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Non-Hermitian quantum theories have been applied in many other areas of physics. In this
note, I will briefly review recent developments in the formulation of non-Hermitian quantum
field theories, highlighting features that are unique compared to Hermitian theories. I will touch
upon their crucial discrete symmetries and how continuous symmetry properties are borne out,
including Noether’s theorem, the Goldstone theorem and the Englert-Brout-Higgs mechanism.
As examples, I will describe a non-Hermitian supersymmetric theory, and draw attention to non-
Hermitian deformations of (scalar) QED, the Higgs-Yukawa theory and flavour oscillations, with
potential implications for non-Hermitian model building in the neutrino sector. Together, these
results pave the way for a systematic programme for building non-Hermitian extensions of the
Standard Model of particle physics.
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1. Introduction

To go beyond the Standard Model of particle physics, we can do two things: (i) add new degrees
of freedom, e.g., extra Higgs doublets, right-handed neutrinos, SUSY partners, or gauge singlets,
perhaps coupling to hidden sectors; or (ii) relax assumptions, e.g., the number of spatial dimensions,
Lorentz invariance, locality, or CPT invariance. The focus of this note is the possibility to relax
Hermiticity of the Lagrangian/Hamiltonian. This option stems from the following observation:
Hermitian operators have real eigenvalues, but not all operators with real eigenvalues are Hermitian.
Hermiticity of the Hamiltonian is a sufficient not a necessary condition to have a real spectrum [1].
Instead, the Hamiltonian must have an antilinear symmetry, under the action of which energy
eigenstates form a common eigenbasis [1, 2]. The argument is as follows (based here on Ref. [3]):

Given an eigenstate |y (7)) of the Hamiltonian A with energy E € C, we have H |y(1)) =
E |y (r)). Acting with an antilinear operator A, such that VA € C : A1A~! = A*, and taking
t — —t, we obtain AH |y(—1)) = E*|Ay(-1)). If H is invariant under the action of A4, i..,
AHA™" = A, then H |Ay/(~-1)) = E* |Ay/(—1)). Thus, if |[Ay(—1)) & | (¢)) then the energies come
in complex-conjugate pairs, and if [Ay (—1)) o« | (¢)) then H | (1)) = E* |(¢)) and E = E* € R.

2. Scalar prototype

Let’s consider a simple linear, scalar and non-Hermitian field theory with real Lagrangian
parameters. It is composed of two complex scalar fields ¢; (j = 1,2) with a non-Hermitian mass
mixing. The c-number Lagrangian can be written in the following form [4]:
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Ly =040;0°¢; - M &5¢r. M= (_/jg mz) . omimy,pt,my—m3 >0, (1)
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and « is a Lorentz index. The tildes indicate that the ¢§j are not simply the complex conjugates of ¢ ;.
The ¢; and ¢; equations of motion differ by u*> — —p?, and this ensures that the Euler-Lagrange

equations obtained from the Lagrangian (1) are mutually consistent [4].

The matrix M? is real skew symmetric, and therefore not Hermitian. However, its eigenvalues

mi=(m%+m§)/21‘11—n2|m%—m§|/2, n =242 (mi —m3), )

are real when the argument of the square root is positive semi-definite. The parameter i determines
the phase of the antilinear symmetry: for n> = 0, we have a Hermitian theory; for 0 < 5> < 1,
the antilinear symmetry is unbroken, and the eigenspectrum is real; and for n> > 1, the antilinear
symmetry is broken, and the eigenspectrum is complex. When > = 1, we are at an exceptional point,
where the eigenvalues merge, i.e., m2 = m?, M? becomes defective, and we lose an eigenvector.

If we take one of the fields, ¢, say, to transform as a pseudoscalar under parity ¥, the antilinear
symmetry guaranteeing the reality of the eigenvalues is symmetry under the combined action of

parity # and time-reversal 7, which act on the c-number fields as follows:
Pogi(x) = ¢4 (P) = Pudr(x), T ¢5(x) = ¢(Tx) = ¢3(x) 3)

wherein P = P~! = diag(1, 1) is the parity matrix. Notice that parity relates the untilded and
tilded fields, since P- M2 - P = (M 2)T, where T denotes the matrix transpose, effecting ;12 — —,uz.
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An alternative description of this model was first introduced in Ref. [5], with the Lagrangian
L, =0a¢50%; —m;¢5¢; — 1I° (¢7¢2 — ¢301) - @)

Note the absence of tildes on the conjugated fields. This description has the feature that the equations
of motion obtained by varying the action with respect to ¢; and qﬁj. are not mutually consistent [5].
However, by choosing the equations of motion by varying with respect to either the ¢ ; or the ¢j. [51,
the resulting dynamics is identical to that obtained from varying Eq. (1). The exception, however, is
in the way that Noether’s theorem is borne out, with conserved currents arising for transformations
that effect particular variations of the non-Hermitian part of the Lagrangian (4) [5].

The eigenvectors of the mass matrix are e, = N(n, —1++/1 —n?) ande_ = N(-1++/1 -n%,73),
where N is some normalization [5]. However, since the mass matrix is not normal for ,u2 #0(.e.,
[M?, (M?)T] #0), except when m% = m%, it cannot be diagonalized by a unitary transformation
and its eigenvectors are not orthogonal with respect to the usual Hermitian inner product. The mass
matrix can, however, be diagonalized by a similarity transformation [5] (see also Ref. [4]):!

