > 0 is violated. The
equation (3) now takes the form

26°F +4(28°F) % = 0 (35)
a
and can be integrated yielding

26°F a* = const = A}, af, (36)

where the integration constant is parametrised in terms of the initial data parameter ay. The energy
density and pressure (18) can now be expressed in terms of the scale factor a(z):

Cl4 a4 (14 Cl4
e:Ba—g(loga—g— DAY ar p:Bﬁ(loga—g+3)A§‘,M. (37)

With the help of the last expression for the € the first Friedmann equation (1) will take the following
form:

4

da 8nG 4 ay dy _
E—i\/3C4BAYM;(IogF—1)—k, k=0,+1. (38)

It is convenient to define the length scale L as it appears naturally in (21) and (38):

1 8nG
E = —3C4 B A‘)"M = Aeff N (39)

so the equation (38) will take the following form:

da _ |ag ag a5
a—iJﬁ;(lOg;—l)—k (40)

In order to simplify the evolution equations further it is convenient to introduce the dimensionless
scale factor d and the dimensionless time variable 7:

a(t) =ag d(r), ct=Lr, 41)

where we normalise the scale factor a(t) to the constant parameter ag in (36). In these variables
the evolution equation (40) is in its final form:

da
dr

I I Ly
i\/~—2(log~—4 - 1) —kyh k=01, %= (—) . 42)
a a

ap
The evolution equation (42) can be represented in terms of the dimensionless conformal time 7:

cdt = L dt = a(n)dn = apddn, 43)

as well as (the prime denotes the differentiation with respect to 7):

. d 1 ]
= _ _ _ R )
i i\/yz (log = 1) k @, (44)

IsY)

a
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The evolution equations (42) and (44) should be investigated in six regions of the two-dimensional
parameter space (dg, Ayps). The numerical value of y? defines the relation a(z) = #LZ(AYM)
between basic independent parameters ap and Ay, through the equations (42) and (39). Thus the

corresponding six regions in the parameter space are defined in terms of y?:

k=-1, 0< y2 < yg Regions I (@ < up) and II (up < @)
k=-1, »*= yg = i Region III (separatrix, d < )
Ve
k=-1, y2<y? Regions IV (0 < 4) (45)
k=0,
k=1, 0<%

In terms of scale factor @ and time variable 7 (41) the field strength tensor (36) has the following

form:
Ayu
28°F = 46
g () (46)
and the energy density and the pressure (37) will take the form

=B (e _1)Al __5 !
€T 54(7)(10’3 (1) adwe p= 3&4(7)(1°g ()

+3)Ady (47)

There is a straightforward relation between energy density, pressure and the barotropic parameter
w: )
1 4 B log 7 +3
p:§€+§TA?/M’ w=P-_"00 ~ (48)
a*(r) € 3(10gd+(7)—1)

In the next sections we will investigate the solutions of the equation (42) and the time evolution of
the field strength tensor (46), of the energy density and the pressure (47 ). We can also extract the
Hubble parameter from (1) by using (42)

Lszsz(g)zz%(%)Zﬁ%@(logd%m_l)-;—é (49)

and the corresponding deceleration parameter

al
=———. 50
1= -2 (30
The acceleration is determined by the right-hand side of the equation (4) and is proportional to
€ + 3p, which is:

28°F

4
YM

€ +3p =28 (28°F) (1og + 1). (51)
Similar to the case of the scalar field driven evolution (10) here as well for the fields 2g>F < éA‘l‘, M
the strong energy dominance condition € + 3p > 0 is violated. From acceleration Friedmann
equation (4) and (47 ) we have

Lzéz—i(log—+1). (52)
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Thus for g with the help of (49) we will get

= 53
" ek 1) >
a4 a4 52
and for the density parameter Q, . the following expression:
8nG € 1 1 1
Qe =27 78 " woe 1) oY

where we used (47 ), (39). By using the equation (49) Q,,. can be expressed also in the following

form: ) 5
_ Y _ Y

Qrac—1= kL2H2d2 = k(@)z' (55)
dr

We will investigate these observables in the two-dimensional parameter space (ag, Ay ) in each of
2

the six regions (45). As we mentioned above, the parameter y2 = % is a function of ag and Ay,
0

the basic parameters defining the evolution of the Friedmann equations in the case of gauge field

theory vacuum polarisation. We will start our analysis by considering the k = —1 geometry.

