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The deep interrelation between elementary particle physics and cosmology manifests itself when
one considers the contribution of quantum fluctuations of vacuum fields to the dark energy and
the effective cosmological constant. The contribution of zero-point energy exceeds by many
orders of magnitude the observational cosmological upper bound on the energy density of the
universe. Therefore it seems natural to expect that vacuum fluctuations of the fundamental fields
would influence the cosmological evolution in any way. Our aim in this review article is to
describe a recent investigation of the influence of the Yang-Mills vacuum polarisation and of
the chromomagnetic condensation on the evolution of Friedmann cosmology, on inflation and
on primordial gravitational waves. We derive the quantum energy-momentum tensor and the
corresponding quantum equation of state for gauge field theory using the effective Lagrangian
approach. The energy-momentum tensor has a term proportional to the space-time metric and
provides a finite non-diverging contribution to the effective cosmological constant. This allows
to investigate the influence of the gauge field theory vacuum polarisation on the evolution of
Friedmann cosmology, inflation and primordial gravitational waves. The Type I-IV solutions
of the Friedmann equations induced by the gauge field theory vacuum polarisation provide an
alternative inflationary mechanism and a possibility for late-time acceleration. The Type II
solution of the Friedmann equations generates the initial exponential expansion of the universe of
finite duration and the Type IV solution demonstrates late-time acceleration. The solutions fulfil
the necessary conditions for the amplification of primordial gravitational waves.
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1. Introduction

The deep interrelation between elementary particle physics and cosmology manifests itself
when one considers the contribution of quantum fluctuations of vacuum fields to the dark energy
and cosmological constant Λcc [1, 2, 16, 18, 19, 25, 26, 28, 34]. In discussing the cosmological
constant problem, it is assumed that Λcc corresponds to the vacuum energy density, for which
there are many contributions and that anything that contributes to the energy density of the vacuum
acts as a cosmological constant. The contribution of zero-point energy exceeds by many orders of
magnitude the observational cosmological upper bound on the energy density of the universe1.

Therefore it seems natural to expect that vacuum fluctuations of the fundamental interactions
would influence the cosmological evolution in any way [1, 2]. Our aim in this review article is
to describe a recent investigation [3] of the influence of the Yang-Mills vacuum polarisation and
of the chromomagnetic condensation [4–9] on the evolution of Friedmann cosmology [10, 11], on
inflation [12–16, 18–20, 24–26] and on primordial gravitational waves [27–32].

The calculation of the effective Lagrangian in QED by Heisenberg and Euler was the first
example of a well-defined physically motivated prescription allowing to obtain a finite, gauge and
renormalisation group-invariant result when investigating the vacuum fluctuations of quantised
fields [40]. It appears that only the difference between vacuum energy in the presence and in
the absence of external sources has a well-defined physical meaning [4–8, 40–47]. In [3] we
follow this prescription with the aim to derive the quantum equation of state for non-Abelian gauge
fields by using the effective Lagrangian approach [48–69] and analyse the properties of Friedmann
cosmology driven by the quantum Yang-Mills equation of state.

In Section 2 we will derive the quantum equation of state (18) for the non-Abelian gauge fields
by using the effective Lagrangian approach, and in Section 3 we will analyse the properties of
Friedmann cosmology driven by the quantum Yang-Mills equation of state (42) and (44). In the
subsequent four sections we will demonstrate that the nonsingular Type II solution of the Friedmann
equations (86), (87) provides an alternative mechanism for a very early stage inflation of a finite
duration (95), (94) and that there is no initial singularity (84). The Type IV solution provides an
early-time expansion of the universe that follows a prolongated phase where the universe remains
almost static and subsequently induces a late-time acceleration of a finite duration (122). The Type I
solution represents the universe that recollapses in a finite time. The parameters of Type III solution
are such that the universe asymptotically approaches a static universe. Infinitesimal deviation of the
Type III parameters will place it ether into the Type II or Type IV solutions. In Sections 8 and 9 we
consider the solutions of the Friedmann equations in the cases of flat k = 0 and positive curvature
k = 1 geometries that appear to represent the evolution of the universe of a finite duration. In the
last Section 10 we discuss the generation of primordial gravitational waves.

2. Inflation Drive by Scalar Fields

Let us first review in short the basic properties of Friedmann equations and the standard
contributions to the energy density and pressure by dust, radiation and barotropic fluid [16, 18, 25,

1 However it seems that in the case of massless fields the zero-point energy contribution vanishes and there is no
modification of the cosmological constant by the zero-point energy of the massless fields [35–38].
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26, 28]. The equation of state of matter in the universe defines the cosmological evolution and
enters on the right-hand side of the first and of the second Friedmann equations [10, 11]:

k
a2 +

Ûa2

a2 =
8πG
3c4 ε,

k
a2 +

Ûa2

a2 + 2
Üa
a
= −

8πG
c4 p, (1)

where ε is the energy density, p is a pressure, Ûa = da/cdt and k defines the sign of the curvature.
The scale factor a(t) enters into the metric as [16, 18, 25, 28]

ds2 = c2dt2 − a2(t)


dχ2 + χ2dΩ2 k = 0
dχ2 + sin2 χdΩ2 k = 1
dχ2 + sinh2 χdΩ2 k = −1

. (2)

These are comoving coordinates; the universe expands or contracts as a(t) increases or decreases,
and the matter coordinates remain fixed. The conformal time η is defined as cdt = a(η)dη. It is
convenient to transform the Friedmann equations (1) into the following form [16, 25, 28]:

Ûε + 3
Ûa
a
(ε + p) = 0, (3)

Üa
a
= −

4πG
3c4 (ε + 3p). (4)

The behaviour of the solutions of the Friedmann equations are defined by the equation of state of
the matter that filled the universe p = p(ε). In the case of dust of zero pressure p = 0 it follows from
(3) that ε a3 = const and in the case of pure radiation p = ε/3 that ε a4 = const. The acceleration
Üa/a is negative in both these cases (ε + 3p > 0) and the inflation of the universe is impossible with
these equations of state.

Considering the general parametrisation of the equation of state p = wε in terms of the
barotropic parameter w one can find that the solution of (3) has the following form:

ε a3(1+w) = const (5)

and that in the important case of positive energy density and negative pressure p = −ε < 0, that is
for w = −1, one can find that the acceleration in (4) is positive because ε + 3p = −2ε < 0 and we
have

Üa
a
=

8πG
3c4 ε > 0, p = −ε < 0. (6)

Thus representation the dark energy as a fluid of positive energy density but negative pressure
provides a sufficient condition for the accelerating expansion - inflation - of the universe [13–
16, 18, 25, 26, 33]. The inflation became possible because the strong energy dominance condition
ε + 3p ≥ 0 is violation by a large negative pressure.

The question is if there exits any field theoretical model that can realise equation of state with
negative pressure (6). It has been found that this type of inflation can be driven by a scalar field
[16, 18, 20–23]. A negative pressure fluid is realised because in scalar field theory the energy
density and pressure have the following form:

ε =
1
2
Ûφ2 + V(φ), p =

1
2
Ûφ2 − V(φ) (7)
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and therefore ε + p = Ûφ2 ≥ 0, ε + 3p = 2 Ûφ2 − 2V(φ). The inflationary condition ε + 3p < 0 in (4),
(6) can be satisfied when the scalar field is in its vacuum state:

Ûφ0 = 0, V
′

(φ0) = 0, V(φ0) > 0, p = −ε < 0 (8)

and
ε + 3p = −2V(φ0) < 0. (9)

In that case the equation (4) takes the following form

Üa
a
=

8πG
3c4 V(φ0) > 0 (10)

and describes a positive acceleration of the universe. It is interesting to know how unique is a scalar
field induced inflation and if there exits any other field theoretical model that realises equation of
state that allows accelerating expansion (6) of the universe. Our aim is to demonstrate that a similar
acceleration condition are realised in the universe that is filled by the gauge field theory vacuum
fluctuations [3].

