PROCEEDINGS

OF SCIENCE

Lattice QCD calculation of the two-photon exchange
contribution to the muonic-hydrogen Lamb shift

Yang Fu4-*
“School of Physics, Peking University, Beijing 100871, China
E-mail: fy_deg@pku.edu.cn

We develop a method for lattice QCD calculation of the two-photon exchange (TPE) contribution
to the muonic-hydrogen Lamb shift. To demonstrate the feasibility of this method, we also present
an exploratory study with a gauge ensemble at m, = 142 MeV. By adopting the infinite-volume
reconstruction (IVR) method along with an optimized subtraction scheme, we obtain a preliminary
result of the TPE contribution which agrees well with previous calculation using other methods
and one magnitude smaller compare to the large ~ 300 ueV discrepancy for the proton radius

puzzle.
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1. Introduction

The measurement of muonic-hydrogen spectroscopy [1, 2] not only provides the most precise
determination of the proton charge radius, but also raises the unexpected proton radius puzzle. This
puzzle triggers a great deal of efforts to improve the theoretical corrections to both spectroscopy
and scattering. Among them, the two-photon exchange (TPE) correction, see Fig. 1, is of special
interest. It involves a wealth of information about the proton structure and introduces the largest
theoretical uncertainty to both the Lamb shift and hyperfine splitting in muonic-hydrogen [3]. The
TPE correction also plays an important role in the electron-proton scattering since it could be
responsible for the drastic difference in the ratio of the proton electric to magnetic form factors
obtained using the Rosenbluth separation [4] and the polarization transfer methods [5].
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Figure 1: The diagram for two-photon exchange correction.

Several approaches have been applied in previous work, including dispersion relations (DR)
[6-10], baryon yPT (ByPT) [11, 12], heavy baryon yPT (HByPT) [13-15], non-relativistic QED
(NRQED) [16] and operator product expansion (OPE) [17]. For these methods, the TPE correction
is usually divided into Born and non-Born pieces, where as in the DR approach, the Born part can
be well-constrained by the experiment data, but the non-Born part contains a component, commonly
referred as "subtraction function", which is poorly constrained and relies on model, thus leading
to a large systematic uncertainty. Other theoretical approaches are usually devoted to improve the
determination of the non-Born contribution, in particular the contribution of subtraction function.
It has also been recently proposed that the subtraction function can be further constrained by the
dilepton electroproduction [18].

The total 25 — 2P Lamb shift in muonic hydrogen is given by [3] (units in meV and fm)

AER™ =206.0336(15) - 5.2275(10)(r3) + AEp, (1)

with their choice of TPE contribution AEtpg = 0.0332(20) meV [8, 14] and experiment result
AEi’;p =202.3706(23) meV [2]. One find that the uncertainty of the TPE is at the same level as the
present experimental precision, thus any further improvement on proton charge radius extraction
from pH Lamb shift will unavoidably require an improved TPE determination, of which the precise
lattice QCD calculation is undoubtedly important.

Several lattice QCD approaches have been recently proposed, including using the Feynman-
Hellmann theorem to calculate the structure function [19] and using an unconventional choice of the
subtraction point to calculate the non-Born contribution of the TPE [20]. In this work, we develop
a method to directly calculate the TPE correction to the yH Lamb shift on the lattice. We also
perform an exploratory study with a gauge ensemble at the physical pion mass. The preliminary
result is consistent with previous data-driven analysis.
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2. Two-photon exchange contribution

We start with the spin-averaged forward doubly-virtual Compton scattering (VVCS) tensor in
Euclidean space. With Hy,, (x) = (p|T [ju(x)J»(0)]|p), we have

1 i0-x
T,,,,(P,Q):Sﬂ—Mfd“er Hyy(x)

_ (_5,” ; %) Ti(v,0%) - (PM - })é—zQQy) (PV - PQ'ZQQV) TZ(L’QQZ), @)

where v = P- Q/M with P and Q the Euclidean proton and photon four-momenta, and M is the

proton mass.
For the TPE contribution, the Euclidean momenta are chosen as P = (iM,0) and Q = (Qo, Q).
The relative energy shift to the the nS-state is then given by [6]

(Q? +203)T1(iQo, Q%) - (0% - 03)T2(iQo, 0?)
04(0* +4m2Q2) '

