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We investigate the criticality of chiral phase transition manifested in the first and second order
derivatives of Dirac eigenvalue spectrum with respect to light quark mass in (2+1)-flavor lattice
QCD. Simulations are performed at temperatures from about 137 MeV to 176 MeV on #g = 8
lattices using the highly improved staggered quarks and the tree-level improved Symanzik gauge
action. The strange quark mass is fixed to its physical value <phy

B and the light quark mass is
set to <phy

B /40 which corresponds to a Goldstone pion mass <c = 110 MeV. We find that in
contrast to the case at ) ' 205 MeV <−1

;
md(_, <;)/m<; is no longer equal to m2d(_, <;)/m<2

;

and m2d(_, <;)/m<2
;
even becomes negative at certain low temperatures. This means that as

temperature getting closer to )2 d(_, <;) is no longer proportional to <2
;
and thus dilute instanton

gas approximation is not valid for these temperatures. We demonstrate the temperature dependence
can be factored out in md(_, <;)/m<; and m2d(_, <;)/m<2

;
at ) ∈ [137, 153] MeV, and then we

propose a feasible method to estimate the power 2 given d ∝ <2
;
.
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1. Introduction

In the classical and chiral limit the theory of (2+1)-flavor Quantum chromodynamics (QCD)
has the * (1)+ ⊗ * (1)� ⊗ (* (2)! ⊗ (* (2)' symmetry. Due to the spontaneous chiral symmetry
breaking and the quantum anomaly, this large group of symmetries breaks down to a smaller
subgroup (* (2)+ ⊗* (1)+ . At the physical point, where the quark masses are set to their physical
values, the QCD medium undergoes a continuous crossover from the hadronic phase to the quark-
gluon plasma (QGP) phase at a pseudo-critical temperature )?2 ' 156 MeV [1, 2]. While in the
chiral limit of light quark mass, the chiral symmetry restores through a second order phase transition
belonging to 3-dimensional $ (4) universality class [3, 4] at a estimated chiral critical temperature
)2 = 132+3−6 MeV [5].

Detailed investigations on the restoration of the chiral and axial * (1)� symmetry in lattice
QCD can be made through the study of the differences between various chiral susceptibilities
j� [6]. These susceptibilities are defined as integrated two-point correlation functions of the
quark bilinear �� (G) = @̄(G)Γ�@(G) for various meson channels � = f, X, c and [, i.e., j� =∫
34G〈�� (G)�†� (0)〉. The restorations of the chiral and the axial* (1)� symmetry lead to jc−jf =

jX − j[ = 0 and jc − jX = jf − j[ = 0, respectively [6]. Further, by using the technique of
spectrum decomposition of the quark propagator [7] chiral observables like chiral condensate and
above-mentioned chiral susceptibilities can be related to the Dirac eigenvalue spectrum d(_, <;)
and its first derivative with respect to quark mass md(_, <;)/m<;. It has been found very recently
that the n-th order quark mass derivative of d(_, <;), i.e., m=d(_, <;)/m<=; , is related to correlations
among Dirac eigenvalues on the each gauge ensemble [4].

It has been demonstrated in Ref. [4] that at ) ' 1.6)2 ≈ 205 MeV the axial U(1) anomaly
remains manifested in jc − jX as well as the disconnected chiral susceptibility j38B2 , and d(_, <;)
in the infrared region is proportional to <2

;
and develops a peaked structure by studying the first,

second and third derivatives of d(_, <;) with respect to <;. On the other hand, in the vicinity of the
phase transition temperature the critical behaviors of the chiral order parameter " (C, ℎ) (the chiral
condensate) and its susceptibility j" (C, ℎ) can be described by the so-called magnetic equation of
state (MEOS) [8], which is controlled by the scaling functions that are characteristic for different
universality class of the phase transition. " , j" and the first order quark mass derivative of j"
are expressed in terms of scaling functions as follows

" (C, ℎ) = ℎ1/X 5� (I) , (1.1)

j" (C, ℎ) =
m"

m�
=

1
ℎ0
ℎ1/X−1 5j (I) , (1.2)

mj"

m�
=

1
ℎ2

0

1
X
ℎ1/X−2 5pp(I) . (1.3)

where the scaling variable I = C/ℎ1/VX with V and X the critical exponents. Here C and ℎ are reduced
temperature and symmetry-breaking field respectively, and ℎ0 is a non-universal parameter. 5� (I),
5j (I) and 5pp(I) are the corresponding scaling functions. Current studies of the scaling behaviors
are mainly based on the chiral condensate and its susceptibility [5, 8].