3. Equation of State Describing Gauge Field Theory Vacuum Fluctuations

We will assume here that the universe is filled by the gauge field theory vacuum fluctuations
and will analyse the influence of these vacuum fluctuations on the evolution of the universe. At this
stage we will neglect the contributions to the energy density from radiation, elementary particles
of the Standard Model or of the Grand Unified Theory (GUT). These contributions can be analysed
afterwards.

In order to derive the equation of state describing the gauge field theory vacuum fluctuations
we will use the explicit expression for the effective Lagrangian [4–8]. The effective Lagrangian is a
sum of the Heisenberg-Euler Lagrangian Lq [40] taken in the limit of massless chiral fermions [5]:

Lq = −F +
Nf

48π2 g
2F

[
ln(

2g2F

µ4 ) − 1
]
, (11)

where Nf is the number of fermion flavours and of the Yang-Mills effective Lagrangian Lg for
SU(N) gauge field theory [4–6]:

Lg = −F −
11N
96π2 g

2F
(
ln

2g2F

µ4 − 1
)
, G = G∗µνGµν = 0 , (12)

where invariant F = 1
4g

αβgγδGa
αγGβδ ≥ 0 is of a chromomagnetic type. The effective Lagrangian

has exact logarithmic dependence on the invariant F and we can obtain the quantum energy
momentum tensor Tµν by using the expressions (11) and (12) [5]:

Tµν = TYM
µν

[
1 +

b g2

96π2 ln
2g2F

µ4

]
− gµν

b g2

96π2F , G = 0, (13)

where b = 11N − 2Nf . The vacuum energy density has therefore the following form:

T00 ≡ ε(F ) = F +
b g2

96π2F
(
ln

2g2F

µ4 − 1
)

(14)
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Figure 1: There are regions in the phase space (ε, p) of the quantum Yang-Mills states (18) where ε and p
are positive, where p is positive and ε is negative and where they are both negative.

and the spacial components of the stress tensor are:

Ti j = δi j
[1
3
F +

1
3

b g2

96π2F
(
ln

2g2F

µ4 + 3
)]
= δi j p(F ). (15)

Thus the gauge field theory vacuum fluctuations are described by the following equation of state:

ε(F ) = F +
b g2

96π2F
(
ln

2g2F

µ4 − 1
)
, p(F ) =

1
3
F +

1
3

b g2

96π2F
(
ln

2g2F

µ4 + 3
)
. (16)

The energy density ε(F ) has its minimum outside of the perturbative vacuum state F = 0 at the
Lorentz and renormalisation group invariant field strength [4]

2g2Fvac = µ
4 exp (−

96π2

b g2(µ)
) = Λ4

YM, (17)

which characterises the dynamical breaking of scaling invariance of YM theory (13):

Tµ
µ = −

b
48π2 2g2Fvac .

Thus the equation of state (30) will take the following form:

ε(F ) =
b g2

96π2F
(
ln

2g2F

Λ4
YM

− 1
)
, p(F ) =

1
3

b g2

96π2F
(
ln

2g2F

Λ4
YM

+ 3
)
. (18)

By expressing the vacuum field strength tensor F in terms of vacuum pressure F = F (p) and
substituting it into the vacuum energy density we will get the equation of state in the form ε = ε(p)
shown in Fig.1. In the limit 2g2F � Λ4

YM (18) reduces to a radiation equation of state: p = ε/3.
There are regions in the phase space of states (ε, p) where ε and p are positive, where p is positive
and ε is negative and where they are both negative, as it is shown in Fig. 1. The pressure is always
higher than in the case of radiation equation of state:

p =
1
3
ε +

4
3

b g2F

96π2 Λ
4
YM and w =

p
ε
=

ln 2g2F

Λ4
YM

+ 3

3
(
ln 2g2F

Λ4
YM

− 1
) . (19)
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Our aim now is to analyse the Friedmann cosmology that is driven by the gauge field theory vacuum
equation of state (18). The equations of general relativity in the presence of the vacuum energy
momentum tensor (13) has the following form2:

Rµν −
1
2
gµνR =

8πG
c4

[
TYM
µν

(
1 +

b g2

96π2 ln
2g2F

µ4

)
− gµν

b g2

96π2F
]
. (20)

The induced effective cosmological term can be expressed in terms of vacuum energy density (18)
and vacuum field (17) as

Λe f f =
8πG
3c4 εvac = −

8πG
3c4

b
192π2 2g2Fvac = −

8πG
3c4

b
192π2Λ

4
YM . (21)

During the cosmological evolution the field strength tensor F will not stay permanently in its AdS
ground state (17), (21) but will roll out through the well-defined trajectory in the phase space of
states (ε, p) shown in Fig.1 that is defined by the Friedmann equations (1) and (3), (4).

The Yang-Mills energy momentum tensor Tµν in (13), (15) has a diagonal homogeneous form,
while the energy momentum tensor TQED

µν in QED is inhomogeneous due to the term −EiEj −HiHj

in (23) and it is a critical barrier for a successful vector field driven cosmology and inflation
[101, 115]3. The reason for this essential difference between QED and Yang Mills theory is that
in Yang Mills theory the energy momentum tensor TYM

µν is homogeneous on the time dependent
solutions Aa

i (t) of Yang-Mills equations [75–77, 79] and therefore opens a room of possibilities
for a vector field driven cosmology and inflation [3]. The space homogeneous gauge fields are
described by a classical mechanical system, so called Yang-Mills classical mechanics (YMCM)
[75–82, 84–93, 95–99], it represents the bosonic part of the matrix models [81, 85–91] and were
considered in the context of the cosmological models in [106–108, 108–119].

The chromoelectric and chromomagnetic fields have the following form:

Ea
i = Ga

0i, Ha
i =

1
2
εi jkGa

jk, Ga
0i =

ÛAa
i , Ga

jk = gεabcAb
j Ac

k (22)

and the components of the energy momentum tensor therefore are:

T00 =
1
2
(Ea

i )
2 +

1
2
(Ha

i )
2, T0i = εi jkEa

j Ha
k , Ti j =

1
2
δi j(Ea

i Ea
i + Ha

i Ha
i ) − Ea

i Ea
j − Ha

i Ha
j . (23)

The "white colour" solution found in [75] has the form

Aa
i = δ

a
i f (t), (24)

and the corresponding chromoelectric and chromomagnetic fields take the following form:

Ea
i = δ

a
i
Ûf (t), Ha

i = gδai f 2(t). (25)

The energy density therefore is:

ε = T00 =
3
2
( Ûf 2 + g2 f 4) = µ4, (26)

2The r.h.s in (20) is the contribution of the gauge field theory vacuum polarisation Tµν (13). There are no particles
in the initial state of the universe. The effect is similar to the vacuum polarisation by the gravitational field [12–17].

3 I would like to thank Prof. Viatcheslav Mukhanov for the discussion of this point.
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where µ4 is a constant of dimension mass4. Unusual property of this solution is that the chromo-
electric and chromomagnetic fields are parallel to each other (25) and therefore the energy flux, the
Pyonting vector, vanishes [75]

T0i = Si = εi jkEa
j Ha

k = 0. (27)

Thus importantly the space components of Tµν in (23) are diagonal:

Ti j =
1
2
δi j

(
Ûf 2 + g2 Ûf 4

)
= δi jp. (28)

The full energy momentum tensor has the form of a relativistic matter:

Tµν =

©­­­­«
ε 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

ª®®®®¬
. (29)

It follows from relations (26), (27) and (28) that the classical Yang Mills equation of state is
equivalent to a homogeneous relativistic matter

p =
1
3
ε . (30)

As we have seen above there are quantum corrections to the classical equation of the state (30)
given by the first formula in (19)

p =
1
3
ε +

4
3

b g2F

96π2 Λ
4
YM . (31)

In the subsequent sections we will investigate the solutions of the Friedmann equations in the
universe that if filled out by the gauge field theory vacuum fluctuations described by the quantum
equation of state (18), (19), (31) [3].