2
AE - 8ma

)P [ a0 3)

s
where m is the lepton mass, |¢f, (O)‘ = m>a? |(nn?) is the square of the nS-state wave function at the
origin with m, = mM /(M + m) the reduced mass. Note that the nP-state wave function vanishes at
the origin, hence it won’t receive any corrections from TPE at this order. Eq.(3) essentially contains
an infrared singularity which is due to the terms already accounted for at the lower order [8]: one is
the point-like proton contribution, which means the proton-photon vertex function I';, = y,,, hence

M 2 M 2
Tl(pt) = — 4 s 2(pt) = Q ) (4)
7 Q% —4M?2y? n Q% —4M?y?
another one is the charge radius term from third Zemach moment contribution
dQ? 16mM
AE®) = _o? 02[——G' 0), 5
P OF [ G a5 ©) )

with G (Q?) the proton electric form factor and its derivative can be related to proton charge radius
via (rlz,) = —6G; (0). These terms should be subtracted in order to both keep the TPE contribution
IR finite and avoid double-counting.

3. Lattice QCD methodology

On the lattice, we prefer to rewrite Eq.(3) in terms of Tpg and }>; 7;;

do? r3
AE:—16ma/2|¢,,(O)|2f§[” d6(g1T00+gzzTi,~), ©6)

with
1 -sin*6 sin?6(1 - sin® )
= —’ 2 = 9
02 +4m?sin’ 0 8 02 +4m?sin’ 0

81 (7

and the angle 6 defined as
Qo = Q0sinb, |Q|=0cosé. (8)
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The point-like proton contribution from Eq.(4) can also be represented in terms of Tyg and Y; T;;

o0 M Q=06 st 305 ©
T =% 7Ot +4M202 4 n Q4 +4M2Q?
Combining Eq.(2) and (6), we obtain
AE = 2 lonO)F 3 [ a0 Hi (1), (10)
i=1,2

here the hadronic functions are defined as H;(X,t) = Hoo(%X,?) and H,(X,t) = ¥; H;; (X, 1), with
weight functions given by

2 x
wi(%.1) = f do = [ d0r(@ix)gn £(0:x) = cos(Qon) (|G, (11)

where an average over the spatial directions is taken and j,(x) are the spherical Bessel functions.
One immediately find these weight functions are IR divergent since we have not performed the
subtraction.

The IR divergence occurs only in the elastic contribution, then both of the two terms given
by Eq.(5) and (9) can be reproduced by the ground-state contribution on the lattice. Choosing a
sufficiently large time ¢, for the ground-state saturation, we obtain that

fi(0.1) = [ &% jo((O]R) Hi(%.1,)

=£e—(EQ—M)ts « {(EQ +M)G (Qon) i=1,

12
Eo (g - MG +2G3 (%), i=2. (12

here G, G are the proton electric and magnetic form factors, with Eg = \/ M? + Q2 the proton
energy and Q2 = 2M(Eg — M). The low-momentum expansion of Eq.(12) gives that

G%(O):fd3 YLo(%, 1) Hy (5, 1,), /d3xL (% 1) H) (5, 1,), (13)
with

(2_3+6Mt5)' (14)

. 1 . 1
LO(x,tS):ﬂe Lr(x,fs):m X 2M2

The similar idea has been applied to the pion electromagnetic transition to extract the charge
radius [21]. The terms need to be subtracted can then be given by

AE(ub) _ 2ma?

S a0 [ @R L (& 1) H (51),
with three different weight functions L") (%, 1)

do* ri
LG == [ 5 [, 051,

2
2 T

L= [ dQQ > 465,(0)g>,
2

dQ? 4nM?

L (x,1,) = 0% 3(M+m)0

L, (%,t). (15)
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here

12MQ}
Q* +4M?Q3
(16)
The subtraction of the hadronic matrix elements has therefore been transferred to the subtraction of

4M(Q* - QF)

m, S (Q) 8tM ZT(pt)Lo( )
0

$1(Q) = 8aMTIV Lo(%, 1,) =

weight functions, which facilitates the lattice QCD calculation.

We further adopt the infinite-volume reconstruction (IVR) method [22], which is developed to
remove all the power-law finite-volume effects in the QED self-energy [23]. This method has been
successfully applied to the lattice study of double beta decays [24], rare decays [25] and the leptonic
decays [26, 27]. In the work, the IVR method plays a crucial role in the removal of the infrared
divergence. In practise, the time integral in Eq.(2) is split into the range of |t| < 75 and 7] > 7,