It thus would be interesting to study how the criticality of chiral phase transition is manifested
in d(_, <;) and its quark mass derivatives connected with the correlation among Dirac eigenvalue
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spectrum. In this work we extend the study in Ref. [4], where only a single temperature ) ' 205
MeV was studied, to a temperature window ) ∈[137,176] MeV in the vicinity of )2 (#g = 8) ≈ 143
MeV [5]. The current study is based on the # 5 = 2 + 1 lattice QCD simulations using Highly
Improved staggered fermions (HISQ) on #g = 8 lattices with <c = 110 MeV.

The proceeding is oragnized as follows. In section 2 the recently proposed relation between
m=d(_, <;)/m<=; and correlations among Dirac eigenvalue spectrum on each gauge ensembles is
briefly reviewed. Based on this relation we can directly compute m=d(_, <;)/m<=; on the lattice. In
section 3 we show details of our lattice setup. In section 4 we present the temperature dependences
of various chiral observables as well as d and its first and second quark mass derivatives. In
section 5 we demonstrate the temperature dependence can be factored out in md(_, <;)/m<; and
m2d(_, <;)/m<2

;
at ) ∈ [137, 153] MeV, and then propose a feasible method to estimate the power

2 if assuming d ∝ <2
;
.

2. Correlations among Dirac eigenvalues and mass derivatives of Dirac eigenvalue
spectrum

It has been proposed that the n-th order derivative of Dirac eigenvalue spectrum with respect
to quark mass m=d(_, <;)/m<=; can be related to the (n+1)-point correlation function �=+1 among
the massless Dirac eigenvalues [4]. Dirac eigenvalue spectrum d(_, <;) is defined as the functional
integration of d* (_) over the gauge fields, and for (2+1)-flavor QCD it is expressed as

d (_, <;) =
)

+/ [U]

∫
D[U]4−(� [U] det [�/ [U] + <B] × (det [�/ [U] + <;])2 d* (_) . (2.1)

Here d* (_) =
∑
9 X(_ − _ 9) and _ 9 are the eigenvalues of the massless Dirac matrix �/ [U] in

a given gauge field U. As shown in Eq.(2.1) the light quark mass dependence of d(_, <;) is
introduced by the functional integration of d* (_) over the gauge fields. By expressing the fermion
determinant as [4]

det[�/ [U] + <;] =
∏
9

(+i_ 9 + <;) (−i_ 9 + <;) = exp
{∫ ∞

0
d_d* (_) ln

[
_2 + <2

;

]}
, (2.2)

and then substituting Eq.(2.2) in Eq.(2.1), we can directly compute the derivatives of Eq.(2.1) with
respect to <; [4]

md

m<;
=
)

+

∫ ∞

0
d_2

4<;�2 (_, _2;<;)
_2

2 + <
2
;

, (2.3)

m2d

m<2
;

=
)

+

∫ ∞

0
d_2

4(_2
2 − <

2
;
)�2 (_, _2;<;)

(_2
2 + <

2
;
)2

+
∫ ∞

0
d_2 d_3

(4<;)2�3 (_, _2, _3;<;)
(_2

2 + <
2
;
) (_2

3 + <
2
;
)

. (2.4)

Here �2 and �3 are the 2-point and 3-point correlation functions among d* (_), respectively

�2 (_, _2;<;) = 〈d* (_)d* (_2)〉 − 〈d* (_)〉 〈d* (_2)〉 , (2.5)

�3 (_, _2, _3;<;) = 〈d* (_)d* (_2) d* (_3)〉 − 〈d* (_)〉 〈d* (_2) d* (_3)〉
− 〈d* (_2)〉 〈d* (_)d* (_3)〉 − 〈d* (_3)〉 〈d* (_)d* (_2)〉
+2 〈d* (_)〉 〈d* (_2)〉 〈d* (_3)〉 .

(2.6)
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3. Lattice setup

(2+1)-flavor lattice QCD simulations are performed at temperatures from about 137 MeV to
176MeV on #g = 8 lattices using the highly improved staggered quarks and the tree-level improved
Symanzik gauge action. In our simulations the strange quark mass is fixed to its physical value<phy

B ,
and the light quark mass is set to <phy

B /40 which correspond to a Goldstone pion mass <c = 110
MeV. d* (_) over the entire range of _ as well as their =-point correlations �= (_1, · · · , _=;<;)
with = ≤ 3 were computed using the Chebyshev filtering technique combined with the stochastic
estimate method [4, 9] on about 103 configurations, where each configuration is separated by 20
time units. Orders of the Chebyshev polynomials were chosen to be 1.6 × 104 and 20 Gaussian
stochastic sources were used. Direct measurements of the chiral condensate, jc − jX , jdisc and
mjdisc/m<; on each of these ensembles are also performed through the inversion of the light fermion
matrix using 20 Gaussian random sources.