4. Quantum Yang-Mills Equation of State in Friedmann Cosmology

The time derivative of the energy density given in (18) is

Ûε = B (2g2 ÛF ) log
2g2F

Λ4
YM

, (32)

where ÛF = dF/cdt. The time evolution of the energy density ε in (3) depends on the sign of the
sum ε + p. By using the expressions for ε and p in (18) for the sum ε + p we will obtain:

ε + p =
4B
3
(2g2F ) log

2g2F

Λ4
YM

, (33)

where B is the coefficient of the one-loop β(g) function:

B =
b

192π2 =
11N − 2Nf

192π2 . (34)
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It follows that for 2g2F < Λ4
YM the weak energy dominance condition ε + p ≥ 0 is violated. The

equation (3) now takes the form
2g2 ÛF + 4(2g2F )

Ûa
a
= 0 (35)

and can be integrated yielding

2g2F a4 = const ≡ Λ4
YM a4

0, (36)

where the integration constant is parametrised in terms of the initial data parameter a0. The energy
density and pressure (18) can now be expressed in terms of the scale factor a(t):

ε = B
a4

0
a4

(
log

a4
0

a4 − 1
)
Λ

4
YM, p = B

a4
0

3a4

(
log

a4
0

a4 + 3
)
Λ

4
YM . (37)

With the help of the last expression for the ε the first Friedmann equation (1) will take the following
form:

da
cdt
= ±

√
8πG
3c4 B Λ

4
YM

a4
0

a2

(
log

a4
0

a4 − 1
)
− k, k = 0,±1. (38)

It is convenient to define the length scale L as it appears naturally in (21) and (38):

1
L2 =

8πG
3c4 B Λ

4
YM ≡ Λe f f , (39)

so the equation (38) will take the following form:

da
cdt
= ±

√
a2

0
L2

a2
0

a2

(
log

a4
0

a4 − 1
)
− k . (40)

In order to simplify the evolution equations further it is convenient to introduce the dimensionless
scale factor ã and the dimensionless time variable τ:

a(τ) = a0 ã(τ), ct = L τ, (41)

where we normalise the scale factor a(τ) to the constant parameter a0 in (36). In these variables
the evolution equation (40) is in its final form:

dã
dτ
= ±

√
1
ã2

(
log

1
ã4 − 1

)
− kγ2, k = 0,±1, γ2 =

( L
a0

)2
. (42)

The evolution equation (42) can be represented in terms of the dimensionless conformal time η:

cdt = L dτ = a(η)dη = a0ãdη, (43)

as well as (the prime denotes the differentiation with respect to η):

ã
′

≡
dã
dη
= ±

√
1
γ2

(
log

1
ã4 − 1

)
− k ã2. (44)

8



P
o
S
(
C
O
R
F
U
2
0
2
1
)
1
2
3

Gauge Field Theory Vacuum and Cosmological Inflation

The evolution equations (42) and (44) should be investigated in six regions of the two-dimensional
parameter space (a0,ΛYM ). The numerical value of γ2 defines the relation a2

0 =
1
γ2 L2(ΛYM )

between basic independent parameters a0 and ΛYM through the equations (42) and (39). Thus the
corresponding six regions in the parameter space are defined in terms of γ2:

k = −1, 0 ≤ γ2 < γ2
c Regions I (ã ≤ µ1) and II (µ2 ≤ ã)

k = −1, γ2 = γ2
c =

2
√

e
Region III (separatrix, ã ≤ µc)

k = −1, γ2
c < γ2 Regions IV (0 ≤ ã) (45)

k = 0,
k = 1, 0 ≤ γ2.

In terms of scale factor ã and time variable τ (41) the field strength tensor (36) has the following
form:

2g2F =
Λ4
YM

ã4(τ)
(46)

and the energy density and the pressure (37) will take the form

ε =
B

ã4(τ)

(
log

1
ã4(τ)

− 1
)
Λ

4
YM, p =

B

3ã4(τ)

(
log

1
ã4(τ)

+ 3
)
Λ

4
YM . (47)

There is a straightforward relation between energy density, pressure and the barotropic parameter
w:

p =
1
3
ε +

4
3
B

ã4(τ)
Λ

4
YM, w =

p
ε
=

log 1
ã4(τ)
+ 3

3
(
log 1

ã4(τ)
− 1

) . (48)

In the next sections we will investigate the solutions of the equation (42) and the time evolution of
the field strength tensor (46), of the energy density and the pressure (47 ). We can also extract the
Hubble parameter from (1) by using (42)

L2H2 = L2
(
Ûa
a

)2
=

1
ã2

( dã
dτ

)2
=

1
ã4(τ)

(
log

1
ã4(τ)

− 1
)
−

kγ2

ã2(τ)
(49)

and the corresponding deceleration parameter

q = −
Üa
a

1
H2 . (50)

The acceleration is determined by the right-hand side of the equation (4) and is proportional to
ε + 3p, which is:

ε + 3p = 2B (2g2F )
(
log

2g2F

Λ4
YM

+ 1
)
. (51)

Similar to the case of the scalar field driven evolution (10) here as well for the fields 2g2F < 1
eΛ

4
YM

the strong energy dominance condition ε + 3p ≥ 0 is violated. From acceleration Friedmann
equation (4) and (47 ) we have

L2 Üa
a
= −

1
ã4

(
log

1
ã4 + 1

)
. (52)

9
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Thus for q with the help of (49) we will get

q =

1
ã4

(
log 1

ã4 + 1
)

1
ã4

(
log 1

ã4 − 1
)
−

kγ2

ã2

(53)

and for the density parameter Ωvac the following expression:

Ωvac ≡
8πG
3c4

ε

H2 =
1

L2H2
1
ã4

(
log

1
ã4 − 1

)
, (54)

where we used (47 ), (39). By using the equation (49) Ωvac can be expressed also in the following
form:

Ωvac − 1 = k
γ2

L2H2ã2 = k
γ2

( dãdτ )
2
. (55)

We will investigate these observables in the two-dimensional parameter space (a0,ΛYM ) in each of
the six regions (45). As we mentioned above, the parameter γ2 = L2

a2
0
is a function of a0 and ΛYM ,

the basic parameters defining the evolution of the Friedmann equations in the case of gauge field
theory vacuum polarisation. We will start our analysis by considering the k = −1 geometry.

5. The Parameter Space of the Type I-IV Solutions

In case of k = −1 geometry the equation (42) takes the following form:

dã
dτ
= ±

√
1
ã2

(
log

1
ã4 − 1

)
+ γ2, where 0 ≤ γ2, (56)

and the corresponding "potential" function U−1(ã) shown in Fig.2 is:

U−1(ã) ≡
1
ã2

(
log

1
ã4 − 1

)
+ γ2. (57)

The solution of the equationU−1(µ) = 0 determines the values of the scale factor ã = µ at which the
square root changes its sign. The evolution equation (56) should be restricted to those real values of
ã at which the potential U0(ã) is nonnegative. Thus the equation U−1(µ) = 0 defines the boundary
values of the scale factor ã = µ:

1
µ2

(
log

1
µ4 − 1

)
+ γ2 = 0. (58)

The behaviours of the solutions depending on the value of the parameter γ2. When

0 ≤ γ2 < γ2
c ≡

2
√

e
, (59)

there are two solutions ã1 = µ1 and ã2 = µ2 of the above equation that are defining the regions
where the potential U−1(ã) is positive. In the first region I we have ã ∈ [0, µ1], and in the second
region I I ã ∈ [µ2,∞]. These two regions are shown in Fig.2. The region I I I appears when γ2 = γ2

c

and it is the separatrix between regions I I and IV . At the separatrix point γ2 = γ2
c the equation