S. The Parameter Space of the Type I-1V Solutions

In case of k£ = —1 geometry the equation (42) takes the following form:
da 1 1
—a:i\/7(10g7—1)+y2, where 0 < y?, (56)
dr a? at

and the corresponding "potential” function U_;(d) shown in Fig.2 is:

1 1
U_1(a) = E(1ogg - 1) +92. (57)

The solution of the equation U_1(u) = 0 determines the values of the scale factor @ = u at which the
square root changes its sign. The evolution equation (56) should be restricted to those real values of
a at which the potential Uy(d) is nonnegative. Thus the equation U_{(u) = 0 defines the boundary
values of the scale factor @ = u:

1 1
—2(10g—4—1)+y2:0. (58)
H H
The behaviours of the solutions depending on the value of the parameter y>. When
2
0<y*<yi=—, 59

there are two solutions d; = p; and d@ = u, of the above equation that are defining the regions
where the potential U_1(a) is positive. In the first region / we have @ € [0, u;], and in the second
region 11 d € [, o0]. These two regions are shown in Fig.2. The region /11 appears when y? = y2
and it is the separatrix between regions I1 and IV. At the separatrix point y> = 2 the equation
U_i1(x) = 0 has only one solution @ = u. and the scale factor d takes its values in the maximally
available interval @ € [0, u.]. Finally, in the region IV, where y2 < y2, the potential function
U_1(a) is always positive for all values of @ and the scale factor takes its values in the whole interval
a € [0, co]. We will consider these four regions separately.

10
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Figure 2: The behaviour of the potential U_(a) (57) is shown in the left figure. When the parameter y? is in

the interval 0 < 72 < %, there are two solutions of the equation U_(y;) = 0, i = 1,2, that define the Region

I, where d € [0, u1] and the Region II, where d@ € [up, ]. When y? = y2 = %, there is only one solution

of the equation U_{(u.) = 0 that defines the Region III, where a € [0, u.]. When \/% < %2, the potential is
always positive U_;(d) > 0 and the Region IV is where a € [0, co]. In particular, when > = 1, u; ~ 1 and
the scale factor d(t) of the Type I solution is bounded a € [0, u;]. Its evolution time is finite 7 € [0, 27,,],
where 7, ~ 0.83 is a half period. The figure in the middle shows the behaviour of the Type I solution. The
Type I solution shown in the right figure is unbounded @ € [y, 0], where yy ~ 1.87 and 7 € [0, o]. The
Type II solution initially grows exponentially because the deceleration parameter is negative, g < 0. At late
time the regime of exponential expansion continuously transforms into a linear in time growth of the scale
factor.

6. Type I Solution

Let’s consider first the Type I solution when 0 < y?> < y2 and @ < y;. The equation (58) can
be solved by the substitution
Yt =2u (60)

that reduces the equation (58) to the Lamber-Euler type [71-73]:

2
—u Y

=37

The solution is expressible in terms of Wy(x) function which is defined for negative values of its

ue (61)

argument in the interval —1/e¢ < x < 0 and is acquiring negative values —1 < Wy(x) < 0. The
solution takes the following form (see Appendix A):

w= W - %) (©2)

The maximal value of the scale factor d therefore is

2= —% wo( - 2’—\;) (63)

11
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and it follows that (see Appendix)

1
— < ,u% < e, yzlu% < 2. (64)

Ve
The interval in which d takes its values is:
ae [0, u]. (65)

With the next substitution
a* = pje™,  be-o000] (66)

the equation (56) will reduce to the following form:

db 2 w2/ Y 2\ 1/2

=St (-2 a-et) (67)
2 2

dr  py b

With the boundary condition b(0) = —oco at 7 = 0 we will get the integral representation of the

function b(1):

b(x) dbe% 2
/ T =T (68)
—00 (l _ b_21(1 _ e—T) 1

Within a finite-time interval after the initial expansion the universe will approach its maximal size
w1 and then begin to recontract. This time interval 7 € [0, 7,,,] is defined by the integral

0 _b-
dbe™ 2 2
[ = (©)
e

and is equal to the half of the total period, which is equal to 27,,. Thus during the time evolution

d(t) is reaching its maximal value @ = y; at 7, and then contracting to zero value at T = 27,. The
asymptotic behaviour of the d@(r) near 7 = 7, and 7 = 0 has the form

2=yl 2
M1 — 2% (T = Tm)% T—=>Tm
i

ar) =

(70)
T1/21n1/4#, T—-0

At the initial stages of the expansion and the final stages of the contraction the metric is singular
at) o« t1/21n'/4 zﬁ Up to the logarithmic term the singularity is similar to that in the cosmological

/2 The difference is that here the scale factor is

models with relativistic matter where a(t) oc ¢
periodic in time while in open cosmological model (k = —1) with relativistic matter the expansion
is eternal. Thus when a(z) > L?/y? (59), the vacuum energy density € is able to reverse the initial
expansion shown in Fig.2.
The field strength (46) evolution in time is expressible in terms of b(7) function:
b(r
28°F = e—i)A‘;M. 1)
1

12
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The minimum value of the field strength (71) at 7 = 7,,, (b = 0) is

1
28°Fm = — Ayars (72)
1

and from (63), (64) it follows that the minimum value of the field strength varies in the interval

1

EA‘;M < 28%Fm < eAyy, (73)
when y? € [0,y2). The energy density and pressure (47) will evolve in time as well:

B 2 B 2
€ = Eeb (T)(bZ(T) _ )’Zﬂ%)A;‘/M’ p= meb (T)(bz(T) _ ,)/2#% + 4)A;1’M (74)
1 1

The equation of state will take the following form:

€ 4B’ € p b (1) —y* s + 4
P=§+—34 §M>§’ W1=E= N ;2 (75)
My 3(b () -y ul)

showing that the pressure is larger than that in the case of radiation and w; € (-1, %). The values
of the energy density and pressure at T = 7, are

Y 4-7
en=-B— Ay Pm=B———A}y,. (76)
H 31
The deceleration parameter in Type I case is positive
b2 +2— ’)/2/,[2
91 =">"">> RN a7
b* —y* (1 —e=v7/%)
where y2u < 2 (64)*. The Hubble parameter and the density parameter Q (54), (55) are:
b2 2.2 -b%2
Y uje
LPH =S (B -1 - e, 0 -1=- ! .a®
ut P2 —y2pi(1 = e7t*12)

At the typical value of y? = 1 /J% = —2Wo(— ) = 1 and 7,,, ~ 0.83. With the help of the formulas
(43) and (39) one can get a numerical estimate of the expansion proper time interval:

V \2
ctym = Tl = 1.03 X IOZS(Ae— cm, (79)

)

where L = 1.25 x 1025( e‘jw )zcm. In comparison, the Hubble length is cH I~ 1.37 x 10%%cm.
The physical meaning of this result is that the Yang-Mills vacuum energy density € is able to
reverse the expansion earlier than the Hubble time. In order to be consistent with the cosmological
observational data when Type I solution is analysed one should have a typical energy scale of

4 In the formal limits when 72 — 0 this expression reduces to the £ = 0 case (146) and when yz — _72 it reduces
to the k = 1 case (166).
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the dimensional transmutation in Yang-Mills theory Ay, to be constrained by a few electronvolt:
Ayym ~ eV. This scenario can be realised if the Callan-Symanzik beta-function coefficient 8 in
(34), is effectively small, like in conformal gauge field theories, and therefore the scale L is large
enough:

, 3¢t 1

= G —B A‘;M — 00, B—-0. (80)

Considering Ayys in (39) to be one of the fundamental interaction scales we obtain the following
lengths:

Locp ~ 10%cm,  Lgw ~10°cm,  Lgyr ~ 10%em,  Lp; ~ 107 em. (81)

These scales lead to a much shorter universe live-time, but, importantly, to finite non-diverging time
intervals 5. In the case of Type II solution to be considered in the next section, when 0 < y? < y2
and d(0) > up, the deceleration parameter ¢ is negative and the scale factor grows exponentially
with the inflation of a finite duration (97 ) that undergoes a continuous transition to a linear in time
growth (99).

7. Type Il Solution

For the Type I solution we have 0 < y? < % and d@ > pp. The Lamber-Euler equation (61)

2
—u Y

T 2ve

has an alternative solution expressible in terms of W_(x) function, which represents the other branch

ue

of the general W(x) function of the real argument x (see Appendix A). For the negative values of
the argument in the interval —1/e < x < 0 the function acquires negative values in the interval

—oo < W_(x) < —1. Thus the solution takes the following form:

2
Y
w=-w-(-22).
2v/e
The minimal value of the scale factor (60) therefore is
2 y2
2
=-= W_( -, 82
/‘lz ')/2 2% ( )
and it follows that (see Appendix A)
Ve < 15 < oo, 2 <y (83)

The interval in which 4 takes its values is now infinite:

a € [, . (84)

5A simplified direct calculation of the diverging zero-point energy density discussed in the introduction leads to the
instant collapse of the universe [35].
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_4f

Figure 3: The r.h.s € + 3p of the Friedmann acceleration equation (4) always negative in the case of Type II
solution (93).

‘With the substitution
at = ,u‘z‘ebz, b € [0, ], (85)

the equation (56) will take the following form:

1/2

db 2 _p2 (Y5 w2
- _%(&(e%—l)—l). (86)

dr .2 2

dr w3 b
With the boundary conditions at 7 = 0 where b(0) = 0 (@(0) = ) we will get the integral
representation of the function b(7):

b() db s 2
N TS (87)
(b—;(ﬁ 1)- 1) 2

The time interval is 7 € [0, co], and as T — oo, we have

) =4lnLr,  a=apd=ayyt = ct. (88)
H2

The field strength evolution in time is expressible in terms of b(7) function:

2 e,
28°F = o Ay - (89)
2
The maximal value of the field strength (46) is at T = 0 where b(0) = O:
1
28°Fm = — Ayars (90)
1
and from (83 )
1
0 < 28*Fm < ;A‘;M. o1)
The behaviour of the energy density and pressure is:
B B
€= O )N p= e OO B -4 Ae )
2 2

and as T — oo the energy density and pressure tend to zero values of the perturbative vacuum state.

