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1. Introduction

The problem of the proper theoretical understanding of the QCD phase diagram in the 𝜇𝐵 − 𝑇

plane is still unsolved. At 𝜇𝑞 = 0 the QCD phase diagram has been successfully studied in the
framework of lattice QCD. At nonzero 𝜇𝑞 the lattice QCD cannot be applied directly because of
the sign problem.

Two indirect approaches have been employed to compute the thermodynamical quantities at
small values of parameter 𝜃 = 𝜇𝑞/𝑇 . The first one employs Taylor expansion in 𝜃 around 𝜃 = 0 [1–
4]. Another approach uses analytic continuation from imaginary 𝜃, where sign problem is absent,
to real 𝜃 [5–13].

Here we present results of our study of two-color lattice QCD, which have received considerable
attention in the literature, see, e.g. recent publications [14–18] and references therein.

The interest in studies of the two-color QCD (QC2D) and other QCD-like theories stems from
the following reasons. They share common properties with real QCD in some parts of their phase
diagrams. Additionally they are simpler and thus allow to test numerical methods that can later
be used in QCD studies. In the case considered here it is important that numerical simulations of
the lattice QC2D can be performed both at imaginary and at real 𝜇𝑞. We use this fact to analyze
the efficiency of various procedures based on the analytic-continuation method and to select the
optimal one. The results of earlier studies along these lines were presented in Refs. [19–22].

2. Simulation details

The grand canonical partition function can be represented as the series1:

𝑍𝐺𝐶 (𝜃, 𝑇,𝑉) =
∞∑︁

𝑛=−∞
𝑍𝐶 (𝑛, 𝑇,𝑉)𝜉𝑛, (1)

where 𝜉 = 𝑒𝜃 is the fugacity, 𝑍𝐶 (𝑛, 𝑇,𝑉) are canonical partition functions, and 𝜃 =
𝜇𝑞

𝑇
= 𝜃𝑅 + 𝚤𝜃𝐼 .

The inverse of the fugacity expansion has the form [23]

𝑍𝐶 (𝑛, 𝑇,𝑉) =
∫ 2𝜋

0

𝑑𝜃𝐼

2𝜋
𝑒−𝑖𝑛𝜃𝐼 𝑍𝐺𝐶 (𝚤𝜃𝐼 , 𝑇,𝑉) . (2)

𝑍𝐺𝐶 is a periodic function of 𝜃𝐼 : 𝑍𝐺𝐶 (𝜃𝐼 , 𝑇,𝑉) = 𝑍𝐺𝐶 (𝜃𝐼 + 2𝜋/𝑁𝑐, 𝑇,𝑉) [24]. As a consequence
of this periodicity, 𝑍𝐶 (𝑛, 𝑇,𝑉) ≠ 0 only for 𝑛 = 𝑁𝑐 · 𝑘 for 𝑘 ∈ Z.

The details of our lattice setup are the following. We employ the tree level improved Symanzik
gauge action [25] and staggered fermions with the diquark source [26],

𝑆𝐺 = 𝛽

(
1.667

∑︁
□

(
1 − 1

2
Tr□

)
− 0.083

∑︁
□□

(
1 − 1

2
Tr□□

))
, 𝑆𝐹 =

∑︁
𝑥,𝑦

�̄�𝑥𝐷 (𝜇𝑞)𝑥,𝑦𝜓𝑦 (3)

where �̄�, 𝜓 are staggered fermion fields,

𝐷 (𝜇𝑞)𝑥𝑦 = 𝑚𝑎𝛿𝑥𝑦 +
1
2

4∑︁
𝜈=1

𝜂𝜈 (𝑥)
[
𝑈𝑥,𝜈𝛿𝑥+�̂�,𝑦𝑒

𝜇𝑞𝑎𝛿𝜈,4 −𝑈
†
𝑥−�̂�,𝜈𝛿𝑥−�̂�,𝑦𝑒

−𝜇𝑞𝑎𝛿𝜈,4
]
, (4)