U−1(µ) = 0 has only one solution ã = µc and the scale factor ã takes its values in the maximally
available interval ã ∈ [0, µc]. Finally, in the region IV , where γ2

c < γ2, the potential function
U−1(ã) is always positive for all values of ã and the scale factor takes its values in the whole interval
ã ∈ [0,∞]. We will consider these four regions separately.
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Figure 2: The behaviour of the potential U−1(ã) (57) is shown in the left figure. When the parameter γ2 is in
the interval 0 ≤ γ2 < 2√

e
, there are two solutions of the equation U−1(µi) = 0, i = 1, 2, that define the Region

I, where ã ∈ [0, µ1] and the Region II, where ã ∈ [µ2,∞]. When γ2 = γ2
c =

2√
e
, there is only one solution

of the equation U−1(µc) = 0 that defines the Region III, where ã ∈ [0, µc]. When 2√
e
< γ2, the potential is

always positive U−1(ã) > 0 and the Region IV is where ã ∈ [0,∞]. In particular, when γ2 = 1, µ1 ' 1 and
the scale factor ã(τ) of the Type I solution is bounded ã ∈ [0, µ1]. Its evolution time is finite τ ∈ [0, 2τm],
where τm ' 0.83 is a half period. The figure in the middle shows the behaviour of the Type I solution. The
Type II solution shown in the right figure is unbounded ã ∈ [µ2,∞], where µ2 ' 1.87 and τ ∈ [0,∞]. The
Type II solution initially grows exponentially because the deceleration parameter is negative, q < 0. At late
time the regime of exponential expansion continuously transforms into a linear in time growth of the scale
factor.

6. Type I Solution

Let’s consider first the Type I solution when 0 ≤ γ2 < γ2
c and ã ≤ µ1. The equation (58) can

be solved by the substitution
γ2µ2 = 2u (60)

that reduces the equation (58) to the Lamber-Euler type [71–73]:

ue−u =
γ2

2
√

e
. (61)

The solution is expressible in terms of W0(x) function which is defined for negative values of its
argument in the interval −1/e < x ≤ 0 and is acquiring negative values −1 < W0(x) ≤ 0. The
solution takes the following form (see Appendix A):

u = −W0

(
−

γ2

2
√

e

)
. (62)

The maximal value of the scale factor ã therefore is

µ2
1 = −

2
γ2 W0

(
−

γ2

2
√

e

)
, (63)

11
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and it follows that (see Appendix)

1
√

e
≤ µ2

1 <
√

e, γ2µ2
1 < 2. (64)

The interval in which ã takes its values is:

ã ∈ [0, µ1]. (65)

With the next substitution
ã4 = µ4

1e−b
2
, b ∈ [−∞,∞], (66)

the equation (56) will reduce to the following form:

db
dτ
=

2
µ2

1
e

b2
2

(
1 −

γ2µ2
1

b2 (1 − e−
b2
2

)1/2
. (67)

With the boundary condition b(0) = −∞ at τ = 0 we will get the integral representation of the
function b(τ): ∫ b(τ)

−∞

dbe−
b2
2(

1 − γ2µ2
1

b2 (1 − e−
b2
2

)1/2 =
2
µ2

1
τ. (68)

Within a finite-time interval after the initial expansion the universe will approach its maximal size
µ1 and then begin to recontract. This time interval τ ∈ [0, τm] is defined by the integral∫ 0

−∞

dbe−
b2
2(

1 − γ2µ2
1

b2 (1 − e−
b2
2

)1/2 =
2
µ2

1
τm (69)

and is equal to the half of the total period, which is equal to 2τm. Thus during the time evolution
ã(τ) is reaching its maximal value ã = µ1 at τm and then contracting to zero value at τ = 2τm. The
asymptotic behaviour of the ã(τ) near τ = τm and τ = 0 has the form

ã(τ) '

µ1 −

2−γ2µ2
1

2µ3
1
(τ − τm)

2, τ → τm

τ1/2 ln1/4 1
τ1/2 , τ → 0

. (70)

At the initial stages of the expansion and the final stages of the contraction the metric is singular
ã(t) ∝ t1/2 ln1/4 1

t1/2 . Up to the logarithmic term the singularity is similar to that in the cosmological
models with relativistic matter where ã(t) ∝ t1/2. The difference is that here the scale factor is
periodic in time while in open cosmological model (k = −1) with relativistic matter the expansion
is eternal. Thus when a2

0 > L2/γ2
c (59), the vacuum energy density ε is able to reverse the initial

expansion shown in Fig.2.
The field strength (46) evolution in time is expressible in terms of b(τ) function:

2g2F =
eb

2(τ)

µ4
1
Λ

4
YM . (71)

12
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The minimum value of the field strength (71) at τ = τm (b = 0) is

2g2Fm =
1
µ4

1
Λ

4
YM, (72)

and from (63), (64) it follows that the minimum value of the field strength varies in the interval

1
e
Λ

4
YM < 2g2Fm ≤ eΛ4

YM (73)

when γ2 ∈ [0, γ2
c). The energy density and pressure (47) will evolve in time as well:

ε =
B

µ4
1

eb
2(τ)

(
b2(τ) − γ2µ2

1

)
Λ

4
YM, p =

B

3µ4
1

eb
2(τ)

(
b2(τ) − γ2µ2

1 + 4
)
Λ

4
YM . (74)

The equation of state will take the following form:

p =
ε

3
+

4Beb
2(τ)

3µ4
1
Λ

4
YM >

ε

3
, wI =

p
ε
=

b2(τ) − γ2µ2
1 + 4

3
(
b2(τ) − γ2µ2

1

) (75)

showing that the pressure is larger than that in the case of radiation and wI ∈ (−1, 1
3 ). The values

of the energy density and pressure at τ = τm are

εm = −B
γ2µ2

1

µ4
1
Λ

4
YM, pm = B

4 − γ2µ2
1

3µ4
1
Λ

4
YM . (76)

The deceleration parameter in Type I case is positive

qI =
b2 + 2 − γ2µ2

1

b2 − γ2µ2
1(1 − e−b2/2)

≥ 1, (77)

where γ2µ2
1 < 2 (64)4. The Hubble parameter and the density parameter Ω (54), (55) are:

L2H2 =
eb

2

µ4
1

(
b2 − γ2µ2

1(1 − e−b
2/2)

)
, ΩI − 1 = −

γ2µ2
1e−b

2/2

b2 − γ2µ2
1(1 − e−b2/2)

. (78)

At the typical value of γ2 = 1 µ2
1 = −2W0(−

1
2
√
e
) = 1 and τm ' 0.83. With the help of the formulas

(43) and (39) one can get a numerical estimate of the expansion proper time interval:

ctm = τmL ' 1.03 × 1025
( eV
ΛYM

)2
cm, (79)

where L = 1.25 × 1025
(

eV
ΛYM

)2
cm. In comparison, the Hubble length is cH−1

0 ' 1.37 × 1028cm.
The physical meaning of this result is that the Yang-Mills vacuum energy density ε is able to
reverse the expansion earlier than the Hubble time. In order to be consistent with the cosmological
observational data when Type I solution is analysed one should have a typical energy scale of

4 In the formal limits when γ2 → 0 this expression reduces to the k = 0 case (146) and when γ2 → −γ2 it reduces
to the k = 1 case (166).
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the dimensional transmutation in Yang-Mills theory ΛYM to be constrained by a few electronvolt:
ΛYM ∼ eV . This scenario can be realised if the Callan-Symanzik beta-function coefficient B in
(34), is effectively small, like in conformal gauge field theories, and therefore the scale L is large
enough:

L2 =
3c4

8πG
1

B Λ4
YM

→∞, B → 0. (80)

Considering ΛYM in (39) to be one of the fundamental interaction scales we obtain the following
lengths:

LQCD ∼ 109cm, LEW ∼ 103cm, LGUT ∼ 10−25cm, LPl ∼ 10−31cm. (81)

These scales lead to a much shorter universe live-time, but, importantly, to finite non-diverging time
intervals 5. In the case of Type II solution to be considered in the next section, when 0 ≤ γ2 < γ2

c

and ã(0) ≥ µ2, the deceleration parameter q is negative and the scale factor grows exponentially
with the inflation of a finite duration (97 ) that undergoes a continuous transition to a linear in time
growth (99).