1 . . . .
Tuvzgﬂ—M[ﬁm d'x f(Q;X)Huv(x,t)+fd3x S(Q;x,ts)Hw(x,ts)], (17)
with
S(Q3%,1,) =2 f G [T are et [ @i f(oin)
B 4MQ
Q 4M2Q2 (18)
here
A(Q;ts) = Ac(Q) cos(Qots) — As(Q) sin(Qoty), (19)

and the auxiliary functions are

/1 1 o [1 1
Ac(Q) = —+Tpcos29+5—sin29, A(Q)—S;;_p( Z+TpC0820+§+Tp). (20)

with 7, = 0%/(4M?) and the angle 6 defined in Eq.(8). Correspondingly, the time integral in AE
can be also split into

2ma’? . -
Ay, = a2 [ dtv it 0Hi(50),

i=1,2 Jltl<ts

2ma? -
A, p,, = n—M|¢n(0)| f G5 Lok, 1) Hi (3, 1), Q1)
i=1,2

here the weight functions L; (X, ) are given by

2 o
Li(%.15) = f 0 f 7 40S(0:3. 1) (22)

Currently both two types of weight functions w;(X,7) and L;(X,t,) are IR divergent, but the
subtraction is only performed to the latter. Considering that the AE should be finite, these weight
functions will still be IR divergent even after performing the subtraction. The hadronic functions
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from |¢| < 5 and |¢| > 5, however, can be constrained by the low-energy expansion (LEX) of the
VVCS tensor, thus are not completely unrelated. The LEX of 7}, gives [28]

T (Q) = T0™(Q) + 0(0%), (23)

where the Born terms are standard [8, 14, 28]. Comparing this LEX with Eq.(12) and (17) in the
low-Q limit, we find that

0, i=1,
x[H;(X,t) - Hi(X,t5)] = 24
87TM/|<zY (%,1) — Hi(%.15)] = 3 . i=2. &4
4nM
This relation ensures that the IR divergence of w;(X,#) and L;(X, ) can be exactly canceled out.
We modify these weight functions to

do? r3
ot =~ [ E [, L@ -1 25)
and i
Li(%.15) = f fz d6[S(0: %, 15) + 215 ]gi, (26)

which does not change the contribution from temporal component Ty, but does remove a term of
3/(4n M) from the spatial component Z ; T;; hence needs to be added back. Such term can be directly
combined with the subtraction of 3; 77 (") defined in Eq.(9) and leaves a term of =+ (Q44Q—;[2V2)
which contributes a finite —0.60 peV to the total TPE energy shift. Finally, after performmg the
subtraction of remaining contribution from L(p )(x, ts) and L% (%, 1,), we obtain that

d 2 4 2
L) = [ QQz{f a6 ([S - $11(Q:%.1,) + 21, )g: + ﬁ“(f’“)éi’l}’ @7)

with §1(Q;X,15) = S1(Q). Here a trivial subtraction is also applied to L, (%, 75 ) to make it IR finite,
since Eq.(12) shows that [ d*¥H, (%,15) = 0.

4. Optimized subtraction scheme

Eq.(21) along with the weight functions given by Eq.(25) and (27) provides a direct way to
calculate the TPE contribution using hadronic functions H;(X,7) as input, but it suffers from both
the finite-volume effects and the signal-to-noise problem in a realistic lattice QCD calculation, due
to the fact that L (X, 1) increases rapidly as the spatial distance |X| increases. However, not all the
contributions from L (¥, 7s) need to be determined on the lattice. Inspired by Eq.(1), We can divide
the AE into

AE = —0.60 eV + cq + ¢, (r2) + AEMY, (28)

by splitting the weight function L, (X, t,)

Ly (%, 15) = GoLo(%,15) + &Ly (%,15) + L7 (%, 1), (29)
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with ¢ = ¢/ (27’:‘1“;2 |¢n(0)|2). As a result, only the AE (%) need to be calculated on the lattice using

the reduced weight function LY) (X, 15) along with other three weight functions. The choice of two
coeflicients cg and ¢, can be viewed as a subtraction scheme. We choose them by minimizing the
following integral

Rmax
fR dx 432[ L1 (x, 15) - GoLo(x, 15 ) — & Ly (x, 15) 2. (30)

with sufficiently large ¢, for ground state saturation, as well as the range R, to Ry, dominants the
contribution of the integral. In this way, the long-distance contribution can be almost completely
represented by the charge conservation and charge radius terms, which eliminates the need for
lattice data as input.
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Figure 2: The integrand 47r|)€|2L1 (X,t5)H1(%,1) as a function of |X| estimated by the dipole form factor.