1Referred to as the fugacity expansion
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𝜂1(𝑥) = 1, 𝜂𝜈 (𝑥) = (−1)𝑥1+...+𝑥𝜈−1 , 𝜈 = 2, 3, 4. Then 𝑍𝐺𝐶 (𝜃) =
∫
D𝑈𝑒−𝑆𝐺 (det 𝑀)𝑁 𝑓 /4 and the

net baryon number2

𝐵(𝜃) = 1
𝑁𝑐

𝜕 ln 𝑍𝐺𝐶 (𝜃)
𝜕𝜃

=
𝑁 𝑓

4𝑁𝑐𝑍𝐺𝐶

∫
D𝑈𝑒−𝑆𝐺 (det 𝑀)𝑁 𝑓 /4tr

[
𝑀−1 𝜕𝑀

𝜕𝜃

]
, (5)

where 𝑀 = 𝑄†(𝜇𝑞)𝑄(𝜇𝑞) + (𝑚𝑎)2, 𝑄 = 𝐷𝑜𝑒. More details can be found in [27].
We use 𝐵(𝜃) instead of the quark density 𝑛𝑞 and compute it numerically in QC2D at both

imaginary and real quark chemical potential (𝐵 =
𝑛𝑞𝑉

𝑁𝑐

). From Eqs. (1) and (5) it follows that 𝐵(𝜃)
can be expressed in terms of the probabilities 𝑃𝑛 that a system sampled from the grand-canonical
ensemble at 𝜇𝑞 = 0 has the baryon number 𝑛 (𝑃𝑛 = 𝑍𝐶 (𝑛𝑁𝑐)/𝑍𝐺𝐶 (0)). This expression has the
form3:

𝐵(𝜃) =
2
∑∞

𝑛=1 𝑛𝑃𝑛 sinh(𝑛𝑁𝑐𝜃)
𝑃0 + 2

∑∞
𝑛=1 𝑃𝑛 cosh(𝑛𝑁𝑐𝜃)

(6)

We perform simulations on 𝑁3
𝑠 × 𝑁𝑡 lattices at 𝛽 = 1.7 using the Sommer parameter 𝑟0 =

0.468 fm which gives the lattice spacing 𝑎 ≈ 0.062 fm. We consider 𝑁𝑠 = 28 (𝐿 = 𝑁𝑠𝑎 ≈ 1.74 fm)
and 𝑁𝑡 = 14, 12 corresponding to 𝑇 = 227 and 265 MeV, respectively. The pion mass 𝑚𝜋 ≈
800 MeV. We explore the domain 𝑇 < 𝑇𝑅𝑊 , 0 < 𝜃𝐼 < 𝜋/2, 0 < Re𝜇𝑞 < 600 MeV, where 𝑇𝑅𝑊 is
the Roberge–Weiss temperature [24].

3. Analytic continuation from imaginary to real 𝜇𝑞

Method of analytic continuation provides an extrapolation from the domain where data are
available to the domain of interest and, therefore, it is based on a particular function that should be
analytically continued. There are two approaches to the choice of such function: the former is based
on using a partial sum of some expansion derived from first principles and model independent; the
latter employs a function predicted by some model and depending on model parameters.

Let us first consider a naive analytic continuation procedure by directly utilizing the fugacity
expansion of the baryon number. At 𝜃 = 𝑖𝜃𝐼 it has the form

− 𝚤𝐵(𝜃)
���
𝜃𝑅=0

≡ �̃�(𝜃𝐼 ) =
∞∑︁
𝑛=1

𝑎𝑛 sin (2𝑛𝜃𝐼 ) , Re 𝜇𝑞 = 0 . (7)

From the fit of the lattice data to the function

�̃�𝑁 (𝜃𝐼 ) =
𝑁∑︁
𝑛=1

𝑎𝑛 sin (2𝑛𝜃𝐼 ) , 0 ≤ 𝜃𝐼 ≤
𝜋

2
(8)

one first determines 𝑎𝑛 and then inserts the obtained values into the truncated series

𝐵𝑁 (𝜃) =
𝑁∑︁
𝑛=1

𝑎𝑛 sinh (2𝑛𝜃) , (9)