2 1_/1_2
o 0)’ R:N(l i '

R-M?-R'=

0 m? N R ©)

The existence of this similarity transformation allows us to define an inner product under which the

eigenvectors are orthonormal and their norms are positive (see Refs. [2, 6]): e} - R?.e; =0and
e -R*-e. =1, withN = (2> =2 +2+1 - 772)_1/2. Notice that |N| — oo at the exceptional points
(n* = 1). Since R-R = R-P-R™'- P, we can isolate a matrix C’ = R- P- R~ that is associated with
an additional symmetry of the Lagrangian (introduced in Ref. [6] as the “C” symmetry), which acts
at the level of the squared mass matrix as C'T - M? - C'T = M? and plays a role in ensuring unitary
evolution [6]. Even so, to describe non-Hermitian flavour oscillations, we must consider physical
scattering processes to avoid apparent problems with perturbative unitarity [4] (cf. Ref. [7]).

3. Spontaneous symmetry breaking (SSB)

Within the regime of unbroken 7~ symmetry, the existence of a conserved current is sufficient
to ensure that the Goldstone theorem continues to hold in the case of a spontaneously broken global
symmetry [8]. For instance, for the non-Hermitian model

Lssp = 000500 +mi|¢1 > —m3|gol> — p* (6762 — $361) — §1|*.  mi.m3.u* g >0, (6)

we can expand around the minima determined via

d
a_sfi‘qs_v. =mivi = ptva = §lvilvr =0 Vi
JY % = S
gé = —m%vz + /121/] =0 V2 ’ rec, O
2 Pj=vj

andtake ¢; — v j+0¢; to show that there exists a Goldstone mode G o Im §¢; —(,uz/m%) Im ¢y [8].

IThe eigenvalues would be interchanged were we to take m% - m% > 0, while keeping 7 as defined in Eq. (2), such
that R - M2 - R~ = diag(m?2, szr) for R as given in Eq. (5).
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We can gauge the U(1) symmetry of the above model, and the Englert-Brout-Higgs mechanism
is still borne out. For instance, taking (Fop = 00 Ag — Ay and D, = 04 +iqA,, with g € R)

Lssp.a = ~3FapFP+Do¢5D ¢ j+mi |1 P =m3|dol* — 1 (162 — ¢301) 511 [* 52 (02 A?)?

(®)
the squared gauge boson mass after SSB is mf\ = 2¢%(Jv1|*> + |v2|?) [9] (see Ref. [10] for the
non-Abelian case). Interestingly, this disagrees with alternative treatments based on similarity
transformations to Hermitian theories [11, 12]. The latter effects [v2]|> — —|v,|* in mi, and the
gauge boson mass then vanishes at the exceptional points (u* = J_rm%), despite the broken symmetry.

4. Non-Hermitian Dirac theory

We can make a non-Hermitian deformation of the theory of a single Dirac fermion ¥ by
introducing a parity odd, anti-Hermitian mass term [13]:

Loie = §(iy* 0o —m—puy’ ),  mpucR, )

where y° = (75 ) "is the fifth gamma matrix. The energies are given by the roots of EZ = p>+m?—pu?,
and there exists a conserved current, which is given by [14] (see also Ref. [5])

JE =0y (L+py’ /m)y =gy [(1 = p/m) Pp + (1 + p/m) PRl ¢, (10)

where Pg(r) = (I+ (—)yS) /2 are the right- (R) and left-chiral (L) projection operators.

At the exceptional points u = +m, the theory behaves on-shell as that of a single massless left-
or right-chiral fermion [15] (see similar behaviour on the lattice [16]). In fact, adding an axial vector
gauge coupling, the gauge symmetry is recovered at the exceptional points [15], despite the presence
of mass terms in the Lagrangian. The persistence of these mass terms at the exceptional points also
means that massless fermions may undergo flavour oscillations [17], with potential implications
for the neutrino sector. Additionally, the structure of Hermitian and anti-Hermitian mass terms in
Eq. (9) can be obtained from a non-Hermitian Higgs-Yukawa theory [15] (see also Ref. [18]).

5. Supersymmetry (SUSY) embedding

The non-Hermitian models described above are composed of four degrees of freedom: we
have two flavours of complex scalar field or two chiral components of a Dirac fermion. The former
of these can be partnered with two flavours of Majorana fermion, and both the fermion and scalar
components can be packaged within two N = 1 scalar chiral superfields ®; (j = 1,2). We can then
write a non-Hermitian supersymmetric Lagrangian [19]

Lsusy = / 0" 0 (j012 + |02 +/d29 W++/d2m Wi, (11a)

We = 3m @7 F mp® @y + mpn @3, (11b)

where 6 and 0" are Grassmann variables. On-shell, this yields the scalar model (4), with the
i
of Majorana fermions described by the Lagrangian

Loy = U5y ®0atj — smyljwj — 3mu @1y vo + gy i) . (12)

: 2 _ 2 2 _ :
squared mass parameters given by m G=my—myy and u = mp(my —mi1), along with a system
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The squared mass eigenvalues are

2
mi,s = (mi) +m3,)/2 = mi, + \/(mi —m3,)" /4 —m3, (my - smp)?, (13)

where s = +1 for the bosonic fields and s = —1 for the fermionic fields, with their spectra agreeing
only in the Hermitian limit m» — 0. The non-Hermitian terms therefore provide a source of
supersymmetry breaking, despite the theory itself being written entirely in terms of superfields [19].

6. Concluding remarks

We have highlighted how antilinear symmetries can make certain non-Hermitian quantum
theories viable, described a number of prototype non-Hermitian field theories, and considered their
continuous symmetry properties. The key import is that non-Hermitian quantum field theories may
provide new avenues for model building in particle physics that exhibit unique phenomenology,
e.g., through the existence of exceptional points, which cannot be replicated by Hermitian theories.
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