The right-hand side of the Friedmann acceleration equation (4) has the following form:
2B b2y 2 22 4
€+3p=-——re b (t) + vy 15 =2 Ayy, b0, +00], (93)
2
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and is always negative Fig.3. At the initial stages of the expansion 7 = 0 (b = 0) the energy density
and pressure are finite and the solution avoids a singular behaviour

a(0) = ap @(0) = ag @4 = LE2 5 0,
Y

This behaviour of the scale factor can be compared with the nonsingular solution discussed in [12].
For the equation of state p = we one can find the behaviour of the effective parameter w

b2(7) + yzug -4
3020+ 9243)

where b € [0, oo]. The deceleration parameter of the Type II solution is always negative:

wir = , -1 <wyy, 94)

b+ yzug -2
b +y2us(1 - eb?/2)

qir = (95)

in the region II (83) where 2 < y? ,u%. As it follows from (95) and (87), there is a period of strong

acceleration )
qrr < s 96)
at the initial stages of the expansion 5> ~ 7 and the scale factor (85) grows exponentially:
2 [V t
a(t):L& exp[—2 w—lc—]. 97)
Y m V2 L
The inflation is slowing down when ¢t > L because b? increases and the acceleration drops:
o
qrr < ———e " = 0. (98)
YoM,

The regime of the exponential growth will continuously transformed into the linear in time growth
of the scale factor®
a(t) = ct, a(n) = ape. (99)

The acceleration has its trace on the behaviour of Hubble parameter, which has the following form:

2772 i 2 2, B2 2
L2H =—4()/ (e —1)—b). (100)
2

The L?H? is sharply increasing from zero value and reaches its maximum at

2.2 2.2
Y H L—y“p
b= 1=y = 2wy (- S ep (—2) (101)
and allows to estimate its duration
2 .0p b2
s db
=2 ¢’ . (102)
2 Jo Y5, b2 1/2
(7(6 r-1)- 1)

6The asymptotic solution of (86) is sz ~In 'ulz‘r and a = aguy exp (b%/4), as it follows from (41), (85).
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The number of e-foldings for the time evolution from 7 = 0 to 7y is defined as N = In ‘;((T(;‘)). For the
typical parameters around y> = 1.211, ,u% ~ 1.75 we get 7, = 10*3 and N =~ 53. The duration of

the inflation in the case of the GUT scale Ayy = Agur = 10'°GeV is of order

cur _ Leur
GUT - ZGUL
C

t 7o = 4.2 %1078 sec, (103)

where Loyt ~ 1.25 x 1073 ¢m as in (81). The initial and finale values of the scale factor are:

a0) = Lour™2 ~1.5x105em,  a(ty) = Loyr P2e™ ~ 1.25x 102em,
Y Y

where a(ty) is "about the size of a marble" [13]. The density parameter Q (54) has the following

form ,
72 B yz ’ug o2

Qvac -1=-— = -
(422 Y52 —1) - b2

(104)

and at r > t; (b* — o0) the vacuum density tends to zero Q,,, — 0 meaning that the influence
of the gauge field theory vacuum on the evolution of the universe fades out turning into a linear
expansion (99).

It seems natural to include the energy densities €; that can contribute into the total energy
density € = 2 € from the hierarchy of fundamental interaction scales. Taking into account the fact
that at each scale (81) the acceleration has a finite duration (98) and appears at a different epoch
of the universe expansion, its seems possible that a very large scale A/Y > GeV contributes to
the inflation at the initial stages of the expansion and a smaller scale A; s = eV contributes to the
late-time acceleration of the universe. In addition here we do not include the energy density of the
standard matter (5) that can be easily included, and the subsequent evolution of the universe will
turn into the standard hot universe expansion. In the next section we will consider the Type III
solution when the parameter y? is equal to its critical value y* = y2.

8. Type Il Solution (Separatrix)

Consider now the Type 111 solution when y? = 2 = \/% The Lamber-Euler equation (61)

w_ye 1
2Ve e

in this case has a unique solution (see Appendix B)

ue

e = ~Wo(—2) =W (~) = 1,

and from (60) we get

2u,
pe = " =Ve, piyi=2. (105)
C

The interval in which & variates is now

a € [0, pcl. (106)
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1 2 3 4

2

Figure4: Whenk = -1 andy? = y2 = =

value @ = y, as T — oo.

the Type III solution is approaching asymptotically the maximum

When y? — 2, the region I and region II (63) and (82) merge at ,u% = M% — p2, as one can see
from (64), (83). With the substitution

a=pce’, bel-,0] (107)

the equation (56) will take the following form:

db _ 2 -2b( 2b 1/2
E—\/;e (e —1—2b) . (108)

With the boundary conditions b(0) = —oco (@(0) = 0) in place we will get the integral representation

of the function b(7):
b(T) b 2b 2
/ dbe _ = \/jr, € [0, 0], (109)
_ /2 e

w0 (e2b —1- 2b)