2In what follows we omit 𝑉 and 𝑇 from the arguments.
3Though our study is limited to the case 𝑁𝐶 = 2, somewhere, we provide the expressions for arbitrary 𝑁𝑐 .
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which is assumed to describe the baryon number at real values of 𝜇𝑞 too.
However, a large number of independent parameters needed in this approach is poorly deter-

mined from limited statistics. Using another fit function, e.g. the one based on the formula (6) with
truncated series in the right-hand side, results in multiple minima of the sum of squared residuals,
in addition to the above problem. This motivates one to use model-dependent fit functions. The
advantage is that only a few model parameters need to be determined in this case, which can be
done using the available lattice data. Given these parameters one finds as many Fourier components
𝑎𝑛 as needed. The disadvantage here is the use of the model assumptions.

We consider the cluster expansion model (CEM) [28] and the rational fraction model (RFM)
[29], each containing two free parameters and denote the respective Fourier coefficients by 𝑎CEM

𝑛

and 𝑎RFM
𝑛 , respectively. Here we adopt these models for QC2D with two flavors.

The CEM coefficients can be represented in terms of two free parameters 𝑏 and 𝑞 (instead of
𝑏1 and 𝑏2 used in Ref. [28]), which for the two-flavor QCD read as:

𝑎CEM
𝑛 = (−1)𝑛+1 𝑏 𝑞𝑛−1

𝑛

[
1 + 2

𝜋2𝑛2

]
, where 𝑏 =

𝜋2𝑏1

2 + 𝜋2 and 𝑞 = − 4 (2 + 𝜋2)
1 + 2𝜋2

𝑏2
𝑏1

. (10)

In contrast to the CEM, where the Fourier coefficients exhibit exponential scaling at large 𝑛, in
the RFM they obey a power-law scaling. They can be represented in terms of two parameters 𝑑 and
𝜅 by a concise formula

𝑎RFM
𝑛 = (−1)𝑛+1 𝑑

2 + 𝜋2𝑛2

2𝑛3(1 + 𝑛𝜅)
. (11)

Inserting expressions (10) or (11) into (8) and performing the respective fit, we extract the CEM
parameters 𝑏 and 𝑞 or the RFM parameters 𝑑 and 𝜅 from our data and thus determine all coefficients
𝑎CEM
𝑛 or 𝑎RFM

𝑛 making it possible to find 𝑃CEM
𝑛 or 𝑃RFM

𝑛 .
The results of this procedure are presented in Table 1. We choose the cutoff parameter 𝑁 in (8)

as 𝑁 = 12 in the case of CEM and 𝑁 = 20 in the case of RFM finding that the results of the fitting
procedure depend only weakly on 𝑁 as it takes greater values4.

The 𝑝 values listed in Table 1 indicate that the CEM fits our data at imaginary chemical
potential substantially better than the RFM. The values of 𝑎CEM

𝑛 and 𝑎RFM
𝑛 related to the CEM and

RFM models, respectively, can be found in Ref. [30].

𝑇, MeV
CEM RFM

𝑝−value 𝑏 𝑞 𝑟𝑏𝑞 𝑝−value 𝑑 𝜅 𝑟𝑑𝜅

227 0.022 1.596(34) 0.200(46) 0.672 0.004 -0.128(56) -1.40(17) 0.9990
265 0.063 4.209(50) 0.520(28) 0.735 0.005 6.1(4.6) 6.1(5.4) 0.9995

Table 1: Parameters 𝑏 and 𝑞 of the CEM and 𝑑 and 𝜅 of the RFM determined from the fit to our data over
the range 0 ≤ 𝜃𝐼 ≤

𝜋

2
, the correlations 𝑟𝑏𝑞 between 𝑏 and 𝑞 and 𝑟𝑑𝜅 between 𝑑 and 𝜅 are also shown.