4. Quark mass derivatives of Dirac eigenvalue spectrum and reproduction of chiral
observables

By using the spectrum decomposition of the quark propagator, a two-flavor light quark chiral
condensate 〈k̄k〉; and the difference of susceptibilities of c and X channels can be expressed in the
form of d(_, <;) as

〈k̄k〉; =
∫ ∞

0
d_

4<; · d (_, <;)
_2 + <2

;

, (4.1)

jc − jX =
∫ ∞

0
d_

8<2
;
d(_, <;)

(_2 + <2
;
)2

. (4.2)

Here<3 = <D ≡ <;. And the two-flavor light quark disconnected susceptibility jdisc can be related
to md(_, <;)/m<; through

jdisc =

∫ ∞

0
d_

4<; · md (_, <;) /m<;
_2 + <2

;

. (4.3)

We can further express the mass derivative of the disconnected susceptibility mjdisc/m<; in
terms of first and second order mass derivatives of d(_, <;) as follows

mjdisc
m<;

=

∫ ∞

0
d_

4<;m2d/m<2
;

_2 + <2
;

+
∫ ∞

0
d_

4(_2 − <2
;
)md/m<;

(_2 + <2
;
)2

≡ j2 +
∫ ∞

0
d_

4(_2 − <2
;
)md/m<;

(_2 + <2
;
)2

.

(4.4)
Here we define the first part of mjdisc /m<;, which is related to m2d(_, <;)/m<2

;
, as j2.

When computing d(_, <;) with Chebyshev filtering method the bin size in _ needs to be fixed.
To do so we choose the bin size in _ such that jc − jX given by Eq.(4.2) can reproduce directly
measured result. Just as confirmed in Ref.[4], once the bin size in _ in the numerical integration
of Eq.(4.2) is fixed to reproduce directly measured jc − jX , the same bin size can also be used
to reproduce 〈k̄k〉;, jdisc and mjdisc/m<;. Comparisons of 〈k̄k〉;, jc − jX , jdisc and mjdisc/m<;
computed by direct measurement with those reproduced from d and its mass derivatives are shown

4
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Figure 1: Comparisons of direct measurements (black points) of the light quark chiral condensate 〈k̄k〉; =
2)
+
〈Tr"−1

;
〉 (left), jc − jX = 2)

+

〈Tr"−1
;
〉

<;
+ 2)
+
〈Tr"−2

;
〉 (middle) and the disconnected susceptibility jdisc =

4)
+
[〈(Tr"−1

;
)2〉 − 〈Tr"−1

;
〉2] (right) with those reproduced from d (cf. Eq.(4.1), (4.2)) and md/m<; (cf.

Eq.(4.3)) respectively (red points).
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Figure 2: Left: The mass derivative of the disconnected susceptibility, mjdisc/m<; , given by direct mea-
surement mjdisc/m<; = )

+
[−24〈Tr"−1

;
〉〈(Tr"−1

;
)2〉 + 8〈(Tr"−1

;
)3〉 − 8〈Tr"−1

;
Tr"−2

;
〉 + 16〈Tr"−1

;
〉3 +

8〈Tr"−1
;
〉〈Tr"−2

;
〉] (black points) and reproduced by md/m<; and m2d/m<2

;
(cf. Eq.(4.4)) (red points).

Right: The scaling function 5pp = (1/X − 1) 5� (I) +
(
I
V
+ I

V2 X
− 2 · I

VX

)
5 ′
�
(I) + I2

V2 X
5 ′′
�
(I) for $ (2) (black

line) and $ (4) (red line) universality class.

in Fig.1 and the left plot of Fig.2. The consistency of these observables given by the two different
methods shows that the computations of d and m=d(_, <;)/m<=; (= = 1, 2) are reliable.

In left plot of Fig. 2 we show the temperature dependence of mjdisc/m<;. It can be clearly
observed that as ) increases mjdisc/m<; firstly decreases at ) . 155 MeV, then increase till a
turning point at ) ≈ 165 MeV and finally approaches 0 at ) ≈ 205 MeV. It is also interesting to
see that mjdisc/m<; is negative at ) . 165 MeV and flip its sign at ) & 165 MeV. The temperature
dependence of mjdisc/m<; thus is consistent with that of the scaling function 5pp as shown in the
right plot of Fig. 2.

