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We investigate the renormalization of the Gluino-Glue operator, using both Lattice Perturbation
Theory (LPT) and a Gauge Invariant Renormalization Scheme (GIRS). The latter scheme in-
volves gauge-invariant Green’s functions of two operators at different space-time points, which
can be also computed via numerical simulations. There is no need to fix a gauge and the mixing
with gauge noninvariant operators is inconsequential. We calculate perturbatively the conver-
sion factor relating GIRS with the Modified Minimal Subtraction scheme. On the other hand,
the Gluino-Glue operator being mixes with several gauge noninvariant operators which have the
same quantum numbers. The determination of the mixing matrix on the lattice demands the cal-
culation of 2-pt and 3-pt Green’s functions with external gluon, gluino and ghost fields using LPT.
We compute at one-loop order the renormalization of the Gluino-Glue operator and all operator
mixing coefficients.
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1. Introduction

Supersymmetric strongly coupled theories have influenced experimental particle physics and
evidence of SUSY as well as its predictions are still under investigation. SUSY is expected to
emerge at very high energies and it provides dark matter candidates, arising from the lightest super-
symmetric particles. In addition to that, supersymmetric extensions of the Standard Model would
resolve the hierarchy problem. In this work, we considered the N = 1 supersymmetric Yang-Mills
(SYM) theory, which describes the strong interactions between gluons (uµ ) and gluinos (λ ), the
superpartners of the gluons. SYM shares some of the fundamental properties of supersymmetric
theories containing quarks and squarks, while at the same time it is amenable to high-accuracy non-
perturbative investigations; it is thus an ideal forerunner to the future study of theories containing
more superfields.

A fundamental ingredient in these investigations is the “Gluino-Glue” composite operator,
OGg. In the present work we study thoroughly the renormalization and mixing of this operator, to
the first perturbative order. In particular, we present two separate calculations: 1) We compute,
in dimensional regularization, the conversion factors relating the MS scheme to an intermediate
gauge-invariant coordinate-space scheme. In this second scheme, there is no mixing with gauge
variant operators and no need to fix the gauge. Further, all necessary correlation functions can be
computed nonperturbatively in simulations, again without need for gauge fixing or ghost fields.
However, a downside of this scheme is that the calculations to order g2n requires evaluation of
(n+ 1)-loop Feynman diagrams. 2) We use lattice perturbation theory and compute, to one loop,
various 2- and 3-point functions of OGg. We consider mixing with all relevant gauge-noninvariant
operators, which contain also ghost fields.

For a comprehensive presentation of our results, along with detailed explanations and a longer
list of references, we refer to our publications [1, 2].

2. Gluino-Glue Operator

In studying the properties of light bound states, the main observables in SYM would be par-
ticles made up of gluons and gluinos. An important object in such a study is the Gluino-Glue
operator, defined as follows:

OGg = σµν trc(uµνλ ), σµν =
1
2
[γµ ,γν ], uµν = ∂µuν −∂νuµ + ig[uµ ,uν ] (2.1)

This operator has the lowest possible dimensionality (7/2) compatible with gauge invariance and
being at the same time fermionic. Acting on the vacuum, OGg is expected to excite a light
bound state of the theory, which is a potential supersymmetric partner of the gluinoballs (trc(λ̄λ ),
trc(λ̄ γ5λ ), · · ·) and the glueballs (trc(uµνuµν), trc(uµν ũµν), · · · ) [3]. The Gluino-Glue operator,
being composite, could in principle mix with four classes of operators having the same quantum
numbers. The four classes are as follows: Class G are gauge invariant operators. Class A are
operators which are not gauge invariant but are the BRST variation of some other operators: OA.
Class B operators vanish by the equations of motion: OB. Class C are operators which are not
linear combinations of class G, A and B: OC. Below, we present all candidate operators which can
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mix with OGg (α: gauge fixing parameter, c: ghost field):

OA1 =
1
α

trc(λ ∂µuµ)− ig trc(λ [c, c̄])

OB1 = trc(/u 6Dλ )

OC1 = trc(∂µλ uµ)

OC2 = trc(/uλ )

OC3 = igσµν trc(λ [uµ ,uν ])

OC4 = ig trc(λ [c, c̄])

Class C operators cannot contribute in the continuum for the purpose of MS-renormalization. How-
ever, they may give finite mixing coefficients on the lattice. Note also that the operator OC2 is of
lower dimension and it will not mix with OGg in dimensional regularization; it may however show
up in the lattice formulation. The presence of symmetries, which are preserved by the SYM action,
both in the continuum and on the lattice, forbids other operators from mixing with the Gluino-
Glue operator. There are no gauge-invariant operators which mix with OGg; thus, by applying
Gauge Invariant Renormalization Scheme (GIRS) [4] we only need to calculate one Green’s func-
tion (Eq. (3.1)) to extract the multiplicative renormalization factor of OGg, which contributes in
physical matrix elements.

