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model. We find that the characteristic properties of cumulants are entirely linked to the critical
chiral dynamics and cannot be reproduced in phenomenological models, which account only
for repulsive interactions. Consequently, a description of the higher-order cumulants of the net-
baryon density requires a self-consistent treatment of the chiral in-medium effects and repulsive
interactions.
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1. Introduction

One of the key objectives in high-energy physics is to establish the thermodynamic properties
of strongly interacting matter. The ab-initio methods of lattice quantum chromodynamics (LQCD)
provide reliable results on the equation of state (EoS) and fluctuations of conserved charges at
the vanishing and small chemical potential [1, 2, 3]. The emergence of the quark-gluon plasma
is characterized by a smooth crossover, which is linked to the chiral symmetry restoration and
deconfinement of color [4, 5]. At larger baryon densities the EoS of strongly interacting matter
cannot be directly computed in LQCD simulations and remains an open question how to overcome
the sign problem.

Fluctuations of conserved charges are known to be auspicious observable in the search for
the chiral-critical behavior at the QCD phase boundary [6], and chemical freeze-out of produced
hadrons in heavy-ion collisions [7, 8]. In particular, fluctuations of the net-baryon number have
been proposed as a probe to measure the QCD critical point in the beam energy scan (BES) pro-
grams at the Relativistic Heavy Ion Collider (RHIC) at BNL and the Super Proton Synchrotron
(SPS) at CERN, as well as the remnants of the O(4) criticality at vanishing and small baryon
densities at the Large Hadron Collider ( LHC) and at RHIC [8, 9].

The LQCD results [10] exhibit a clear manifestation of the parity doubling structure for the
low-lying baryons around the chiral crossover. The masses of the positive-parity ground states are
found to be rather temperature-independent, while the masses of negative-parity states drop sub-
stantially when approaching the chiral crossover temperature Tc. The parity doublet states become
almost degenerate with a finite mass in the vicinity of the chiral crossover. Even though these
LQCD results are still not obtained in the physical limit, the observed behavior of parity partners is
likely an imprint of the chiral symmetry restoration in the baryonic sector of QCD. Such properties
of the chiral partners can be described in the framework of the parity doublet model [11, 12, 13].
The model has been applied to hot and dense hadronic matter, neutron stars, as well as the vacuum
phenomenology of QCD (see, e.g., [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26]).

In this contribution based on [27], we analyze the qualitative properties and systematics of the
fluctuations of the net-baryon number density and the higher-order cumulants in the parity doublet
model. It is systematically examined to what extent their thermal behavior is dominated by the
chiral criticality, and separately is originating from hadronic repulsive interactions.

2. Parity doublet model

To investigate the properties of strongly-interacting matter, we use the parity doublet model [11,
12, 13]. The mean-field thermodynamic potential of the parity doublet model reads [27]

Ω = ∑
x=±

Ωx +Vσ +Vω , (2.1)

where the potentials are

Vσ =−λ2

2
σ

2 +
λ4

4
σ

4− λ6

6
σ

6− εσ , (2.2a)

Vω =−m2
ω

2
ω

2. (2.2b)
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where λ2 = λ4 f 2
π −λ6 f 4

π −m2
π , and ε = m2

π fπ . mπ and mω are the π and ω meson masses, respec-
tively, and fπ is the pion decay constant. The kinetic part, Ωx, in Eq. (2.1) reads

Ωx = γx

∫ d3 p
(2π)3 T

[
ln(1− fx)+ ln

(
1− f̄x

)]
, (2.3)

where γ± = 2×2 denotes the spin-isospin degeneracy factor for both parity partners, and fx ( f̄x) is
the particle (antiparticle) Fermi-Dirac distribution function,

fx =
1

1+ eβ (Ex−µ∗)
,

f̄x =
1

1+ eβ (Ex+µ∗)
,

(2.4)

with β being the inverse temperature, the dispersion relation Ex =
√

p2 +m2
x and the effective

chemical potential µ∗ = µB−gωω . The masses of the chiral partners, N±, are given by

m± =
1
2

(√
(g1 +g2)