To study the microscopic origin of the scaling behaviors of jdisc and mjdisc/m<;, we now
directly investigate md/m<; and m2d/m<2

;
. We show the results of md(_, <;)/m<; at ) . 153 MeV

and ) & 157 MeV in the left and right plots of Fig.3, respectively. At temperature ) below 153
MeV, the amplitude of md/m<; in the small _ region increases with ) monotonously, while at )
above 157 MeV the amplitude decreases with ) instead. Since the infrared part (small _ region)
of md/m<; dominates the contribution to jdisc, this non-monotonous temperature dependence of
md/m<; in the infrared region is consistent with that of jdisc as shown in the right plot of Fig.1.

At a single temperature ) = 1.6)2 ≈ 205 MeV it was observed in Ref. [4] that <−1
;
md/m<; ≈

5
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Figure 3: md/m<; for temperatures below 153 MeV (left) and above 157 MeV (right).

m2d/m<2
;
and m3d/m<3

1 ≈ 0. This leads to d ∝ <2
;
consistent with the dilute instanton gas approx-

imation at ) ' 1.6)2 MeV. In Fig.4 we now confront <−1
;
md/m<; with m2d/m<2

;
at temperatures

much lower than 1.6)2 , i.e. ranging from 137MeV to 176MeV. It can be observed that<−1
;
md/m<;

and m2d/m<2
;
are no longer consistent with each other for temperatures from 137 MeV to 171 MeV,

and m2d/m<2
;
in the infrared region even becomes negative at temperatures less than 157 MeV.
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Figure 4: Comparisons of <−1
;
md/m<; (black points) with m2d/m<2

;
(red points) for T=137 MeV (top left),

157 MeV (top right), 171 MeV (bottom left) and 176 MeV (bottom right).

Assuming d ∝ <2
;
we will have <−1

;
md/m<; ∝ 2<2−2

;
and m2d/m<2

;
∝ 2(2 − 1)<2−2

;
. Then

the assumption 2 = 2 leads to <−1
;
md/m<; = m2d/m<2

;
. Fig.4 tells us <−1

;
md/m<; ≠ m2d/m<2

;

for temperatures around )2 , which suggests 2 ≠ 2 for this temperature region from 137 MeV to
171 MeV. This means that as temperature approaches to )2 the spectral density d is no longer
proportional to <2

;
. This in turn implies that the dilute instanton gas approximation is not valid

in the vicinity of )2 . Based on the fact that md/m<; is always positive we conclude that 2 > 0 in

6
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the current tempearture window. On the other hand, in the vicinity of )2 m2d/m<2
;
< 0 around )2

suggests 2 < 1. Thus given d ∝ <2
;
the power 2 is in the range of (0, 1) around )2 .

5. Scaling in correlations of Dirac eigenvalues

At temperature around )2 , scaling behaviors in temperature have been observed in the mass
derivatives of Dirac eigenvalue spectrum, i.e. in the correlation of the Dirac Eigenvalues (cf. Figs. 3
and 4). Inspired by the Dirac eigenvalue spectrum form of jdisc (Eq.(4.3)) and j2 (Eq.(4.4)), we
may expect that md() ;_, <;)/m<; and m2d() ;_, <;)/m<2

;
can be factorized into two parts

md() ;_, <;)
m<;

= 51()) · 61(_, <;) , (5.1)

m2d() ;_, <;)
m<2

;

= 52()) · 62(_, <;) , (5.2)

where the temperature dependence is only encoded in 5= ()) (= = 1, 2). Then we can constructed
the ratio '= ()) (= = 1, 2) defined as

'1()) ≡
jdisc())
jdisc()0)

=

∫ ∞
0 d_ 4<; ·md() ;_,<;)/m<;

_2+<2
;∫ ∞

0 d_ 4<; ·md()0;_,<;)/m<;
_2+<2

;

=

∫ ∞
0 d_ 4<; · 51 () ) ·61 (_,<;)

_2+<2
;∫ ∞

0 d_ 4<; · 51 ()0) ·61 (_,<;)
_2+<2

;

=
51())
51()0)

, (5.3)

'2()) ≡
j2())
j2()0)

=

∫ ∞
0 d_ 4<; ·m2d() ;_,<;)/m<2

;

_2+<2
;∫ ∞

0 d_ 4<; ·m2d()0;_,<;)/m<2
;