4We also determine the model parameters by fitting the summed expressions (12) and (13) to the lattice data for the
baryon number and for each model we obtain the parameters identical to those extracted with the truncated series.
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4. Analytic continuation in CEM and RFM

Analytic expressions for the series (7) were derived in both CEM [31] and RFM [30]. We
begin with the CEM expression, which is given here for 𝑁𝑐 = 2 in terms of the parameters 𝑏 and 𝑞:

𝐵CEM(𝜃) = 𝑏

2𝑞

{
ln

1 + 𝑞 exp(2𝜃)
1 + 𝑞 exp( − 2𝜃) +

2
𝜋2

[
Li3

(
− 𝑞𝑒− 2𝜃

)
− Li3

(
− 𝑞𝑒2𝜃

)]}
. (12)

Eq. (12) holds true in the limit of 𝑁 𝑓 free massless quark flavors, where 𝑞 = 1 and 𝑏 =
𝑁 𝑓 𝑁

3
𝑠

4𝑁3
𝑡

.

As illustrated in the left panel of Fig. 1, formula (12) adequately describes our lattice data at both
imaginary and real values of 𝜃 after we find the parameters 𝑏 and 𝑞 by fitting our data at imaginary 𝜃.
𝐵CEM(𝜃) agrees well with the lattice data, for both temperatures and over the full range of 𝜇𝑞 under
study: |Re𝜇𝑞 | < 800 MeV for 𝑇 = 227 MeV and |Re𝜇𝑞 | < 640 MeV for 𝑇 = 265 MeV.
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Figure 1: The lattice and free-theory results for the ratio 𝐵/𝜃 as a function of 𝜃2 = (𝜇𝑞/𝑇)2 are compared with
the results of the CEM, Eq. (12) (left panel) and RFM, Eq. (13) (right panel) at temperatures 𝑇 = 227 MeV
and 265 MeV. The baryon number in the free theory is shown only in the left panel.

The analytic expression for the series (7) in the case of RFM has the form

𝐵RFM(𝜃) = 𝑑

{(
𝜋2

2
+ 𝜅2

) [
𝜃 −

(
𝜷

(
1
𝜅

)
− 𝜅

2

)
sinh

(
2𝜃
𝜅

)
+ (13)

+ 1
2

∫ 2𝜃

0
𝑑𝑡 tanh

𝑡

2
sinh

2𝜃 − 𝑡

𝜅

]
+ 𝜋2

6

(
𝜃 + 4𝜃3

𝜋2

)
− 𝜅

∫ 2𝜃

0
ln

(
2 cosh

𝑡

2

)
𝑑𝑡

}
.

where 𝜷(𝑧) = 1
2

(
𝜓

(
𝑧 + 1

2

)
− 𝜓

( 𝑧
2

))
and 𝜓(𝑧) = 1

Γ(𝑧)
𝑑Γ(𝑧)
𝑑𝑧

. The limit of free massless quarks

is approached at 𝜅 = 0 and 𝑑 =
𝑁 𝑓

2𝜋2
𝑁3
𝑠

𝑁3
𝑡

; in Fig. 1 it is shown that the free quark limit is approached

at large 𝜃𝑅.
In the right panel of Fig. 1 it is clearly seen that, in contrast to the CEM, the RFM significantly

deviates from the lattice data at real 𝜃 though this function fits the data equally well at imaginary 𝜃.

5
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To conclude, the analytic continuation of the quark density to real 𝜇𝑞 provided by the CEM
fits lattice data much better than that provided by the RFM. This observation is similar to the
conclusions of Ref. [32] regarding the description of baryon number susceptibilities in (2+1)-flavor
QCD, where the CEM was also found to provide a more accurate description of the lattice data.

5. The canonical approach and limitations of the models

The probabilities 𝑃𝑛 can be evaluated using the following procedure: (𝑖) we find coefficients
𝑎𝑛 either by direct fitting to Eq. (8) or using a model and (𝑖𝑖) we use the relation [9]

𝑍𝐺𝐶 (𝚤𝜃𝐼 )
𝑍𝐺𝐶 (0)

≈ exp
(
−𝑁𝑐

∫ 𝜃𝐼

0
�̃�𝑁 (𝑥) 𝑑𝑥

)
= exp

(
𝑁𝑐

𝑁∑︁
𝑛=1

𝑎𝑛

2𝑛

(
cos(𝑛𝑁𝑐𝜃𝐼 ) − 1

))
. (14)

