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The local nonequilibrium neutrino distribution function in a core-collapse supernova is considered
and two variants of its analytical approximation are suggested. The proposed analytical approx-
imations are verified using the results of a one-dimensional simulation of neutrino propagation,
performed self-consistently with hydrodynamics in Prometheus-Vertex code. It was shown that
the approximation, based on a Fermi-like distribution of neutrino spectrum, agrees with results
of Prometheus-Vertex simulation only in the inner parts of the supernova. Whereas the approxi-
mation based on alpha-fit of neutrino energy distribution, also known as Gamma-distribution, is
more general and has no restrictions for application in any part of the supernova. The obtained
results could be applied for estimation of various neutrino effects in supernova conditions without
their direct inclusion in the explosion simulation.
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1. Introduction

The theoretical investigation of a core-collapse supernova has a long history. However, the
mechanisms driving explosions of massive stars at the final stage of their evolution are still open
questions. Today, the main stages of this phenomenon are well known, and it is clearly that neutrino
radiation plays a prominent role in the supernova explosion [1]. But numerical simulation of the
neutrino radiation in supernova is a very complicated and resource-intensive problem [2]. Because
of that, the inclusion in modeling of various effects of neutrino physics, which are not significant in
the supernova, is difficult. Therefore, it is important to estimate the influence of such effects without
including them in the explosion simulation, performed self-consistently with hydrodynamics. For
these estimation it needs to know the nonequilibrium neutrino distribution function. This work is
devoted to the construction and verification of two simple analytical approximations of the neutrino
distribution function.

2. Analytical approximation of neutrino distribution function

To construct simple analytical approximations for the neutrino distribution function, we assume
that their propagation in the supernova is spherically symmetric. Note that this assumption does not
constrain the generality of the obtained results as one-dimensional and two-dimensional calculations
lead to practically the same results [3]. This confirms that the neutrino propagation in a supernova is
close to spherically symmetric. In this case, the local nonequilibrium neutrino distribution function
𝑓𝜈 at each point of the supernova 𝑟 and the time 𝑡 after a bounce is determined by two parameters:
the neutrino energy 𝜔 and the angle 𝜃 between the neutrino momentum and radial direction of
star. We also assume that the distribution function can be factorized into the angular and energy
components:

𝑓𝜈 (𝑡, 𝑟, 𝜃, 𝜔) ' 𝑁𝜈 (𝑡, 𝑟)𝛷(𝑡, 𝑟, 𝜃) 𝐹 (𝑡, 𝑟, 𝜔), (1)

where 𝑁𝜈 (𝑡, 𝑟) is the normalized coefficient, which is determined from the neutrino number density.
Note that this assumption about the factorization is quite well satisfied under supernova conditions.

Further, two variants of the analytical approximation of the neutrino distribution function are
considered. The angular part𝛷(𝑡, 𝑟, 𝜃) for both cases is described by normal distribution (Gaussian
function) of variable 𝑦 = 1 − cos 𝜃 as it is applicable for the most part of supernova [4]. In first
variant the energy part 𝐹 (𝑡, 𝑟, 𝜔) is approximated by Fermi-like function, suggested in Ref. [5]:

𝑓
(𝐹)
𝜈 (𝑦, 𝜔) = 𝑁𝐹 exp[−(𝑦/(

√
2𝜎))2] (exp[𝜔/𝑇𝜈 − 𝑎𝜈] + 1)−1,

where 𝜎 is the standard deviation of the angular neutrino distribution, 𝑇𝜈 and 𝑎𝜈 are the nonequi-
librium fitting spectral parameters. The second variant is based on approximation of the neutrino
energy spectrum, motivated by an analytic simplicity and considered in Ref. [6], it is called “𝛼-fit”:

𝑓
(𝛾)
𝜈 (𝑦, 𝜔) = 𝑁𝛾 exp[−(𝑦/(

√
2𝜎))2] (𝜔/𝜔1)𝛾−3 exp[−𝛾 𝜔/𝜔1] .

