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We discuss the flavor number dependence of QCD at low temperature and high density by the

complex Langevin method. In our previous work, the complex Langevin method is confirmed

to satisfy the criterion for correct convergence in certain regions, such as `q/) = 5.2 − 7.2 on

83 × 16 and `q/) = 1.6 − 9.6 on 163 × 32 using #f = 4 staggered fermion at V = 5.7. We extend

this study to more realistic flavor cases, #f = 2, 2 + 1, 3, using Wilson fermions. We present the

flavor number dependence of the validity regions of the complex Langevin method and the quark

number.
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1. Introduction

QCD at high density attracts significant physical interest. It is expected to have a rich phase

structure, which may be realized in the neutron star. A lot of experiments, including heavy ion

collisions and observation of neutron stars, search for the physics of QCD at high density. On the

theoretical side, the exploration with the conventional Monte Carlo method is prevented by the sign

problem. Several approaches are developed and utilized for quantitative study of the finite density

QCD, as overviewed in this conference [1].

One of the promising approaches is the complex Langevin method (CLM) [2, 3]. The CLM

needs no interpretation of the Boltzmann weight as a probability density. The CLM does not

suffer from the sign problem. It is also advantageous that the simulation of the odd-flavor is

straightforward. In contrast, the CLM suffers from the wrong convergence problem. Correctness

of the CLM is guaranteed only if the justification conditions are satisfied. It is crucial to identify

the validity region of the CLM for QCD at finite density.

We have successfully identified the validity region of the CLM at finite temperature ) and

quark chemical potential `q, such as `q/) = 5.2–7.2 on 83 × 16 and `q/) = 1.6 − 9.6 on 163 × 32

lattices using the four-flavor staggered quark [4]. The validity is confirmed by the criterion based

on the drift histogram [5]. If the histogram of the magnitude of the drift term falls off exponentially

or faster, the CLM guarantees to give a correct result. If it shows a power-law tail, the CLM can

converge to a wrong result. We measured the quark number in the validity region and found that it

has a plateau structure, as observed in the free theory with the naive lattice fermion [6] as well as

the one-loop calculation on a small S3 in the continuum QCD [7].

Encouraged by our previous work, we extend this study to more realistic flavor cases. The

number of flavor #f is changed from #f = 4 required by the staggered fermion to #f = 2, 2 + 1, 3

using Wilson fermion. We search for the validity region of low temperature and high density QCD

via the CLM, varying #f , V and the quark mass <q as a function of `q. Creating the map of the

validity region is an indispensable first step for a practical calculation by use of the CLM.

2. Formulation

We perform a simulation using the CLM in the presence of the chemical potential. We use the

plaquette gauge and Wilson fermion actions. The gauge action (6 [*] is defined by

(6 [*] := − V

6

∑

G

∑

`≠a

tr
(

*G,`*G+ ˆ̀ ,a*
−1
G+â,`*

−1
G,a

)

, (1)

where V := 6/62, and*G,a ∈ SU(3) is a link variable in the a = 1, 2, 3, 4 direction with a unit vector

in the a-direction â. The fermion action ( 5 [*] for a fermion field k is defined by

( 5 [*] :=
∑

G,H

kG"GHkH , (2)

"GH [*] :=XGH − ^@

∑

a

[

(1 − Wa)4`q Xa4*G,aXG+â ,H + (1 + Wa)4−`q Xa4*−1
G,aXG,H+â

]

. (3)

The hopping parameter ^@ is related to the bare quark mass <q through <q = (1/2) (1/^@ − 1/^2)
with the critical hopping parameter ^2 . For #f = 2, 3, 4 cases, we employ degenerate quark masses.
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For #f = 2 + 1 case, we employ light and heavy quarks represented by ^; and ^ℎ, respectively. We

assign a periodic boundary condition in each direction, except an anti-periodic boundary condition

in the temporal direction for the fermion. The determinant det " [*] becomes complex by finite

`q. It makes the Boltzmann weight complex and causes the sign problem.