7. Type II Solution

For the Type I I solution we have 0 < γ2 < 2√
e
and ã ≥ µ2. The Lamber-Euler equation (61)

ue−u =
γ2

2
√

e

has an alternative solution expressible in terms ofW−(x) function, which represents the other branch
of the general W(x) function of the real argument x (see Appendix A). For the negative values of
the argument in the interval −1/e ≤ x ≤ 0 the function acquires negative values in the interval
−∞ ≤ W−(x) ≤ −1. Thus the solution takes the following form:

u = −W−
(
−

γ2

2
√

e

)
.

The minimal value of the scale factor (60) therefore is

µ2
2 = −

2
γ2 W−

(
−

γ2

2
√

e

)
, (82)

and it follows that (see Appendix A)
√

e < µ2
2 ≤ ∞, 2 < γ2µ2

2. (83)

The interval in which ã takes its values is now infinite:

ã ∈ [µ2,∞]. (84)

5A simplified direct calculation of the diverging zero-point energy density discussed in the introduction leads to the
instant collapse of the universe [35].
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Figure 3: The r.h.s ε + 3p of the Friedmann acceleration equation (4) always negative in the case of Type II
solution (93).

With the substitution
ã4 = µ4

2eb
2
, b ∈ [0,∞], (85)

the equation (56) will take the following form:

db
dτ
=

2
µ2

2
e−

b2
2

(γ2µ2
2

b2 (e
b2
2 − 1) − 1

)1/2
. (86)

With the boundary conditions at τ = 0 where b(0) = 0 (ã(0) = µ2) we will get the integral
representation of the function b(τ):∫ b(τ)

0

db e
b2
2(

γ2µ2
2

b2 (e
b2
2 − 1) − 1

)1/2 =
2
µ2

2
τ. (87)

The time interval is τ ∈ [0,∞], and as τ →∞, we have

b2(τ) ' 4 ln
γ

µ2
τ, a = a0ã ' a0γτ = ct . (88)

The field strength evolution in time is expressible in terms of b(τ) function:

2g2F =
e−b

2(τ)

µ4
2
Λ

4
YM . (89)

The maximal value of the field strength (46) is at τ = 0 where b(0) = 0:

2g2Fm =
1
µ4

1
Λ

4
YM, (90)

and from (83 )
0 ≤ 2g2Fm <

1
e
Λ

4
YM . (91)

The behaviour of the energy density and pressure is:

ε = −
B

µ4
2

e−b
2(τ)

(
b2(τ) + γ2µ2

2

)
Λ

4
YM, p = −

B

3µ4
2

e−b
2(τ)

(
b2(τ) + γ2µ2

2 − 4
)
Λ

4
YM, (92)

and as τ →∞ the energy density and pressure tend to zero values of the perturbative vacuum state.
The right-hand side of the Friedmann acceleration equation (4) has the following form:

ε + 3p = −
2B
µ4

2
e−b

2(τ)(b2(τ) + γ2µ2
2 − 2)Λ4

YM, b ∈ [0,+∞], (93)
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and is always negative Fig.3. At the initial stages of the expansion τ = 0 (b = 0) the energy density
and pressure are finite and the solution avoids a singular behaviour

a(0) = a0 ã(0) = a0 µ2 eb(0)
2/4 = L

µ2
γ

> 0.

This behaviour of the scale factor can be compared with the nonsingular solution discussed in [12].
For the equation of state p = wε one can find the behaviour of the effective parameter w

wI I =
b2(τ) + γ2µ2

2 − 4

3
(
b2(τ) + γ2µ2

2

) , − 1 ≤ wI I, (94)

where b ∈ [0,∞]. The deceleration parameter of the Type II solution is always negative:

qI I =
b2 + γ2µ2

2 − 2
b2 + γ2µ2

2(1 − eb2/2)
< 0 (95)

in the region II (83) where 2 < γ2µ2
2. As it follows from (95) and (87), there is a period of strong

acceleration
qI I ∝ −

2
b2 (96)

at the initial stages of the expansion b2 ∼ τ and the scale factor (85) grows exponentially:

a(t) ' L
µ2
γ

exp
[ 2
µ2

2

√
γ2µ2

2
2
− 1

ct
L

]
. (97)

The inflation is slowing down when ct > L because b2 increases and the acceleration drops:

qI I ∝ −
b2

γ2µ2
2

e−b
2/2 → 0. (98)

The regime of the exponential growth will continuously transformed into the linear in time growth
of the scale factor6

a(t) ' ct, a(η) ' a0eη . (99)

The acceleration has its trace on the behaviour of Hubble parameter, which has the following form:

L2H2 =
e−b

2

µ4
2

(
γ2µ2

2(e
b2/2 − 1) − b2

)
. (100)

The L2H2 is sharply increasing from zero value and reaches its maximum at

b2
s = 1 − γ2µ2

2 − 2W−1

(
−
γ2µ2

2
4

exp (
1 − γ2µ2

2
2

)

)
(101)

and allows to estimate its duration

τs =
µ2

2
2

∫ 9bs

0

db e
b2
2(

γ2µ2
2

b2 (e
b2
2 − 1) − 1

)1/2 . (102)

6The asymptotic solution of (86) is b2

4 ' ln γ
µ2
τ and a = a0µ2 exp (b2/4), as it follows from (41), (85).
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The number of e-foldings for the time evolution from τ = 0 to τs is defined asN = ln a(τs )
a(0) . For the

typical parameters around γ2 = 1.211, µ2
2 ' 1.75 we get τs = 1023 and N ' 53. The duration of

the inflation in the case of the GUT scale ΛYM = ΛGUT = 1016GeV is of order

tGUT
s =

LGUT

c
τs ' 4.2 × 10−13 sec, (103)

where LGUT ' 1.25 × 10−25cm as in (81). The initial and finale values of the scale factor are:

a(0) = LGUT
µ2
γ
' 1.5 × 10−25cm, a(ts) = LGUT

µ2
γ

eN ' 1.25 × 10−2cm,

where a(ts) is "about the size of a marble" [13]. The density parameter Ω (54) has the following
form

Ωvac − 1 = −
γ2

( dãdτ )
2
= −

γ2µ2
2eb

2/2

γ2µ2
2(e

b2/2 − 1) − b2
(104)

and at t � ts (b2 → ∞) the vacuum density tends to zero Ωvac → 0 meaning that the influence
of the gauge field theory vacuum on the evolution of the universe fades out turning into a linear
expansion (99).

It seems natural to include the energy densities ε f that can contribute into the total energy
density ε =

∑
ε f from the hierarchy of fundamental interaction scales. Taking into account the fact

that at each scale (81) the acceleration has a finite duration (98) and appears at a different epoch
of the universe expansion, its seems possible that a very large scale Λ′YM � GeV contributes to
the inflation at the initial stages of the expansion and a smaller scale Λ′′YM ' eV contributes to the
late-time acceleration of the universe. In addition here we do not include the energy density of the
standard matter (5) that can be easily included, and the subsequent evolution of the universe will
turn into the standard hot universe expansion. In the next section we will consider the Type III
solution when the parameter γ2 is equal to its critical value γ2 = γ2

c.

8. Type III Solution (Separatrix)

Consider now the Type I I I solution when γ2 = γ2
c =

2√
e
. The Lamber-Euler equation (61)

ue−u =
γ2
c

2
√

e
=

1
e

in this case has a unique solution (see Appendix B)

uc = −W0(−
1
e
) = −W−(−

1
e
) = 1,

and from (60) we get

µ2
c =

2uc
γ2
c

=
√

e , µ2
cγ

2
c = 2. (105)

The interval in which ã variates is now

ã ∈ [0, µc]. (106)
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Figure 4: When k = −1 and γ2 = γ2
c =

2√
e
, the Type III solution is approaching asymptotically the maximum

value ã = µc as τ →∞.