The field strength evolution in time takes the following form:
28°F = e POTIALL (110)
The behaviour of the energy density and pressure is:

28
e =280 (~2b(r) - )ALy, p= et (-26()+1)A3,,. a1

There is a characteristic time T = 7, corresponding to b = —1/2

-1z db e* 2
/_ 7 = \/;TO (112)

* (e -1-20)

when the energy density approaches the zero value

48
28°F0 = eAyp, @0 =0, po=——Apy. (113)

The scale factor asymptotically approaches a maximal static value shown in Fig.4

a=pce’ — u, (114)
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when 7 — oo and b « ¢V — 0 in (109). The energy density becomes negative in the region
b € (-1/2,0]. The field strength, energy density, and pressure are approaching asymptotically the
following values:

28 28 4

1

According to the Friedmann equations (3)-(4) the acceleration is driven by the overall sign of the
€ + 3p that can be calculated by using the expressions (111)

€ +3p = —8Bb(r)e P MIAL >0, b € [, 0]. (116)
The strong energy dominance condition € + 3p > 0 holds here. The deceleration parameter for the
Type III solution is always positive, b € [—o0, 0]:
= b >0 (117)
qrir bt %(1 T 2 0.
The Hubble parameter and the density parameter Q (54) are:

2 2b
L2H? :26_4b_1(62b—1—2b), Quuc—1=- yf = — ¢ . (118)
(day e2b —1-2b

The Type IIT "static" solution is a separatrix. It is tuned to the critical value y> = y2 and the
infinitesimal deviation from the critical value turns the solution either into the Type II solution or
into the Type IV solution that we will consider in the next section. The Type IV solution, in the
parameter region y> > y2, is characterised by the appearance of a late-time acceleration.

9. Type IV Solution

The Type IV solution is defined in the region y?> > y2 where the equation
1 1 )
U_l(u):—2(log—4—l)+y ) (119)
M M

has no real solutions. The potential function U_;(&) is always positive for all positive values of d

and the scale factor variates in the whole interval a € [0, co] (see Fig.5). With the substitution
a=pce’, bel[-o0,0)  2<yL, (120)

where u2 = v/e, as in (105), the equation (56) will take the following form:

db 2 2 1/2
@ \/je_Zb(y—eZb _1- 2b) . (121)
dr e yg

With the boundary conditions b(0) = —co (@(0) = 0) we will get the integral representation of the

b(T) db 2b 2
/ ¢ 1 =\/j7', 7 € [0, oo]. (122)
_ 52 /2 e

e (7—2e2” —1- 2b)

function b(7):
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T

1 2 3 4 5 6

Figure 5: Atk = —1 and ‘/% < % the value of 4 is in the interval @ € [0, o]. The solution shows four stages
of alternating expansion. In the first stage there is a period of deceleration, in the second stage the expansion
reaches a quasi-stationary evolution near @ ~ y., in the third stage there is a period of exponential expansion
of a finite duration that undergoes a continuous transition to the fourth stage of a linear in time growth.

The field strength evolution in time is similar to the Type III solution (110):
28°F = e O-IATL L (123)

but the time dependence of b(7) is different and is defined now by the equation (122). The same is
true for the behaviour of the energy density and pressure:

28
€ = 2B b1 ( —2b(r) - I)A;‘,M, p= e e ( _2b(r) + 1)A‘;M. (124)

The right-hand side of the Friedmann acceleration equation (4) has a similar expression with the
Type I solution (116):

€+3p=-88 b(t)e POIAL,, b e[-oo, +00], (125)

and the strong energy dominance condition € + 3p > 0 is violated here when » > 0 and the region
of positive acceleration is wherefore at b > 0 shown in Fig.6. Thus the deceleration parameter for
the Type IV solution is sign alternating, b € [—oo, co]:

b

vV = ] TN
b+§(1—y—%€ )

(126)

it is positive for b € [—oo, 0) and is negative for b € (0, oo]. Therefore the character of the solution
is changing at b = 0 where the deceleration parameter g;y = 0. In these two regions the behaviour
of the solution is qualitatively different. At the quasi-stationary point 7 = 7. (b = 0)

0 2b
db 2
/ c o = \/j‘rc (127)
(e - 1-2p) ¢
Y

c

we have

1 28 28
2g27:c = ;A?/M, € = _TA?{M’ Pc = zl\;M’
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£+3p

Figure 6: The r.h.s € + 3p of the Friedmann acceleration equation (4) is positive when b < 0 and is negative
when b > 0 in the case of Type IV solution (125).

and it is reminiscent to the stationary behaviour of the Type III solution (114), (115). The energy
density (124) is changing its sign at 7 = 79 (b = —1/2)

-1/ db e? 2
/ . = \/;TO (128)
- Y

® (7e2b —1- 2b)

where we have 4B
268°F = eAy,, €=0, p= §A§‘,M.