We overcome the sign problem via the CLM. The link variables are complexified to UG,a ∈
SL(3,C). They are evolved by the complex Langevin equation with the stepsize Y! using an improved

second-order Runge-Kutta algorithm [8],

UG,a (C + Y!) = exp
{

8
(

−Y!EG,a [U(C)] + √
Y![G,a (C)

)}

UG,a (C) , (4)

where [G,a (C) is a noise term, generated from the Gaussian distribution exp[−(1/4)tr [2
G,a (C)]. The

noise average satisfies the orthogonal relation,

〈[8 9G,` (B)[:;H,a (C)〉[ = 2XGHX`aXBC

(

X8;X 9: −
1

3
X8 9X:;

)

. (5)

The fermion drift term E
( 5 )
G,a and the gauge drift term E

(6)
G,a are defined by

E
( 5 ,6)
G,a [*] :=

8
∑

0=1

_0

m

mU
( 5 ,6 [48U_0*G,a]

�

�

�

�

�

U=0

. (6)

An estimate for the observable O(U) is obtained by the average over the fictitious time C,

Ō :=
1

Ctotal

∫ C0+Ctotal

C0

3C O(U(C)) , (7)

where C0 is the thermalization time, and Ctotal is the total complex Langevin time. In this work, the

observable is the quark number defined by

#q :=
1

#t

m

m`q

log / , (8)

where #t is the temporal lattice size. The trace is evaluated by the noise method. If the excursion

problem and the singular drift problem are under control, Ō is proved to be the expectation value

of the original path integral [9, 10]. Otherwise Ō can converge to a wrong result. The judging

criterion we employ is the drift histogram [5], utilizing the magnitude of the drift term (6),

E ( 5 ,6) := max
G,a

√

1

3
tr

(

E
( 5 ,6)†
G,a E

( 5 ,6)
G,a

)

. (9)

If the magnitude of the drift term falls off exponentially or faster, Ō is proved to be valid. The

excursion problem is originated from the power-law behavior in the gauge part of the drift, and

the singular drift problem in the fermion part. The former is also measured by the configuration

distance from the SU(3) manifold, called the unitarity norm,

N :=
1

12#3
s #t

∑

G,a

tr (U†
G,aUG,a − 1) , (10)
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Figure 1: Flavor number #f dependence of the validity region of the CLM at V = 6.0 (left panel) and V = 8.0

(right panel) on the 83 × 128 lattice.

where #s is the spatial lattice size. The excursion problem is reduced by the gauge cooling [11, 12],

X6 UG,` = 6GUG,`6
−1
G+ ˆ̀ , 6 ∈ SL(3,C) . (11)

It minimizes the unitarity norm. We employ the gauge cooling at the end of each Langevin update,

which does not violate the justification [5, 13]. It has been pointed out that the growth of the

unitarity norm does not always lead to the power-law of the gauge drift histogram [14]. Control of

the unitarity norm is a sufficient condition for the correct convergence but is not necessary.

3. Setup and result

We search for the validity region of the CLM with respect to the flavor number #f = 2, 2+1, 3, 4,

V = 6.0, 8.0, and <q = 0.001–0.100 as a function of `q. We set ^2 = 1/8 and <B/<D3 = 0.1

for this exploratory study. The low temperature is realized by a small aspect ratio of the 83 × 128

lattice. The high density corresponds to the large quark chemical potential in our simulation up to

`q/) = 102. The step size of the complex Langevin evolution is chosen to be Y! = 1.0×10−4, which

is adaptively reduced [15] if the drift magnitude (9) is larger than a certain threshold determined

at each simulation point. The total Langevin time is g ≤ 10 after thermalization. We accumulate

data before the rapid growth of the unitarity norm, as explained below. The error is estimated by

the jackknife method with a bin size of 0.4 Langevin time.

Figure 1 represents the flavor number dependence of the validity region of the CLM judged by

the drift histogram. At V = 6.0, we found small validity regions. At V = 8.0, in contrast, we have

wider validity regions, as in the case of the previous works [16, 17]. A finer lattice gives better

convergence to the correct result by the CLM. We also found decrease of #f causes enlargement of

the validity regions. It is an encouraging result for the realistic #f = 2 + 1 CLM simulation. We

confirmed the validity region is not significantly changed for the quark mass within <q = 0.001–

0.100. The quark mass dependence is also consistent with the #f = 4 staggered fermion result [17].

It is noticed that the #f dependence in this work does not agree with that of the rooted #f = 2 and 4

staggered fermion at finite temperature on 123 ×6 [18]. The temperature dependence of the validity

region shall be evaluated to clarify the origin of the disagreement. Another remaining task is an
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Figure 2: Histograms of the magnitude of the fermion drift term at V = 8.0 on the 83 × 128 lattice. The

flavor number is #f = 4 (upper left), #f = 3 (upper right), #f = 2 + 1 (lower left), and #f = 2 (lower right).

analysis along the line of constant physics. The dependence of the validity region has been still

investigated with the fixed bare parameters. It is also an important task for a definite comparison.