When γ2 → γ2
c, the region I and region II (63) and (82) merge at µ2

1 = µ2
2 → µ2

c, as one can see
from (64), (83). With the substitution

ã = µceb, b ∈ [−∞, 0], (107)

the equation (56) will take the following form:

db
dτ
=

√
2
e

e−2b
(
e2b − 1 − 2b

)1/2
. (108)

With the boundary conditions b(0) = −∞ (ã(0) = 0) in place we will get the integral representation
of the function b(τ): ∫ b(τ)

−∞

db e2b(
e2b − 1 − 2b

)1/2 =

√
2
e
τ, τ ∈ [0,∞]. (109)

The field strength evolution in time takes the following form:

2g2F = e−4b(τ)−1
Λ

4
YM . (110)

The behaviour of the energy density and pressure is:

ε = 2Be−4b(τ)−1
(
− 2b(τ) − 1

)
Λ

4
YM, p =

2B
3

e−4b(τ)−1
(
− 2b(τ) + 1

)
Λ

4
YM . (111)

There is a characteristic time τ = τ0, corresponding to b = −1/2∫ −1/2

−∞

db e2b(
e2b − 1 − 2b

)1/2 =

√
2
e
τ0 (112)

when the energy density approaches the zero value

2g2F0 = eΛ4
YM, ε0 = 0, p0 =

4B
3e
Λ

4
YM . (113)

The scale factor asymptotically approaches a maximal static value shown in Fig.4

ã = µceb → µc (114)
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when τ → ∞ and b ∝ e−
√

2τ → 0 in (109). The energy density becomes negative in the region
b ∈ (−1/2, 0]. The field strength, energy density, and pressure are approaching asymptotically the
following values:

2g2Fc =
1
e
Λ

4
YM, εc = −

2B
e
Λ

4
YM, pc =

2B
3e
Λ

4
YM . (115)

According to the Friedmann equations (3)-(4) the acceleration is driven by the overall sign of the
ε + 3p that can be calculated by using the expressions (111)

ε + 3p = −8Bb(τ)e−4b(τ)−1
Λ

4
YM ≥ 0, b ∈ [−∞, 0]. (116)

The strong energy dominance condition ε + 3p ≥ 0 holds here. The deceleration parameter for the
Type III solution is always positive, b ∈ [−∞, 0]:

qI I I =
b

b + 1
2 (1 − e2b)

≥ 0. (117)

The Hubble parameter and the density parameter Ω (54) are:

L2H2 = 2e−4b−1
(
e2b − 1 − 2b

)
, Ωvac − 1 = −

γ2
c

( dãdτ )
2
= −

e2b

e2b − 1 − 2b
. (118)

The Type III "static" solution is a separatrix. It is tuned to the critical value γ2 = γ2
c and the

infinitesimal deviation from the critical value turns the solution either into the Type II solution or
into the Type IV solution that we will consider in the next section. The Type IV solution, in the
parameter region γ2 > γ2

c, is characterised by the appearance of a late-time acceleration.

9. Type IV Solution

The Type IV solution is defined in the region γ2 > γ2
c where the equation

U−1(µ) =
1
µ2

(
log

1
µ4 − 1

)
+ γ2 = 0 (119)

has no real solutions. The potential function U−1(ã) is always positive for all positive values of ã
and the scale factor variates in the whole interval ã ∈ [0,∞] (see Fig.5). With the substitution

ã = µceb, b ∈ [−∞,∞], 2 < γ2µ2
c, (120)

where µ2
c =
√

e, as in (105), the equation (56) will take the following form:

db
dτ
=

√
2
e

e−2b
(γ2

γ2
c

e2b − 1 − 2b
)1/2

. (121)

With the boundary conditions b(0) = −∞ (ã(0) = 0) we will get the integral representation of the
function b(τ): ∫ b(τ)

−∞

db e2b(
γ2

γ2
c

e2b − 1 − 2b
)1/2 =

√
2
e
τ, τ ∈ [0,∞]. (122)
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Figure 5: At k = −1 and 2√
e
< γ2 the value of ã is in the interval ã ∈ [0,∞]. The solution shows four stages

of alternating expansion. In the first stage there is a period of deceleration, in the second stage the expansion
reaches a quasi-stationary evolution near ã ' µc , in the third stage there is a period of exponential expansion
of a finite duration that undergoes a continuous transition to the fourth stage of a linear in time growth.

The field strength evolution in time is similar to the Type III solution (110):

2g2F = e−4b(τ)−1
Λ

4
YM, (123)

but the time dependence of b(τ) is different and is defined now by the equation (122). The same is
true for the behaviour of the energy density and pressure:

ε = 2Be−4b(τ)−1
(
− 2b(τ) − 1

)
Λ

4
YM, p =

2B
3

e−4b(τ)−1
(
− 2b(τ) + 1

)
Λ

4
YM . (124)

The right-hand side of the Friedmann acceleration equation (4) has a similar expression with the
Type III solution (116):

ε + 3p = −8B b(τ)e−4b(τ)−1
Λ

4
YM, b ∈ [−∞,+∞], (125)

and the strong energy dominance condition ε + 3p ≥ 0 is violated here when b > 0 and the region
of positive acceleration is wherefore at b > 0 shown in Fig.6. Thus the deceleration parameter for
the Type IV solution is sign alternating, b ∈ [−∞,∞]:

qIV =
b

b + 1
2 (1 −

γ2

γ2
c

e2b)
, (126)

it is positive for b ∈ [−∞, 0) and is negative for b ∈ (0,∞]. Therefore the character of the solution
is changing at b = 0 where the deceleration parameter qIV = 0. In these two regions the behaviour
of the solution is qualitatively different. At the quasi-stationary point τ = τc (b = 0)∫ 0

−∞

db e2b(
γ2

γ2
c

e2b − 1 − 2b
)1/2 =

√
2
e
τc (127)

we have
2g2Fc =

1
e
Λ

4
YM, εc = −

2B
e
Λ

4
YM, pc =

2B
3e
Λ

4
YM,
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Figure 6: The r.h.s ε + 3p of the Friedmann acceleration equation (4) is positive when b < 0 and is negative
when b > 0 in the case of Type IV solution (125).

and it is reminiscent to the stationary behaviour of the Type III solution (114), (115). The energy
density (124) is changing its sign at τ = τ0 (b = −1/2)∫ −1/2

−∞

db e2b(
γ2

γ2
c

e2b − 1 − 2b
)1/2 =

√
2
e
τ0 (128)

where we have
2g2F = eΛ4

YM, ε = 0, p =
4B
3e
Λ

4
YM .

Thus there are four stages of alternating expansions. There is a period of deceleration in the first
stage τ � τc where qIV is positive. In the second stage, in the vicinity of τ ∼ τc where qIV = 0
the expansion is quasi-stationary and a slow varying scale factor is of order ã(τ) ' µc. In the third
stage τ > τc there is a period of exponential expansion of a finite duration b ∼ (0, 5) where qIV is
negative. It is of finite duration because when b > 0 is large, the acceleration tends to zero:

qIV ' −
2

γ2µ2
c

be−2b .