Eq. (2), and the relation 𝑃𝑛 = 𝑍𝐶 (𝑛𝑁𝑐)/𝑍𝐺𝐶 (0) to evaluate the probabilities 𝑃𝑛, which are then
used to determine the functions providing an approximation to 𝐵(𝜃) at real 𝜇𝑞,

𝐵
(𝑍)
𝑁

(𝜃) =
2
∑𝑁

𝑛=1 𝑛𝑃𝑛 sinh(2𝑛𝜃)
𝑃0 + 2

∑𝑁
𝑛=1 𝑃𝑛 cosh(2𝑛𝜃)

. (15)
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Figure 2: Dependence of 𝑃𝑛 on 𝑛 at𝑇 = 265 MeV.
Shown are the cases when 𝑍𝐺𝐶 (𝜃𝐼 , 𝑇,𝑉) is approx-
imated by Eq. (12) (CEM) and by the truncated
series of 41 sines (SS).

Fig. 2 illustrates the behavior of 𝑃𝑛 in the CEM
for 𝑇 = 265 MeV obtained using the integra-
tion method. Calculations are performed in
two different ways. In the first case, we use
the summed baryon number from the CEM for-
mula Eq. (12) and employ Eq. (14) to evalu-
ate 𝑍𝐺𝐶 (𝜃𝐼 ). In the second case, we approxi-
mate 𝐵(𝚤𝜃𝐼 ) by a truncated series of sines (SS):

𝐵CEM
𝑁 (𝚤𝜃𝐼 ) = 𝚤

𝑁∑︁
𝑛=1

𝑎CEM
𝑛 sin (2𝑛𝜃𝐼 ) with 𝑁 = 41

and 𝑎CEM
𝑛 given by (10). We find that the results

agree with each other at 𝑛 ≤ 35. Differences oc-
cur at larger 𝑛which are attributed to the artefact
of using truncated series of sines. The proba-
bilities 𝑃𝑛 exhibit regular behavior at 𝑛 ≤ 15,
where they are all positive.

However, at 𝑛 ≥ 16 negative values of 𝑃𝑛 are obtained which is unphysical. On one hand, this
may indicate that 𝑃𝑛 at large 𝑛 are sensitive to subtle physical effects not captured by the CEM.
On the other hand, the determination of 𝑃𝑛 at large 𝑛 may also be sensitive to the finite volume
effects, whereas the thermodynamic limit is implicitly assumed in the CEM. For 𝑇 = 227 MeV a
qualitatively similar behavior of 𝑃𝑛 is observed.

The expectation value of 𝐵(𝜃) at physical values of 𝜇𝑞 can be obtained not only by the
analytic continuation described in the previous subsection, but also through the use of 𝑃𝑛 via the

6
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formulas (15) and 𝐵 (𝑍) (𝜃) = lim𝑁→∞ 𝐵
(𝑍)
𝑁

(𝜃). In Fig. 3 we compare the functions

1
𝜃
𝐵CEM
𝑁 (𝜃) = 1

𝜃

𝑁∑︁
𝑛=1

𝑎CEM
𝑛 sinh(𝜃) and

1
𝜃
𝐵
(𝑍)
𝑁

(𝜃) = 1
𝜃

2
∑𝑁

𝑛=1 𝑛𝑃𝑛 sinh(2𝑛𝜃)
𝑃0 + 2

∑𝑁
𝑛=1 𝑃𝑛 cosh(2𝑛𝜃)

(16)

obtained in the CEM at various 𝑁 . At both temperatures we see that both 𝐵CEM
7 (𝜃) and 𝐵CEM

13 (𝜃)
depart from the line of lattice data dramatically when 𝜃2

𝑅
≳ 0.6 for 𝑇 = 227 MeV and 𝜃2

𝑅
≳ 0.12 for

𝑇 = 265 MeV. The point is that the series
∞∑︁
𝑛=1

𝑎CEM
𝑛 sinh(2𝑛𝜃) diverges at |𝜃𝑅 | > − ln(𝑞)

2
≈ 0.81 at

𝑇 = 227 MeV and |𝜃𝑅 | > 0.33 at 𝑇 = 265 MeV, as it follows from (10).