where 𝜔1 is the neutrino mean energy and 𝛾 represents the amount of spectral pinching. Both
variants of complete neutrino distribution function are 4-parametric.
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3. Numerical results

In our analysis of suggested analytical approximations we use the results of numerical simula-
tions of explosion of SN progenitors with mass 15 𝑀� 1. The simulations were performed with the
1D version of the PROMETHEUS-VERTEX code [7]. Note that the application of concrete code
does not restrict a generality of obtained results. Thus, a detail comparison of a large number of
codes, calculating the one-dimensional neutrino propagation in a supernova, shows that the results
obtained with them coincide in spite of significant differences in the calculation methods [8].

We can find the parameter of neutrino energy distribution function by using two first energy
moments 𝜔1 and 𝜔2, which are defined as:

𝜔𝑛 (𝑡, 𝑟) = ©«
∞∫

0

𝐹 (𝑡, 𝑟, 𝜔) 𝜔𝑛+2𝑑𝜔
ª®¬ ©«

∞∫
0

𝐹 (𝑡, 𝑟, 𝜔) 𝜔2𝑑𝜔
ª®¬
−1

.

As analysis shown, in most part of supernova parameters of Fermi-like distribution can not be found
by this method. As seen in Figure 1, in the outer part of supernova the Fermi-like approximation
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Figure 1: The ratio 𝜔2/𝜔2
1 for electron neutrinos as function of the distance 𝑟 from the supernova center

for two values of the time after a bounce 𝑡 = 150 ms (left panel) and 𝑡 = 600 ms (right panel). Red dashed
lines correspond to upper and bottom bounds of 𝜔2/𝜔2

1 for the 𝛼-fit, green dashed lines – the Fermi-like
distribution. Grey line is value of ratio 𝜔2/𝜔2

1 obtained from the numerical data.

is not in agreement with first two energy moments. Moreover, their deviation from the boundary
values, reachable for the Fermi-like approximation, increases with time after a bounce.

Note that this method based on first two neutrino energy moments is not the only one possible
to find the parameters of the neutrino spectral distribution functions. However, the obtained results
show that in the outer part of the supernova, the Fermi-like approximation certainly describes the
neutrino spectrum worse than the 𝛼-fit.

In inner part of supernova both approximations of neutrino distribution function satisfy to two
first neutrino energy moments𝜔1 and𝜔2. As shown on Figure 2, the Fermi-like approximation more
better coincides with numerical data than 𝛼-fit. However, the 𝛼-fit differs from data only in low-
energy part of spectra, which contain small fraction of all neutrino. Moreover, this deviation quickly
disappears with an increase of distance from supernova center. Note, that in this region of supernova
the neutrino gas is close to local equilibrium with the matter. Therefore, the approximation of
neutrino gas by Fermi-like distribution is physically more justified than an application of the 𝛼-fit.

1https://wwwmpa.mpa-garching.mpg.de/ccsnarchive/archive.html
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Figure 2: Spectrum of electron neutrinos, which propagate in radial direction, normalized to one, as function
of neutrino energy for fixed value of time after a bounce 𝑡 = 150 ms and two values of distance from supernova
center 𝑟 = 8 km (left panel) and 𝑟 = 22 km (right panel). Red lines correspond to the 𝛼-fit, green lines – the
Fermi-like distribution. The numerical data is presented as grey step function.

4. Conclusions

Based on general assumptions about the form of the local nonequilibrium neutrino distribution
function in a supernova, two variants of its analytical approximation are proposed. Using the results
of one-dimensional simulation of a supernova explosion performed with the PROMETHEUS-
VERTEX code, the proposed analytical approximations are verified.

It is shown that the approximation, based on the Fermi-like distribution, does not correspond to
the first two energy moments of the neutrino distribution function in the outer part of the supernova.
Thus, the 𝛼-fit approximation of the neutrino spectrum is more general. However, in the inner part
of the supernova, the approximation based on the Fermi-like function is physically more justified
and precise.
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