_2+<2
;

=

∫ ∞
0 d_ 4<; · 52 () ) ·62 (_,<;)

_2+<2
;∫ ∞

0 d_ 4<; · 52 ()0) ·62 (_,<;)
_2+<2

;

=
52())
52()0)

, (5.4)

where )0 is an arbitrary temperature chosen as a reference value (the lowest temperature is set
as )0 in this work, i.e. )0=137 MeV). With the help of '= ()) the temperature dependence in
md(_, <;)/m<; and m2d(_, <;)/m<2

;
can be removed in the following way

md/m<;
'1())

=
51())
'1())

× 61(_, <;) = 51()0) × 61(_, <;) , (5.5)

m2d/m<2
;

'2())
=
52())
'2())

× 62(_, <;) = 52()0) × 62(_, <;) . (5.6)

Thus the temperature independence of md/m<;/'1()) would indicate that the factorization in
Eq.(5.1) works. The similar argument holds for m2d/m<2

;
/'2()) and Eq.(5.2).

We show md/m<;/'1()) and m2d/m<2
;
/'2()) at temperatures around )2 in the left and right

plots of Fig.5, respectively. It can be observed that md/m<;/'1()) at temperatures from 137 MeV
to 153 MeV are almost temperature independent. This indicates that the temperature dependence
in md/m<; can be indeed factored out in the critical region. The similar conclusion can be drawn
for m2d/m<2

;
.

Based on the factorization of md/m<; and m2d/m<2
;
shown in Eq.(5.1) and Eq.(5.2) it is

natural to expect that d can also be factorized as 50()) × 60(_, <;). Considering that 60(_, <;) is
proportional to <2

;
, we have

d = 50()) × 60(_, <;) ∝ 50()) × <2; . (5.7)

7
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Figure 5: md/m<;/'1 ()) (left) and m2d/m<2
;
/'2 ()) (right) at temperatures from 137 MeV to 153 MeV.

Thus Eq.(5.5) and Eq.(5.6) can be further expressed as follows

md/m<;
'1())

= 51()0) × 61(_, <;) ∝ 2 · <2−1
; , (5.8)

m2d/m<2
;

'2())
= 52()0) × 62(_, <;) ∝ 2 · (2 − 1)<2−2

; . (5.9)

Hence 2 can be further estimated by comparing md/m<;/'1()) and <;/(2−1) × m2d/m<2
;
/'2()).

Fig.6 shows the comparison of md/m<;/'1())with<;/(2−1)×m2d/m<2
;
/'2())with different

values of 2 at ) = 140 MeV.We can observe that as 2 decreases from 0.9 to 0.3, md/m<;/'1()) and
<;/(2 − 1) × m2d/m<2

;
/'2()) seem to agree with each other better and better; then as 2 decreases

further from 0.3 to 0.1 they start to deviate from each other. Hence we can further restrict the range
of 2 from (0, 1) to (0.1, 0.7) for ) = 140 MeV.
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Figure 6: Comparison of md/m<;/'1 ()) (cross symbol) with <;/(2 − 1) × m2d/m<2
;
/'2 ()) with different

values of 2 (open symbols in different colors) at ) = 140 MeV.

6. Conclusions

In this work we investigate the criticality manifested in md(_, <;)/m<; and m2d(_, <;)/m<2
;

in (2+1)-flavor QCD in the temperature window ) ∈ [137, 176] MeV. The (2+1)-flavor lattice QCD
simulations are performed using HISQ fermions on #g = 8 lattices with <c = 110 MeV.
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We have found that <−1
;
md/m<; is no longer equal to m2d/m<2

;
in the current temperature

window, which is shown a quite different behavior compared with that at high temperature about
1.6)2 . And m2d/m<2 in the infrared region even becomes negative at certain low temperatures.
These suggest that as temperature approaches to )2 the <2

;
behavior in d does not exist any more,

and dilute instanton gas approximation is not valid in this temperature window. Based on the
assumption of d ∝ <2

;
, the range of the power 2 should be in (0, 1) for temperatures around the

transition temperature. We further demonstrated that at ) ∈ [137, 153] MeV it seems that the
temperature dependence can be factored out in md/m<; and m2d/m<2

;
. Consequently the value of

2 can be pin down by comparing (md/m<;)/'1()) and <;/(2 − 1) × (m2d/m<2
;
)/'2()).

In our current study only one single pion mass is used. In the near future we will perform
detailed studies of the spectral density in (2+1)-flavor QCD with other quark masses.
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