2
σ2 +4m2

0∓ (g1−g2)σ

)
. (2.5)

From Eq. (2.5), it is clear that the chiral symmetry breaking generates only the splitting between
the two masses. When the symmetry is restored, the masses become degenerate, m±(σ = 0) = m0.
The positive-parity state, N+, corresponds to the nucleon N(938). Its negative parity partner is
identified with N(1535). In this work, we adopt the parametrization from [27] and analyze the
contribution to thermodynamics from chiral dynamics and repulsive interactions. To this end, we
analyze the fluctuations of the net-baryon number at finite temperature and vanishing chemical
potential.

3. Cumulants of the net-baryon number

In the mean-field approximation, the net-baryon number density, as well as any other thermo-
dynamic quantity, contains explicit dependence on the mean fields. Here, we consider only σ and
ω mean fields (cf. Eq. (2.1)), thus nB = nB (T,µB,σ(T,µB),ω(T,µB)). The second-order cumulant
at vanishing chemical potential has the form [27]:

χ2 = χ
id
2 βrep , with βrep = 1−gω

∂ω

∂ µB
, (3.1)

where χ id
2 = χ id

2 (T,µB,σ(T,µB),ω(T,µB)) is the ideal gas expression for the net-baryon number
susceptibility, and βrep is the suppression factor due to repulsive interactions.

Depending on the details of the model, χ id
2 in Eq. (3.1) contains also dependence on the σ and

ω mean fields. However, at vanishing µB, the expectation value of ω vanishes as well, i.e., the
effective chemical potential is µ∗ = 0. Thus, χ id

2 contains only the contribution from the σ mean
field. Therefore, it encodes the information on the attractive interactions, while the information on
the repulsive interactions is contained in the suppression factor βrep.

Similarly, one derives the higher-order cumulants and their ratios as

χn = χ
id
n β

n−1
rep + . . . ,

χn

χm
=

χ id
n

χ id
m

β
n−m
rep . . . , (3.2)
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Figure 1: The second-order cumulant of the net-baryon number density from different models, see text.

where χ id
n is the ideal gas expression for the n’th order cumulant. Keeping the first term provides a

relatively good approximation to the full expression. The separation of the attractive and repulsive
contributions persists in the approximation of the higher-order cumulants, as well as in their ratios.
This allows to precisely delineate the contributions of the chiral symmetry restoration and the
repulsive interaction to the critical behavior of the cumulants in the vicinity of the chiral phase
transition.

4. Results

In Fig. 1, we show the second-order cumulant, χ2, at vanishing baryon chemical potential.
There are clear deviations of the parity doublet model result from the corresponding ideal HRG, i.e.,
uncorrelated gas of N±. The influence of in-medium hadron masses is identified when considering
χσHRG

2 of the σHRG model, where the thermodynamic potential is that of the ideal gas, but the
vacuum masses of N± are substituted by the in-medium masses obtained by solving the parity
doublet model. χσHRG

2 increases swiftly around Tc, which is evidently linked to the in-medium
shift of baryon masses due to chiral symmetry restoration. We note that, at vanishing chemical
potential the expectation value of ω is zero, thus χ id

n are equivalent to the σHRG formulation. The
result of σHRG model lies systematically above the ideal gas expectation. However, χ2 in HRG
and σHRG models converge to the Stefan-Boltzmann limit at high-temperatures. We also compare
the properties of the net-baryon number cumulants with the excluded volume formulation of the
repulsive interactions (labeled as exHRG). We adopt the formulation of the excluded volume effect,
in which it is considered for the bulk pressure of the system [29]. For consistency, the temperature is
normalized to the critical temperature, Tc, obtained in the parity doublet model. The exHRG results
underestimate that of ideal HRG. The reduction is traced back to the repulsive interactions between
hadrons. In contrast to the HRG models, the parity doublet result features a rapid increase around
Tc, followed by a subsequent monotonic decrease to zero at high temperature. From Eq. (3.1), it is
clear that the difference between parity doublet model and the σHRG an exHRG models is due to
the consistent implementation of the chiral dynamics and suppression originating from βrep.