3. Renormalization of Gluino-Glue operator in the GIRS scheme

In the GIRS scheme, renormalization factors are defined via the following Green’s function,
containing a product of Gluino-Glue operators, whose 4-vector positions x and y are distinct:

G(x− y)≡ 〈OGg(x)OGg(y)〉. (3.1)

In order to contract gluino fields in Feynman diagrams it is convenient to choose the charge conju-
gate operator OGg(y), instead of OGg(y), as the second factor in Eq. (3.1); OGg(y) is defined as (cf.
Eq. (2.1)):

OGg =− trc( λ̄uµν)σµν . (3.2)

Disconnected Feynman diagrams are not present in G(x−y) due to the fact that OGg is not a scalar
operator. In the following, we calculate the Green’s function up to one loop, where we regularize
the theory in d dimensions (d = 4− 2ε). In the GIRS scheme all non-gauge invariant operators
will not contribute to G(x− y), and one will obtain directly the multiplicative renormalization of
OGg, which is the only renormalization factor which is relevant for physical matrix elements. The
Feynman diagrams for the tree-level and one-loop values of the 2-pt Green’s function are shown
in Fig. 1. By adding tree-level and one-loop contributions, the bare Green’s function takes the

2



P
o
S
(
L
A
T
T
I
C
E
2
0
2
1
)
3
8
9

Gluino-Glue operator in SYM M. Costa

following form:

G(x− y)bare =−2
(N2

c −1)Γ(2− ε)2

π4−2ε
(−1+ ε)(−3+2ε)/z (z2)−4+2ε ×{

1− g2 Nc

16π2

(
µ̄

2z2)ε eεγE Γ(−ε)

4ε ε (1− ε)3 (3−2ε)
×[

(1− ε)(12−48ε +70ε
2−39ε

3 + ε
4)+

(1−3ε +2ε2 + ε3)Γ(−ε)Γ(ε)2Γ(4−3ε)

4(1−2ε)Γ(−2ε)2Γ(2ε)

]}
, (3.3)

where zµ ≡ yµ−xµ , µ̄ is the MS renormalization scale relating the dimensionful coupling constant
gL in the d-dimensional Lagrangian to the dimensionless “bare” coupling constant gB: gL = µεgB

(µ = µ̄
√

eγE/4π). To this perturbative order, the distinction between bare and renormalized cou-
pling constants is inessential; we will thus denote both by g. A more promising option is to inte-

Figure 1: Tree-level and (eleven) one-loop Feynman diagrams contributing to the expectation value
〈OGg(x)OGg(y)〉. A wavy (solid) line represents gluons (gluinos). The dashed line is the ghost field. A
cross denotes the insertion of the operator.

grate Eq.(3.1) over three of the four components of the position vector (x− y), while setting the
fourth component equal to a reference scale t̄. Due to the anisotropic lattice employed in simula-
tions, the temporal direction is a special one. In this sense, a natural choice for the component t̄ is
to be temporal; we call this variant “t-GIRS”. Without loss of generality, we set x = (x1,x2,x3,0)
and y = (0,0,0, t̄); then the renormalization condition for t-GIRS has the following form:

Tr
[(∫

d3~x 〈O t−GIRS
Gg (~x,0)O

t−GIRS
Gg (~0, t̄)〉

)
γ4

]
=(ZB,t−GIRS

Gg )2Tr
[(∫

d3~x 〈OB
Gg(~x,0)O

B
Gg(~0, t̄)〉tree

)
γ4

]
,

(3.4)
where the right-hand side of the above condition is the tree-level Green’s function with ε → 0.
The conversion factor between MS and t-GIRS, OMS

Gg = Ct−GIRS,MS
Gg O t−GIRS

Gg , is obtained from the
relation:

Tr
[(∫

d3~x 〈OMS
Gg (~x,0)O

MS
Gg (~0, t̄)〉

)
γ4

]
=
(

CMS,t−GIRS
Gg

)2
Tr
[(∫

d3~x 〈O t−GIRS
Gg (~x,0)O

t−GIRS
Gg (~0, t̄)〉tree

)
γ4

]
.