In the fourth stage τ � τc, where eb ' γ
γc

√
2
eτ, the acceleration drops to zero qIV ' 0 and the

universe undergoes a continuous transition to a linear in time growth of the scale factor

a(t) ' ct , a(η) ' eη (129)

and the Hubble parameter (49) has the following behaviour:

H =

√
2
e

e−2b

L

(γ2

γ2
c

e2b − 1 − 2b
)1/2
'

1
ct
. (130)

When τ � τc the 2g2F → 0 and the energy density and pressure are approaching the zero values,
Ω (54) tends to zero value as well:

Ωvac = 1 −
γ2

( dãdτ )
2
= 1 −

γ2e2b

γ2
c

(
γ2

γ2
c

e2b − 1 − 2b
) → 0. (131)

The influence of the gauge field theory vacuum on the evolution of the universe is fades out at very
late-time. It seems that the Type IV solution is useful to explain a late-time acceleration of the
universe expansion if one appropriately adjust the parameters a0 and γ.
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10. Flat Geometry, k = 0

The evolution equation (42) in this case takes the following form:

dã
dτ
= ±

√
1
ã2

(
log

1
ã4 − 1

)
, (132)

and the "potential" function is (see Fig.7)

U0(ã) ≡
1
ã2

(
log

1
ã4 − 1

)
. (133)

The solution of the equation U0(µ) = 0 determines the values of the scale factor ã = µ at which the
square root changes its sign. The evolution equation (132) should be restricted to those real values
of ã ∈ [0, µ] at which the potential U0(ã) is nonnegative. The maximal value of the scale factor
ãm ≡ µ is defined by the equation

U0(µ) =
1
µ2

(
log

1
µ4 − 1

)
= 0, µ2 =

1
√

e
. (134)

With the substitution
ã4 = µ4e−b

2
, (135)

where b ∈ [−∞,∞], the equation (132) will take the following form:

db
dτ
=

2
µ2 e

b2
2 . (136)

Integrating the equation (136) with the boundary conditions a(0) = 0, b(0) = −∞ we find∫ b(τ)

−∞

dbe−
b2
2 =

2
µ2 τ, τ ∈ [0, 2τm] (137)

where the half period is

τm =
µ2

2

∫ 0

−∞

dbe−
b2
2 =

√
π

8e
. (138)

The solution can be expressed in terms of the inverse error function InverseEr f (x) [74]

b(τ) =
√

2InverseEr f
(√8e

π
(τ − τm)

)
(139)

and for ã in (135) we will get the solution shown in Fig.7:

ã(τ) = exp
(
−

1
4
−

1
2

InverseEr f 2
(√8e

π
(τ − τm)

))
. (140)

The scale factor is periodic in time (140) as it is in closed Friedmann cosmological model (k=1).
The asymptotic behaviour of the ã(τ) near τ = τm and τ = 0 has the form

ã(τ) '

{
e−1/4 − e3/4(τ − τm)

2, τ → τm

2τ1/2 ln1/4 1
τ1/2 , τ → 0

, (141)
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Figure 7: The left figure shows the behaviour of the potential function U0(ã). It is positive for ã ≤ µ = 1
e1/4 .

The centre figure shows the behaviour of the scale factor ã(τ). The maximal value of the scale factor at the
half period τm =

√
π
8e is ã(τm) = µ. The left figure shows the behaviour of the energy density ε(τ).

that is, ã(t) ∝ t1/2 ln1/4 1
t1/2 . The singularity is logarithmically weaker compared to that in

cosmological model with relativistic matter where ã(t) ∝ t1/2. For the field strength we have (46)

2g2F = eb
2+1
Λ

4
YM (142)

and for the energy density (135) and pressure (47) evolution in time is

ε = Bb2eb
2+1
Λ

4
YM, p =

4B
3

eb
2+1
Λ

4
YM, (143)

where b(τ) is given in (139) and τ = ct/L. The behaviour of ε is shown in Fig.7. At the half period
τ = τm where ã = ãm (b = 0) we will have

2g2Fm = eΛ4
YM, εm = 0, pm =

4B
3

eΛ4
YM . (144)

At the beginning of the expansion from (141) we get

2g2F ∝
1

t2 ln 1
t1/2

, ε ∝
1

t2 ln 1
t1/2

ln
[ 1
t2 ln 1

t1/2

]
, p ∝

1
t2 ln 1

t1/2

ln
[ 1
t2 ln 1

t1/2

]
. (145)

The deceleration parameter (53) here is always positive:

q = 1 +
2
b2 ≥ 1, (146)

where we used (135) and (134). The Hubble parameter and the density parameter Ω (54) are:

H2 =
Ûa2

a2 =
b2

L2 eb
2+1, Ωvac =

8πG
3c4

ε

H2 = 1. (147)

The expansion proper time interval (43) in this case of flat geometry k = 0 is (138):

ctm = τmL =
√

π

8e
L ' 4.7 × 1024

( eV
ΛYM

)2
cm, (148)
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where L = 1.25 × 1025
(

eV
ΛYM

)2
cm. The physical meaning of this result is that the vacuum energy

density ε is able to slow down the expansion earlier than the Hubble time cH−1
0 = 1.37 × 1028cm

even in the case of flat geometry (k = 0). Here the scale ΛYM is of order of a few electronvolt
ΛYM ∼ eV , as in the case of the Type I solution.

11. Spherical Geometry, k = 1

The corresponding equation (42) will take the following form:

dã
dτ
= ±

√
1
ã2

(
log

1
ã4 − 1

)
− γ2, (149)

and the "potential" function is

U+1(ã) ≡
1
ã2

(
log

1
ã4 − 1

)
− γ2, where 0 ≤ γ2. (150)

The equation U+1(ã) = 0 defines the maximal value of the scale factor ã = µ through the equation

1
µ2

(
log

1
µ4 − 1

)
− γ2 = 0. (151)

The substitution
γ2µ2 = 2u (152)

reduces it to the Lamber-Euler equation

ueu =
γ2

2
√

e
. (153)

The solution is expressible in terms of the W0(x) function, which is defined in the positive interval
region 0 ≤ x ≤ ∞:

u = W0(
γ2

2
√

e
), (154)

and it allows to express the maximal value of the scale factor:

µ2 =
2
γ2 W0(

γ2

2
√

e
) and 0 ≤ µ2 ≤

1
√

e
. (155)

Thus the scale factor ã takes its values in the interval

ã ∈ [0, µ] (156)

shown in Fig.8. With the next substitution

ã4 = µ4e−b
2
, b ∈ [−∞,∞]. (157)

the equation (149) will take the following form:

db
dτ
=

2
µ2 e

b2
2

(
1 +

γ2µ2

b2 (1 − e−
b2
2

)1/2
. (158)
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Figure 8: In the case k = 1 the values of ã are in the interval ã ∈ [0, µ]. When γ2 = 1, µ ' 0.69 and
τm ' 0.27.

Integrating the equation with the boundary conditions at τ = 0 where ã(0) = 0 and b(0) = −∞ we
will get the parametric representation of the function b(τ):∫ b(τ)

−∞

dbe−
b2
2(

1 + γ2µ2

b2 (1 − e−
b2
2

)1/2 =
2
µ2 τ. (159)

From this equation we obtain b(τ) by inversion of this elliptic-type integral. The time interval
τ ∈ [0, τm] during which the scale factor is reaching its maximal value (it is equal to a half of the
total period, where b = 0) can be expressed through the integral∫ 0

−∞

dbe−
b2
2(

1 + γ2µ2

b2 (1 − e−
b2
2

)1/2 =
2
µ2 τm. (160)

The field strength (46) evolution in time is expressible in terms of b(τ) function:

2g2F =
eb

2(τ)

µ4 Λ
4
YM . (161)

The energy density and pressure (47) will evolve in time as well:

ε =
B

µ4 eb
2(τ)

(
b2(τ) + γ2µ2

)
Λ

4
YM, p =

B

3µ4 eb
2(τ)

(
4 + b2(τ) + γ2µ2

)
Λ

4
YM . (162)

The equation of state will take the following form:

p =
ε

3
+

4Beb
2(τ)

3µ4 Λ
4
YM . (163)

The equation has an additional term that increases the pressure. The minimal value of the pressure
and of the field strength tensor (46) is reached at the midpoint τ = τm where b(τm) = 0:

2g2Fm =
1
µ4Λ

4
YM, εm =

Bγ2

µ2 Λ
4
YM, pm =

εm
3
+

4B
3µ4Λ

4
YM . (164)

The parameter µ2 (155) varies in the interval 0 ≤ µ2 ≤ 1/e1/2, therefore eΛ4
YM ≤ 2g2Fm and

0 ≤ εm. Only the positive part of the energy density curve is involved in the evolution.