In Fig. 2, we show the net-baryon kurtosis χ4/χ2, and the ratio χ6/χ2. For the ideal HRG
model, these ratios are equal to unity. The chiral dynamics and repulsive interactions implemented
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Figure 2: Ratio of higher-order cumulants of the net-baryon number density fluctuations, χ4/χ2 (left) and
χ6/χ2 (right).

in the parity doublet model imply strong deviations of these fluctuation ratios from the Skellam
baseline. The kurtosis exhibits a peak around the transition temperature, after which it drastically
drops below unity. This is in contrast to the σHRG result, where the peak structure appears as
well, however, the result converges back to the Skellam distribution limit at higher temperatures.
Thus, the appearance of the peak in the kurtosis is attributed to remnants of the chiral symmetry
restoration, whereas strong suppression around T ' Tc is due to repulsive interactions between
baryons. The exHRG result shows a swift decrease from the ideal HRG behavior at low temperature
and turns negative above Tc.

The ratio χ6/χ2 exhibits a strong sensitivity to dynamical effects related to chiral symmetry
restoration, as shown in the right panel of Fig. 2. The characteristic structure of this ratio obtained
in the parity doublet model with a well-pronounced peak followed by a dip at negative values in
the near vicinity of Tc is expected as an imprint of the chiral criticality [30]. The leading role of
the chiral symmetry restoration on the properties of χ6/χ2 is also seen by comparing the full parity
doublet and σHRG model results in Fig. 2. In both cases, the structure of this ratio is preserved,
albeit with some quantitative differences which are linked to repulsive interactions. Indeed, as
already discussed in the context of the kurtosis, the presence of repulsive interactions suppresses
χ6/χ2 when compared to the σHRG results. Nevertheless, the qualitative structure of this ratio
remains the same. For χ6/χ2 the exHRG result deviates from the ideal HRG result, turns negative,
and predicts a dip above Tc. The parity doublet and exHRG results on kurtosis and χ6/χ2 are
qualitatively different due to the lack of chiral in-medium effects in the latter. Therefore, such a
model is not capable of reproducing the critical behavior of the fluctuations observables near the
chiral crossover. We note that the exHRG behavior is also observed in the Van-der-Waals type
formulation of attractive and repulsive interactions [28].

5. Summary

In this work, we systematically delineated different in-medium effects to identify the role of
repulsive interactions near the chiral crossover transition within the parity doublet model in the
mean-field approximation. We have carried this out by utilizing the fact that, at vanishing chemical
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potential, the second-order cumulant factorizes as a product of a term that is directly linked to
attractive scalar interactions and a suppression factor due to repulsive interactions. Furthermore, we
have found that to a good approximation, a similar separation also holds for higher-order cumulants.

We have compared our results for the higher-order cumulants of net-baryon number fluctua-
tions with an excluded volume formulation of the repulsive interactions. This model provides a
substantial suppression of cumulants due to hadronic repulsion. In particular, the kurtosis χ4/χ2

is reduced from unity towards the chiral crossover, as observed in LQCD results. However, when
considering the χ6/χ2 fluctuation ratio, which exhibits a dominant contribution from the chiral
criticality, such phenomenological model fails to capture the characteristic properties of this ratio.
Our results indicate that in order to fully describe the properties of cumulants of net-baryon number
fluctuations near the chiral crossover, it is not sufficient to account only for repulsive interactions,
but it is essential to formulate a consistent framework that implements the chiral in-medium effects
and repulsive interactions simultaneously.
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