(3.5)
Note that both sides of Eq. (3.5) are well-defined as d→ 4, and thus spatial integration is performed
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in 3 (rather than d−1) dimensions. Use of the integrals:

∫
d3~x

1
(|~x|2 + t2)4 =

π2

8|t|5
,
∫

d3~x
ln(|~x|2 + t2)

(|~x|2 + t2)4 =
π2(−5+12ln(2)+6ln(t2))

48|t|5
, (3.6)

in Eq. (3.5), leads to the following expression for the conversion factor from t-GIRS to MS:

CMS,t−GIRS
Gg = 1+

g2Nc

16π2

(
− 5

6
+6γE +3ln(µ̄2t̄2)

)
+O(g4). (3.7)

Using a standard lattice discretization OL
Gg of the Gluino-Glue operator [5], the non-perturbative

value of its renormalization factor, ZL,t−GIRS
Gg , can be found via:

(ZL,t−GIRS
Gg )2Tr

[(∫
d3~x 〈OL

Gg(~x,0)O
L
Gg(~0, t̄)〉

)
γ4

]
= Tr

[(∫
d3~x lim

ε→0
〈OGg(x)OGg(y)〉tree

)
γ4

]
= 3

(N2
c −1)|t|
π2t5 . (3.8)

4. Perturbative study of the Gluino-Glue operator on the lattice

Given that OGg has a relatively high dimensionality, 7/2, there is a number of other (non-gauge
invariant) composite operators with which OGg can, and will, mix [2]; this becomes apparent when
one calculates Green’s functions with elementary external fields, as is done in a typical renormal-
ization procedure. A proper treatment of this mixing entails studying the 2-pt and 3-pt Green’s
functions of OGg with external gluino and gluon fields. The renormalized fields and operators are
related to bare ones through:

uR
µ =
√

Zu uB
µ , λ

R =
√

Zλ λ
B, cR =

√
Zc cB, OR

Gg = ZGgO
B
Gg + zA1O

B
A1 + zB1O

B
B1 +

4

∑
i=1

zCiO
B
Ci

(4.1)
We compute the one-loop quantum correction for the relevant Green’s functions of the Gluino-Glue
operator. This allows us to determine renormalization factors of the operator in the MS scheme, as
well as the mixing coefficients for the other operators. To this end, our computations are performed
using dimensional and lattice regularizations. We employ a standard discretization where gluinos
are defined on lattice sites and gluons reside on the links of the lattice; the discretization is based
on Wilson’s formulation of non-supersymmetric gauge theories with clover improvement. Our
perturbative results are analytic expressions depending on the number of colors, Nc, the clover
coefficient, cSW, the Wilson parameter, r =±1, the lattice spacing a, and the gauge parameter, α .

To obtain ZGg and all mixing coefficients, z, we have calculated, to one loop and in an arbitrary
covariant gauge, the 2-pt (gluino-gluon) and 3-pt (gluino-gluon-gluon and gluino-ghost-antighost)
bare amputated Green’s functions of OGg; these are related to the corresponding renormalized

4
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Green’s functions through:

〈uR
ν OR

Gg λ̄
R〉amp = Z−1/2

λ
Z−1/2

u ZGg〈uB
ν OB

Gg λ̄
B〉amp + zA1〈uB

ν OB
A1 λ̄

B〉tree
amp + zB1〈uB

ν OB
B1 λ̄

B〉tree
amp

+zC1〈uB
ν OB

C1 λ̄
B〉tree

amp + zC2〈uB
ν OB

C2 λ̄
B〉tree

amp (4.2)

〈uR
ν uR

µ OR
Gg λ̄

R〉amp = Z−1/2
λ

Z−1
u ZGg〈uB

ν uB
µ OB

Gg λ̄
B〉amp + zB1〈uB

ν uB
µ OB

B1 λ̄
B〉tree

amp

+zC3〈uB
ν uB

µ OB
C3 λ̄

B〉tree
amp (4.3)

〈cR OR
Gg c̄R

λ̄
R〉amp = Z−1

c Z−1/2
λ

ZGg〈cB OB
Gg c̄b

λ̄
B〉amp + zA1〈cB OB

A1 c̄B
λ̄

B〉tree
amp

+zC4〈cB OB
C4 c̄B

λ̄
B〉tree

amp (4.4)

The one-loop Feynman diagrams (one-particle irreducible (1PI)) contributing to these Green’s
functions are shown in Figs. 2, 3, 4. We have made a choice of the external momenta for Green’s