25



P
o
S
(
C
O
R
F
U
2
0
2
1
)
1
2
3

Gauge Field Theory Vacuum and Cosmological Inflation

Let us consider the limiting behaviour at γ2 → 0 and γ2 → ∞. In the limit γ2 → 0 the
solution (159) reduces to the case k = 0 that was already considered in previous section. In the
second limit the maximal value of the scale factor (155) tends to zero µ2 = log γ2/2γ2 → 0
and the whole universe contracts to the zero size and physical observables are therefore diverging
2g2F =

γ4

4 log2 γ2 →∞, the ε and p are diverging as well. For a typical value of γ2, let’s say γ2 = 1,
we have µ2 = 2W0(1/2

√
e) ' 0.48, τm ' 0.27, and the duration of the expansion is:

k = 1, ctm = τmL ' 0.27L ' 1.12 × 1014
( eV
ΛYM

)2
cm. (165)

Using (151) and (162) for the deceleration parameter (53) one can get:

q =
b2 + γ2µ2 + 2

b2 + γ2µ2(1 − e−b2/2)
≥ 1. (166)

There is no acceleration at any time. When γ2 → 0 this expression reduces to the k = 0 expression
(146). The Hubble parameter and the density parameter Ω (54) are:

H2 =
eb

2

L2µ4

(
b2 + γ2µ2(1 − e−b

2/2)
)
, Ωvac − 1 =

γ2

( dãdτ )
2
=

γ2µ2e−b
2/2

b2 + γ2µ2(1 − e−b2/2)
. (167)

As one can see, the general behaviour of the solutions in the cases considered in the last two sections:
k = 0, k = 1 and Type I solution k = −1 at 0 ≤ γ2 < 2√

e
are qualitatively the same. They all

describe a closed universe, as it is shown in Fig.7 for ã(τ). In all these cases the initial value of the
scale factor is zero: a(0) = a0ã(0) = 0. The corresponding half-time periods of the expansion are
given in (148), (165) and (79).

12. Primordial Gravitational Waves

The coefficient of amplification K of primordial gravitational waves obtained in [29] has the
following form:

K =
1
2

( β

nη0

)2
, β =

1 − 3w
1 + 3w

, (168)

where w is the barotropic parameter (5), n is the wave number, the wavelength is λ = 2πa/n and the
wave had been initiated at conformal time η0. A gravitational wave is amplified when equation of
state differs from that of radiation (p = 1

3ε , w = 1/3, β = 0) and earlier this wave had been initiated
at η0. The gravitons are produced with particularly great intensity during the initial exponential
expansion of the universe where η0 ∼ 0. The production of gravitons is slowing down when the
expansion takes a form that is characteristic to the hot universe (w = 1/3).

In the case of quantum gauge field theory the equation of state has the following form (47):

ε =
B

ã4(t)

(
log

1
ã4(t)

− 1
)
Λ

4
YM, p =

B

3ã4(t)

(
log

1
ã4(t)

+ 3
)
Λ

4
YM, (169)

where a = a0ã (41) and a0 is the initial data parameter (36). The relations between energy density,
pressure and the effective parameter w have the following form (48):

p =
1
3
ε +

4
3
B

ã4(t)
Λ

4
YM, w =

p
ε
=

log 1
ã4(t)
+ 3

3
(
log 1

ã4(t)
− 1

) . (170)
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Figure 9: The perturbation of the Type II solution. Here k = −1, γ2 ' 1.211, µ2 ' 1.32, the wave number
n = 1.01 and ã(0) = µ2, θ(0) = 0, θ′(0) = 0.1 in the equations (178) and (179).

The first relation deviates from p = 1
3ε by the additional term depending on the coefficient B (34),

the scale ΛYM and the scale factor ã(t). The deviation is large at the initial stages of expansion of
the universe and tends to zero at a late time when ã(t) → ∞. Therefore the tensor perturbation of
the Type II and Type IV cosmologies naturally amplify the primordial gravitational waves.

The equation describing the tensor perturbation hµν of the Friedmann space-time metric γµν
is of the form gµν = γµν + hµν and has the following nonzero spacial components:

hij = h(η) Y i
j einx =

θ(η)

a(η)
Y i
j einx, (171)

where Y i
j is the tensor eigenfunction of the Laplace operator. In conformal time η and t-time the

evolution of the linear perturbation has the following form [27]:

h
′′

+ 2
a
′

a
h
′

+ n2h = 0, Üh + 3
Ûa
a
Ûh +

n2

a2 h = 0, (172)

where n is a wave number and the wavelength is λ = 2πa/n. The equation (172) for the θ amplitude
in (171) reduces to the form [29]:

θ
′′

+ θ(n2 −
a
′′

a
) = 0, (173)

where the derivatives are over conformal time η (43), (44). For the general parametrisation of the
equation of state p = wε the solution of Friedmann equations (1) and (3) is:

ε a3(1+w) = const, a ∼ t
2

3(1+w) , a ∼ η
2

1+3w when k = 0. (174)

Considering a universe with a "break" at η = η0 so that a(η) = const and a
′′

a = 0 for η < η0,
Grishchuk effectively introduced a potential barrier at η = η0 into the equation (173). Substituting
the solution (174) and the "break" into the (173) one can get [29]

θ
′′

+ θ
(
n2 −


2(1−3w)
(1+3w)2

1
η2 , η ≥ η0

0, η < η0

})
= 0. (175)

With the potential barrier in place the amplification of waves (tensor perturbation) takes place when
nη0 � 1 and the amplification parameter K is given in (168).
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Let us now consider the tensor perturbation of Type II solution of the Friedmann equations
when the contribution (13) of the gauge field theory vacuum to the energy density of the universe
is taken into consideration. For that consider the first first Friedmann equation (44)( ã

′

ã

)2
=

1
γ2

1
ã2

(
ln

1
ã4 − 1

)
− k (176)

together with the acceleration equation (4), which has the following form:

ã
′′

ã
−

( ã
′

ã

)2
= −

1
γ2

1
ã2

(
ln

1
ã4 + 1

)
. (177)

Adding together the last two equations gives

ã
′′

= −
2
γ2

1
ã
− kã (178)

and the linear perturbation equation (173) will take the form

θ
′′

+ θ
(
n2 +

2
γ2

1
ã2 + k

)
= 0. (179)

In the case of the Type II solution where ã(0) = µ2 (82) the system avoids a singular behaviour in
vicinity of η = 0. The amplification of the primordial gravitational waves is due to the second term
in (179) when n2 < 2/γ2µ2

2. The Fig.9 shows the behaviour of the linear perturbation of the Type
II solution. The analysis of the system of equations (178) and (179) in details will be published
elsewhere.
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Figure 10: The graph of W-function with its two real branches W0(x) and W−1(x). The two branches merge
at the point (−1/e,−1).

14. Appendix A

The Lambert-Euler W-function W(x) is the solution of the equation [71–73]:

WeW = x. (180)

There are two real branches ofW(x) (see Fig.10). The solution for which −1 ≤ W(x) is the principal
branch and denoted as W0(x). The solution satisfying W(x) ≤ −1 is denoted by W−1(x). On the
x-interval [0,∞) there is one real solution, and it is nonnegative and increasing. On the x-interval
[−1/e, 0) there are two real solutions, one increasing and the other one decreasing. Properties
include:

W0(−1/e) = W−1(−1/e) = −1, W0(0) = 0, W0(e) = 1, , W0(e1+e) = e, (181)

W0(x) =
∞∑
n=1

(−n)n−1

n!
xn = x − x2 +

3
2

x3..., |x | < 1/e,

W0(x) = log x − log log x + O
( log log x

log x

)
, x → +∞

W−1(x) = − log(−
1
x
) − log log(−

1
x
) + O

( log log(− 1
x )

log(− 1
x )

)
, x → −0
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