In Figs. 2 and 3, we plot the histograms of the magnitude of the gauge and fermion drift

terms (9), respectively. Data at large chemical potentials are omitted due to the breakdown of the

CLM simulation by non-convergence of the iterative solver or floating-point exceptions. These

histograms are used to judge if the CLM result is valid or not. The histogram of the fermion

drift term has a clear power-law behavior at `q = 0.40–0.60 with #f = 4. The CLM result is not

guaranteed to be valid at these values of `q. On the other hand, the power-law behavior is less

observed with #f = 2, 2 + 1, 3. Among these histograms, those at `q = 0.50 are prominent, where

the quark number jumps as presented later. The power-law is observed in not only the histogram of

the fermion drift term but also that of the gauge drift term, except for #f = 2. As in the case of our

previous paper [4], the CLM simulation often fails around the transition point of the quark number.

We also display the unitarity norm (10) in Fig. 4. The unitarity norm is under control in the

valid region, while it has large values in the invalid region. Although we use data before the rapid

growth of the unitarity norm, the power-law behavior can be still visible in the histogram of the

fermion drift term, such as the case at `q = 0.4 with #f = 4. It is important to examine not only the

unitarity norm but also the drift term histogram to confirm the validity of the CLM.

Figure 5 displays the quark number (8) at V = 8.0 on the 83×128 and lattice. All the plotted data

are in the valid region, satisfying the justification criterion. As in our previous work [4], the quark

5
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Figure 3: Histograms of the magnitude of the gauge drift term at V = 8.0 on the 83 × 128 lattice. The flavor

number is #f = 4 (upper left), #f = 3 (upper right), #f = 2 + 1 (lower left), and #f = 2 (lower right).

number shows plateaus. The height of the first plateau is consistent with #q = #f ×#2 ×#spin = 12

for #f = 2, and with #q = 18 for #f = 3, as expected from the free theory on the lattice. It is

important for a study of the color superconducting phase (CSC) on the lattice, because the formation

of the Cooper pair is enhanced on the Fermi surface. Since the validity region covers the first plateau

of the quark number, it suggests the possibility of detecting the CSC non-perturbatively by the CLM.

4. Summary

We explored the validity region of the CLM by varying the flavor number, V, and quark masses

as a function of the quark chemical potential. The CLM simulation is performed at low temperature

and high density QCD by use of #f = 2, 2 + 1, 3, 4 Wilson fermions on the 83 × 128 lattice. We

confirmed the existence of the validity region, judged by the drift histogram, at low temperature

and high density in the range of `q/) = 12.8–102. It is a crucial first step to unveil the physics of

low temperature and high density QCD by the CLM.

The detailed study of #f dependence shows that the validity region is enlarged toward smaller

#f . It is an encouraging result that realistic #f = 2 + 1 QCD has a broader validity region than that

of #f = 4 case, which has been extensively studied by the staggered fermion. Our #f dependence

is opposite to the case of the rooted #f = 2 and 4 staggered fermion at finite temperature [16]. The

difference is probably originated from the finite temperature effect.
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Figure 4: Histories of the unitarity norm (10) at V = 8.0 on the 83 × 128 lattice. The flavor number is #f = 4

(upper left), #f = 3 (upper right), #f = 2 + 1 (lower left), and #f = 2 (lower right).
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We also found the validity region is enlarged by the change of V = 6.0 to V = 8.0 with the bare

parameters being fixed. It is consistent with the tendency in the #f = 4 staggered fermion [16, 17].

A finer lattice leads to better control of the validity. The result suggests that the action improvement

may lead to wider validity regions.

We measured the quark number in the validity region, and confirmed the validity region reaches

the first plateau, as in our previous study with #f = 4 staggered quark [4]. The height of the first

plateau is found to be proportional to #f , as expected from the lattice free theory. This confirmation

is relevant for a study of the CSC on the lattice since the Cooper pair forms easily on the Fermi

surface. The result of this work supports the possibility of a non-perturbative study of the CSC in

the validity region of the CLM.

An important future work is to increase the spatial lattice volume, which is required to fully

extract the non-perturbative effect. We still need to check the spatial volume dependence of the

validity region. Another direction is the study of CSC by the lattice simulation. Our perturbative

study predicts the critical coupling for CSC on the lattice [19]. Non-perturbative confirmation along

this line is ongoing by the CLM with the staggered fermion [20]. Since the flavor number plays

an important role in CSC, usage of the Wilson fermion is advantageous, which has an exact flavor

symmetry. We hope to clarify the structure of CSC non-perturbatively.
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