Thus there are four stages of alternating expansions. There is a period of deceleration in the first
stage T < 1. where gjy is positive. In the second stage, in the vicinity of 7 ~ 7. where g;y = 0
the expansion is quasi-stationary and a slow varying scale factor is of order d(7) =~ u.. In the third
stage T > 7. there is a period of exponential expansion of a finite duration b ~ (0, 5) where gy is
negative. It is of finite duration because when » > 0 is large, the acceleration tends to zero:

2 -2b
qrv = —— 5be ™.
Y He
In the fourth stage 7 > 7., where el ~ yl %T, the acceleration drops to zero gry =~ 0 and the

universe undergoes a continuous transition to a linear in time growth of the scale factor
a(t) ~ ct, a(n)=~ " (129)

and the Hubble parameter (49) has the following behaviour:

2 e2b 42 T
H= \ﬁe—(y—zeﬂ’ _1- 2b) ~ (130)
e L v ct

When 7 > 7, the 2¢>F — 0 and the energy density and pressure are approaching the zero values,
Q (54) tends to zero value as well:

2 2 2b
Y ye 0. (131)

Quae = 1 - 2
e (44)2 y2(Lert - 1-2b)

The influence of the gauge field theory vacuum on the evolution of the universe is fades out at very
late-time. It seems that the Type IV solution is useful to explain a late-time acceleration of the
universe expansion if one appropriately adjust the parameters ag and .
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10. Flat Geometry, k =0

The evolution equation (42) in this case takes the following form:

da 1 1
Tz E@gg_q, (132)
and the "potential" function is (see Fig.7)
1 1
Uo(d) = E(1og - 1). (133)

The solution of the equation Uy(u) = 0 determines the values of the scale factor @ = u at which the
square root changes its sign. The evolution equation (132) should be restricted to those real values
of @ € [0, u] at which the potential Uy(d) is nonnegative. The maximal value of the scale factor
dm = u is defined by the equation

1 1 1
Un(p) = —(log— —1) =0, p*=—. (134)
pr\ T Ve
With the substitution
a* = pte ™, (135)
where b € [—o0, 0], the equation (132) will take the following form:
db 2 2
oD T 136
el (136)
Integrating the equation (136) with the boundary conditions a(0) = 0, 5(0) = —co we find
b(7) b2 2
/ dbe” 7 = — 1, 7 € [0, 27,] (137)
oo M
where the half period is
2 0 )
7 B2 n
Tm ) ‘[OO 4 Se ( )
The solution can be expressed in terms of the inverse error function InverseEr f(x) [74]
8e
b(r) = \/zlnverseErf( — (- Tm)) (139)
s
and for a in (135) we will get the solution shown in Fig.7:
1 1 8
alr) =exp(— 1 ElnverseErfz(\/—e (T—Tm))). (140)
g

The scale factor is periodic in time (140) as it is in closed Friedmann cosmological model (k=1).
The asymptotic behaviour of the @(7) near T = 7, and 7 = 0 has the form

a(t) ~ {6_1/4 —eRE T T : (141)

27121174 %, T—0
T
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0.1 0.2 0.3 0.4 0.5 0.6 0.7

Figure 7: The left figure shows the behaviour of the potential function Uy(&). It is positive for @ < u = ﬁ
The centre figure shows the behaviour of the scale factor d(7). The maximal value of the scale factor at the
half period 7, = \/g is d(ty,) = p. The left figure shows the behaviour of the energy density e(7).

that is, a(r) o« ¢/21n'/* ﬂ% The singularity is logarithmically weaker compared to that in
cosmological model with relativistic matter where d@(z) o ¢'/2. For the field strength we have (46)

28°F =" HAY,, (142)

and for the energy density (135) and pressure (47) evolution in time is

48
€= BLRe" AL, p= ?ebz“A“YM, (143)

where b(7) is given in (139) and 7 = ¢t/ L. The behaviour of € is shown in Fig.7. At the half period
T = T, where d@ = a,, (b = 0) we will have

48
28°Fm=eNyryy €m=0,  pm= = eAS s (144)
At the beginning of the expansion from (141) we get
1 1 1 1 1
28°F , ex In ] p o In ] (145)
tzlntl% tzlntl% tzlnzﬁ tzlntl% tzlntﬁ
The deceleration parameter (53) here is always positive:
B 2
q_1+ﬁ21’ (146)
where we used (135) and (134). The Hubble parameter and the density parameter € (54) are:
-2 2
2 a _ b b2+1 _ 87TG € _
H* = ; = Ee y Quae = 37ﬁ = (147)
The expansion proper time interval (43) in this case of flat geometry k = 0 is (138):
V \2
Cty = Tl = | =L ~4.7 % 1024(6—) cm, (148)
8e Aym

23



Gauge Field Theory Vacuum and Cosmological Inflation

2
where L = 1.25 x 10% (%) cm. The physical meaning of this result is that the vacuum energy

density € is able to slow down the expansion earlier than the Hubble time cH,; 1'=1.37x108cm
even in the case of flat geometry (k = 0). Here the scale Ayys is of order of a few electronvolt
Aym ~ €V, as in the case of the Type I solution.