We set t; = 1 fm for the ground-state saturation, as a result the hadronic function H;(X,¢,)
can be estimated by the proton form factor. By using a dipole functional form Gg(Q?) =
/(1 + Qz(r?,) /12)?% with (r3) = 0.85 fm for the form factor, the result of the integrand

Ar|®|* L (%,15)H, (%,15) as a function of |%| is shown in Fig. 2. We find that the contribution
of this integral mainly comes from the range of 1 —3 fm, while the saturation occurs at around 5 fm,
which requires a large spatial volume L ~ 10 fm. We thus set R,j, and Ryax as 1 fm and 3 fm. With
these parameters, the coefficients can be obtained as co = —0.17 peV and ¢, = -93.72 ,ueV/fmz.
As shown in Fig. 2, we now find the saturation for Lir) (X, ) term occurs at around 2.5 fm, which
means the long-distance contribution is significantly reduced compared to the original L;(X,zs)
term. Finally, the TPE correction to the 25 — 2P yH Lamb shift is given by

AEtpg = 0.77 peV +93.72 eV /fm?(r2) - AE1®). 31

Here a minus sign is added due to the TPE correction is only applied to the nS-state.

5. Numerical result

In this exploratory study, we have used a single gauge ensemble at physical point m, = 142
MeV, generated by the RBC and UKQCD Collaborations using 2 + 1-flavor domain wall fermion
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[29]. The corresponding parameters are listed in Table 1. We calculate the four-point correlation
function 33, &, P, (Xr.tr)ju(x)iy (y)lp;f, (X;,1;)) using the field sparsening technique [30, 31],
with the projection matrix P = (1 + ¥()/2 and the time slices chosen as #; = min{z,,,} — At,
ty = max{ty,t,} + At. The At should be sufficiently large for the proton ground-state saturation,
but as the At increases, the signal-to-noise problem will also be dramatically enhanced. In this
exploratory study, At is chosen to be 2a = 0.39 fm. There are five types of contractions for the TPE
diagrams as shown in Fig. 3. The first two are quark connected diagrams, while the last three are
quark disconnected diagrams. Type IV and Type V are neglected in this work since they vanish in
the flavor SU(3) limit. We use the gauge configurations with sufficiently long separation, i.e., each
separated by at least 10 trajectories.

Ensemble m,[MeV] L T al[fm] Nent At/a
24D 142 24 64 0.1944 131 2

Table 1: Ensemble used in this work. We list the pion mass m ., the spatial and temporal extents, L and
T, the lattice spacing a, the number of configurations used Ncon, and the time-separation At used for the
ground-state saturation.

QO 00
0000 00000

Type I Type II Type 11T Type IV Type V

Figure 3: Five types of quark contractions for TPE diagrams. The blob denotes a proton state. Type I:
two currents on the same quark line. Type II: two currents on different quark lines. Type III, IV, V: quark
disconnected diagrams. The last two types are neglected in this work.

In practice, the integral in Eq.(21) can be performed within a range of |X| < R for any choice
of time 7,. Here we take t; = 4a = 0.79 fm as an example. As shown in the left panel of Fig. 4, all
four terms in the integral is saturated at large R for both connected and disconnected contributions.
This indicates the finite-volume effects are well under control in our calculation.

The results of AE () as a function of 7, are shown in the right panel of Fig. 4. We find a plateau
starting from #; = 4a = 0.79 fm. The results are in good agreement with results from data-driven
analysis and one magnitude smaller compared to the large ~ 300 peV discrepancy for the proton
radius puzzle.

The systematic error of our result should mainly come from the excited-states contamination
and the lattice discretization error, which requires results from multiple choices of Ar and lattice
spacing a. Further calculations and analyses are in progress.

6. Conclusion

We have developed a method to calculate the two-photon exchange correction to the muonic-
hydrogen Lamb shift using lattice QCD. We also find that the long-distance contribution can
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Figure 4: Left: AE(2) as a function of the integral range R at ¢, = 4a. Results from different terms have
been slightly shifted for clarity. Right: AE() a5 a function of #,. For both left and right figure, the upper
and lower panels show the results for the connected and disconnected contribution, respectively.

be reduced by adopting an optimized subtraction scheme, hence both the finite-volume effects and
nucleon signal-to-noise problem are suppressed. A preliminary resultatm , = 142 MeV is presented
here and it demonstrates the feasibility of our method.

This method can also be extended to other higher-order corrections, including the TPE correc-
tions to other processes such as hyperfine splitting and electron-proton scattering. In a foreseeable
future, lattice QCD should be able to give very precise calculations for these quantities, which is
crucial for a better understanding and precise measurement of the nucleon internal structure.
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