 0

 1

 2

 3

 4

 5

 6

 7

-3 -2 -1  0  1  2  3  4  5

B
/θ

θ2
 = (µq/T)

2

B7
CEM

B13
CEM

B8
(Z)

B12
(Z)

B16
(Z)

BCEM(θ)
data at θ=θR
data at θ=iθI

 0

 2

 4

 6

 8

 10

-2 -1  0  1  2  3

B
/θ

θ2
 = (µq/T)

2

B7
CEM

B13
CEM

B9
(Z)

B11
(Z)

B14
(Z)

BCEM(θ)
data at θ=θR
data at θ=iθI

Figure 3: The functions 𝐵CEM
𝑁

(𝜃) and 𝐵
(𝑍)
𝑁

(𝜃) obtained in the CEM at various 𝑁 are plotted versus 𝜃2 at
𝑇 = 227 MeV (left panel) and 𝑇 = 265 MeV (right panel).

As is seen in Fig. 3, the functions 𝐵
(𝑍)
𝑁

(𝜃) fit the lattice data well over a wide range of 𝜃𝑅,
which increases with 𝑁 . However, there exists a maximum value of 𝑁 = 𝑁𝑚𝑎𝑥 such that 𝑃𝑛 at
𝑛 > 𝑁𝑚𝑎𝑥 are not properly extracted from the data, which is indicated by alternating sign and a
slow decrease of the absolute value of 𝑃𝑛 at 𝑛 > 𝑁𝑚𝑎𝑥 as is shown in Fig. 2. The values of 𝑁𝑚𝑎𝑥

and the corresponding ranges of 𝜃𝑅 = 𝜇𝑞/𝑇 are as follows:
• |𝜃 | < 1.7 ( |𝜇𝑞 | < 380 MeV), 𝑁𝑚𝑎𝑥 = 15 for 𝑇 = 227 MeV,
• |𝜃 | < 1.2 ( |𝜇𝑞 | < 320 MeV), 𝑁𝑚𝑎𝑥 = 15 for 𝑇 = 265 MeV.

Since 𝑁𝑚𝑎𝑥 values specified here give the upper bounds on the ranges of values of 𝑛 where all 𝑃𝑛

computed for the CEM are positive we consider the respective values of 𝜇𝑞/𝑇 as the upper bounds
on the domain of 𝜇𝑞/𝑇 where the corrections to the CEM can be neglected.

As it follows from the previous subsection, the "direct" analytic continuation provided by the
CEM agrees with lattice data in a wider range than the analytic continuation based on the grand
canonical approach. However, we believe that the domain of 𝜃𝑅 in which the latter continuation
provides a good agreement with the data expands with increasing 𝑁𝑚𝑎𝑥 and if sufficiently large
values of 𝑁𝑚𝑎𝑥 were available on a lattice of a given size, the analytic continuation based on the
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grand canonical approach would work just as well as the "direct" analytic continuation. Moreover,
for a reasonable comparison of these two methods of analytic continuation one has to explain both
the abrupt change of the 𝑛-dependence of 𝑃𝑛 at 𝑛 = 𝑁𝑚𝑎𝑥 shown in Fig. 2 and the emergence
of unphysical negative values of 𝑃𝑛. The respective critical number 𝑁𝑚𝑎𝑥 is associated with a
particular quark density 𝜌𝑐, so we conclude that at 𝜌 < 𝜌𝑐 both methods are valid. It should be
emphasized that the method based on the grand canonical approach is model independent and stems
from first principles. Therewith, the very existence of 𝜌𝑐 as well as its estimates in various models
is not properly understood and may be the subject of future work.

6. Conclusions

We have studied the analytic continuation of the quark density in 𝑄𝐶2𝐷 at 𝑇 < 𝑇𝑅𝑊 using
various parametrizations. Their performance can be summarized as follows. We found excellent
agreement with lattice data at real 𝜇𝑞 for the analytic continuation based on the CEM model. Good
agreement was found for the grand canonical approach with the CEM at |𝜇𝑞 | < 320 ÷ 390 MeV.
Poor or even bad agreement was found for RFM and the truncated Fourier series approaches.

We argue that the problem of negative probabilities 𝑃𝑛 formulated in [30] calls for further
studies.
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