11. Spherical Geometry, k = 1

The corresponding equation (42) will take the following form:

da 1 1
— =4/ =1 ——1)— 2, 149
dr \/52< o8 ’ (149)
and the "potential" function is
. 1 1 2 2
U+1(a)z~—2(log~—4—1)—y , where 0 <y~ (150)
a a

The equation U, (@) = 0 defines the maximal value of the scale factor @ = u through the equation

1 1 2
—2(1og/F—1)— - 0. (151)
The substitution
Y2 u? = 2u (152)
reduces it to the Lamber-Euler equation
2
Y
ue' = —. 153
NG (153)

The solution is expressible in terms of the Wy(x) function, which is defined in the positive interval

region 0 < x < oo:
2

u= Wo(zy—\/z), (154)
and it allows to express the maximal value of the scale factor:
2 _ 2 ) 2 1
o= ?WO(Z_\/E) and O0<pu < $. (155)
Thus the scale factor g takes its values in the interval
aelo,u (156)
shown in Fig.8. With the next substitution
a* = pte™,  be[-o0,]. (157)
the equation (149) will take the following form:
%:%ebj(l+yzgz(l—e_b;)l/2. (158)
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a
02 04 06 \N;\o

Figure 8: In the case k = 1 the values of 4 are in the interval @ € [0, u]. When y?> = 1, u ~ 0.69 and
Tm = 0.27.

Integrating the equation with the boundary conditions at 7 = 0 where @(0) = 0 and H(0) = —oco we
will get the parametric representation of the function b(7):

»
b(z) dbe™ T 2 (159)
o (1 N 72/42(1 _sz 12~ /12 T.

From this equation we obtain b(7) by inversion of this elliptic-type integral. The time interval
7 € [0, 7,,] during which the scale factor is reaching its maximal value (it is equal to a half of the
total period, where b = 0) can be expressed through the integral

b2

0 —
dbe™ 2 2
/_m S = T (160)
(1+ 250 - z) H

The field strength (46) evolution in time is expressible in terms of b(7) function:
b*(z)
26°F = 67/\%4- (161)
The energy density and pressure (47) will evolve in time as well:

B 2 B 2
e= " OP@ P E )N p= g OB+ ALy (162
The equation of state will take the following form:

€ 4BeP®
p=3+ TAf',M. (163)

The equation has an additional term that increases the pressure. The minimal value of the pressure
and of the field strength tensor (46) is reached at the midpoint T = 7,,, where b(t,,,) = 0:

1 By? €n 48
2 _ 4 _ 4 _ tm 4
2g ¢m = /?AYM’ €En = FAYM, Pm = ? + WAYM (164)

The parameter u? (155) varies in the interval 0 < u? < 1/e!/?, therefore eA‘I‘,M < 2¢°Fm and
0 < €. Only the positive part of the energy density curve is involved in the evolution.
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Let us consider the limiting behaviour at y> — 0 and y> — oco. In the limit > — 0 the
solution (159) reduces to the case k = 0 that was already considered in previous section. In the
second limit the maximal value of the scale factor (155) tends to zero u?> = logy?/2y> — 0
and the whole universe contracts to the zero size and physical observables are therefore diverging

28°F = @ — oo, the € and p are diverging as well. For a typical value of y2, let’s say y> = 1,
we have u? = 2Wy(1/2+/e) ~ 0.48, 7, ~ 0.27, and the duration of the expansion is:
V \2
k=1, cty=1yL~027L ~1.12x 1014(6—) em. (165)
Aym

Using (151) and (162) for the deceleration parameter (53) one can get:
B+ vyt +2
q= 2
b2 + ,),2#2(1 —_eb /2)

(166)

There is no acceleration at any time. When y? — 0 this expression reduces to the k = 0 expression
(146). The Hubble parameter and the density parameter Q2 (54) are:

b? 2 2.2 -b%2
(b2+72u2(1 —e‘b2/2)), Quue-1=—L_—=_—YFE° (167)

H2 _ = = .
(ili_z)z b2 + y2#2(1 _ e‘b2/2)

- L24

As one can see, the general behaviour of the solutions in the cases considered in the last two sections:
k =0, k =1 and Type I solution k = —1 at 0 < % < \/% are qualitatively the same. They all
describe a closed universe, as it is shown in Fig.7 for d@(r). In all these cases the initial value of the
scale factor is zero: a(0) = apd(0) = 0. The corresponding half-time periods of the expansion are
given in (148), (165) and (79).