Figure 2: One-loop Feynman diagrams contributing to the two point Green’s function of the Gluino-Glue
operator, 〈uνOGgλ̄ 〉 . A wavy (dashed) line represents gluons (gluinos). A cross denotes the insertion of the
Gluino-Glue operator. Diagrams 2, 4 do not appear in dimensional regularization; they do however show up
in the lattice formulation.

functions which allow an unambiguous extraction of all mixing coefficients and renormalization
constants of the operators. We calculate the 2-pt Green’s function 〈uα1

ν (−q1)OGg(x)λ̄ α2(q2)〉,
for three choices of the external momenta q1 and q2: q2 = 0, q1 = 0 and q2 = −q1. The 3-pt
Green’s functions 〈cα3(q3)OGg c̄α2(q2)λ̄

α1(q1)〉 and 〈uα1
ν (−q1)u

α2
µ (−q2)OGg λ̄ α3(q3)〉 are calcu-

lated at (q1 = q2, q3 = 0) and (q2 = 0,q3 =−q1), respectively. We use the MS renormalization
scheme, in which the left hand sides of the renormalization conditions in Eqs. (4.2), (4.3) and (4.4)
are the MS-renormalized Green’s functions which are calculated by the elimination of the pole part
of the continuum bare Green’s functions. The right hand sides are the bare latice Green’s func-
tions. The relevant renormalizations of fields and gauge couplings constant were not all available
for the clover action considered in this work, and had to be calculated as a prerequisite. Impos-
ing the renormalization conditions we get the results for the renormalization factor and the mixing
coefficients:

ZL,MS
Gg = 1− g2Nc

16π2

(
9.8696

N2
c
−1.7626−9.9198c2

SW +4.9765cSW r−3log(a2
µ̄

2)

)
(4.5)

zL,MS
B1 =

g2Nc

16π2

(
0.4241− 3

2
log(a2

µ̄
2)

)
(4.6)

zL,MS
C3 = − g2Nc

16π2 0.000114 (4.7)

Systematic errors coming from numerical loop integration are much smaller than the precision
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Figure 3: One-loop Feynman diagrams contributing to the three point Green’s function of the Gluino-Glue
operator, 〈uν uµOGgλ̄ 〉 . A wavy (dashed) line represents gluons (gluinos). Diagrams 1, 2, 3, 5, 6, 11, and 13
do not appear in dimensional regularization but they contribute in the lattice regularization. A cross denotes
the insertion of the operator. A mirror version (under exchange of the two external gluons) of diagrams 3, 4,
5, 6, 8, 10, 14, 15 and 16 must also be included.

Figure 4: One-loop Feynman diagrams contributing to the three point Green’s function of the Gluino-glue
operator, 〈cOGg c̄ λ̄ 〉 . A wavy (dashed) line represents gluons (gluinos). A cross denotes the insertion of
the operator. The “double dashed” line is the ghost field. Diagrams 1 and 2 do not appear in dimensional
regularization; they do however show up in the lattice formulation.

presented in the above results. Also, certain mixing coefficients vanish at one loop:

zL,MS
A1 = zL,MS

C1 = zL,MS
C2 = zL,MS

C4 = 0 (4.8)

Further details on this calculation can be found in Ref. [2].
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5. Summary – Future Plans

In this work we have studied the mixing under renormalization for the Gluino-Glue operator
using lattice perturbation theory. We have calculated the one-loop renormalization factors and
mixing coefficients in the MS renormalization scheme. As a prerequisite, we have computed the
gluon, gluino and gauge coupling renormalization. Further, we have evaluated the conversion factor
to MS for OGg to order g2, using the GIRS renormalization scheme, by calculating the two-loop
diagrams in the correlation function involving a product of two OGg operators at distinct positions.

Some natural extensions of our work, besides going to higher perturbative order, are to address
SQCD, where the inclusion of quarks and squarks causes OGg to mix with other gauge invariant and
noninvariant operators, even (on the lattice) ones of lower dimensionality. In our ongoing inves-
tigation we plan to address also other improved actions (e.g., overlap action, Wilson action using
stout-smearing in the fermionic action) and other operators (e.g., Three-gluino operator, Noether
Supercurrent operator). In particular, for detailed information on preliminary perturbative and non-
perturbative results of the Noether supercurrent, see the proceedings by A. Skouroupathis and I.
Soler Calero in this conference [6].
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tum Fields on the Lattice”, funded by the Cyprus Research and Innovation Foundation (RIF) under
contract number EXCELLENCE/0918/0066.
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