12. Primordial Gravitational Waves

The coefficient of amplification K of primordial gravitational waves obtained in [29] has the
following form:

l(ﬁ)Q’ _1-3w (168)

K=-|— = ,
2 \nng 1+3w

where w is the barotropic parameter (5), n is the wave number, the wavelength is A = 27a/n and the

wave had been initiated at conformal time 79. A gravitational wave is amplified when equation of
1
3
at no. The gravitons are produced with particularly great intensity during the initial exponential

state differs from that of radiation (p = z€, w = 1/3, 8 = 0) and earlier this wave had been initiated
expansion of the universe where 79 ~ 0. The production of gravitons is slowing down when the
expansion takes a form that is characteristic to the hot universe (w = 1/3).
In the case of quantum gauge field theory the equation of state has the following form (47):
B 1 B 1
= (log o~ ~1)Afy,  p= (10 +3)A 169
¢ 54(z)( 30 v P =\ g YM (169)

where a = apd (41) and ay is the initial data parameter (36). The relations between energy density,

pressure and the effective parameter w have the following form (48):

(170)

1
Lol 48 p_ loggg *3
€

—€+=——Ayp w = _
3 3 a4(t) 3(1Ogd+(t) _ 1)
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6(n)

Figure 9: The perturbation of the Type II solution. Here k = —1, > ~ 1.211, up ~ 1.32, the wave number
n =1.01 and @(0) = pu, 6(0) = 0, §'(0) = 0.1 in the equations (178) and (179).

The first relation deviates from p = %e by the additional term depending on the coefficient B (34),
the scale Ay, and the scale factor d(f). The deviation is large at the initial stages of expansion of
the universe and tends to zero at a late time when d(f) — oo. Therefore the tensor perturbation of
the Type II and Type IV cosmologies naturally amplify the primordial gravitational waves.

The equation describing the tensor perturbation /1, of the Friedmann space-time metric y,,,
is of the form g, = ¥, + hy,, and has the following nonzero spacial components:

_@ i ,inx
RS

where YJ’ is the tensor eigenfunction of the Laplace operator. In conformal time n and t-time the

hi = h(n) Y] ™™ (171)

evolution of the linear perturbation has the following form [27]:

’ . 2
Wor2n nth=0, h+3%h+ Sh=o, (172)
a a a

where n is a wave number and the wavelength is A = 2wa/n. The equation (172) for the 6 amplitude
in (171) reduces to the form [29]:

”

0 +0> - L) =0, (173)
a

where the derivatives are over conformal time 1 (43), (44). For the general parametrisation of the
equation of state p = we the solution of Friedmann equations (1) and (3) is:

2 2
e a3 = const, a ~ t3+w)] a~ntww when k=0. (174)

”

Considering a universe with a "break" at n = 5o so that a(n) = const and %~ = 0 for n < n,
Grishchuk effectively introduced a potential barrier at = g into the equation (173). Substituting
the solution (174) and the "break" into the (173) one can get [29]

2(1-3w) 1 n>no
0" + 0(n2 _ {<1+3w>2 n = ) =0. (175)
0, n<no

With the potential barrier in place the amplification of waves (tensor perturbation) takes place when
nno < 1 and the amplification parameter K is given in (168).
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Let us now consider the tensor perturbation of Type II solution of the Friedmann equations
when the contribution (13) of the gauge field theory vacuum to the energy density of the universe
is taken into consideration. For that consider the first first Friedmann equation (44)

(%)Z%%(m%_l)-k (176)

together with the acceleration equation (4), which has the following form:

a (a2 11 1
4 (L :———1—+1). 177
7 (5) = palng a7

Adding together the last two equations gives

” 2 1
a = ——zj —kd (178)
yea

and the linear perturbation equation (173) will take the form

0" 6+ 25+ k) =0 (179)
yoa

In the case of the Type II solution where @(0) = u» (82) the system avoids a singular behaviour in

vicinity of n = 0. The amplification of the primordial gravitational waves is due to the second term

in (179) when n? < 2/y? ,u%. The Fig.9 shows the behaviour of the linear perturbation of the Type

II solution. The analysis of the system of equations (178) and (179) in details will be published

elsewhere.
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Figure 10: The graph of W-function with its two real branches Wy(x) and W_;(x). The two branches merge

at the point (—1/e, —1).

14. Appendix A
The Lambert-Euler W-function W(x) is the solution of the equation [71-73]:
we" = x. (180)

There are two real branches of W(x) (see Fig.10). The solution for which —1 < W(x) is the principal
branch and denoted as Wy(x). The solution satisfying W(x) < —1 is denoted by W_;(x). On the
x-interval [0, co) there is one real solution, and it is nonnegative and increasing. On the x-interval
[-1/e,0) there are two real solutions, one increasing and the other one decreasing. Properties
include:

Wo(=1/e) = W_i(=1/e) = =1, Wo(0) =0, Wo(e)=1,, Wo(e'*)=¢,  (181)

ot 2,3 3
Wo(x) = E — X' =x-x +§x‘..., |x|] < 1/e,
n!

n=1

X — 400

log logx)

Wo(x) = logx —loglog x + O( log x

x— -0

log log(—%))

W_i(x) = —log(—%) —log 10g(‘%) + O( log(—1)
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