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B,k and N.. We apply coarse graining techniques to such theories in 1d and 2d, corresponding to
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recursion relations are solved analytically. The thermodynamic limit is taken for some observables.
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1. Introduction

The study of lattice QCD (LQCD) at non-zero chemical potential is still a difficult task due
to the sign problem. Therefore, dimensionally reduced effective theories of LQCD with standard
Wilson fermions at non-zero chemical potential have been derived by integrating out spatial gauge
link variables after a combined expansion in the inverse coupling 8 and hopping parameter «.
The actions are expressed in terms of Polyakov loops and, thus, have significantly fewer degrees
of freedom and a milder sign problem compared to the mother theory. Additionally, they can
be interpreted as complex valued spin models [1-4]. Here, we test coarse graining techniques
on dimensionally reduced 1d and 2d effective theories, representing LQCD in 1+1d and 2+1d,
respectively.

The running couplings of the effective theories in 1d are obtained up to order O (x*) for general
number of colors N.. Afterwards, the corresponding recursion relations are solved analytically
resulting in a compact expression for the partition function in terms of the transfer matrix. This is
used to calculate the pressure and baryon density at non-zero chemical potential.

For the 2d effective theories the running couplings are obtained in the pure gauge and static
quark limit, respectively. In both cases the fixed point corresponding to the deconfinement transition
is determined analytically. In the pure gauge limit our results for the critical coupling 5. agree with
Monte-Carlo results of 2+1d Yang-Mills theory from the literature to about 12%.

2. The effective theories

To derive the effective theories one starts with the Wilson lattice action and integrates out the
Grassmann fields. Next, integrating over spatial link variables defines an effective action Seg [5],

Z = /[dU'u]e_SG[Uu] detQ[Uﬂ] — /[dUO]e—Seﬁ[Uo] ,
Set[Uo] = —log/ [dU; e SeVo-Uil get 0 [Uy, U] = SG. off + Sstat + Skin, off » 1)

where det Q(U,,) is the quark determinant whereas Sg, eff, Sstac and Siin, efr are the effective gauge,
static quark and effective kinetic quark action, respectively. Gauge invariance then implies that Seg

is a functional of Polyakov loops Seg[Ug] = Seg[U] with Ui := HTN:TO_] Uo(X,7) [1].

2.1 The effective gauge action

The strong coupling expansion is implemented by a character expansion of the plaquette
action [6]. In 1+1d the exact solution of pure gauge theory has been known for many decades [7].
In a similar manner, the 1d effective gauge action can be derived without further approximations.
Then, the spatial link integrals can be performed. The effective gauge action is given by [1]

S.er == ), log ) Ay (UDx- (Us) , @)
(*,5) r

with y; being the character of the irreducible representation r. The couplings A, are expressed in
terms of the fundamental coefficients of the character expansion u(8). In higher dimensions the
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couplings A, obtain additional corrections in terms of the u(f) and long-range interactions appear
in Sg, eff [1]. Taking kinetic quarks into account leads to similar corrections in k to the couplings
and results in new interaction terms. When considering higher dimensions or including kinetic
quarks, Sg, e is usually truncated to include only the few lowest dimensional representations. In
the simplest non-trivial case only the fundamental representation is considered [8],

Se.er=— . 1og(1 +AfLz L} +/1fL;L;;) with xs(Us) =: Lz . 3)

(x,5)
2.2 The effective quark action

To derive the effective quark action, det Q is split into the static determinant det Q¢ and
the kinetic quark determinant det Qy;, according to det O = det Q¢ det Okin. The former can be
evaluated exactly for N degenerate quark flavors [5],

2N _ 2N
det Qua = | | det (1 + hlU;) " det (1 + hlU)_E) D= |det@r) = e S, @)
X X

with h1; = (2k)N7eNe4 and hy = (2k)Nre Nrak,

The kinetic quark determinant has to be expanded in k to perform the integration over the
spatial link integrals. Usually, this is done using the trace-log identity det(:) = exp Trlog(-) as
well as expanding the exponential and logarithm to the desired order. After applying resummation
techniques an effective kinetic quark action Skin, ff is Obtained. It is expressed in terms of rational
functions of temporal Wilson lines,

(MU (U™ N

anr'ln'ft(U_') =Tr = T Wmiam = anOO + WOOflrh P (5)
* (1+mUR)" (1+ b U} o

which can also be represented in terms of the Polyakov loop [3-5]. To leading order in « the
effective kinetic quark action Skin, ef reads [3, 4, 8]

Skin,eff = 21y ) Wiy (U)W (Us)  with  hy = NpNok* /N . (6)
&5

At O(k*™) the non-local behavior of det Qy;, implies long-range and multipoint interaction
terms over a taxi driver distance n in Skin_ eff [3, 4]. In 1d [2] and 3d [3] the effective action is known
to O(x*), whereas in the cold and dense limit in 3d it has been derived to O («®) [4].

In the remaining parts of this work vector arrows are not written explicitly anymore.

3. Coarse graining of the 1d effective theories

The effective action is a functional of traced powers of Polyakov loops living on the spatial co-
ordinates of the lattice. We can interpret those as continuous and complex-valued spin variables [1].
This suggests the use of renormalization schemes that have previously been applied to Ising-type
systems. For the 1d effective theory with only nearest neighbor interactions this corresponds to
integrating out every second lattice site. By contrast, next-to-nearest neighbor interactions require
integrating out every second pair of lattice sites [6].
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3.1 The static quark limit

Because the static determinant depends only on temporal links, the partition function for static
quarks is simply determined by including det Qg into the integrand and no truncation of the sum
over irreducible representations is necessary. Typically, a renormalized action includes all possible
combinations of field interactions. Thus, we choose the recursion approach

N(")
/ [dU,] <">detQ§t’3]_[Zzi’;?)(,(ux)x,,w;l) with 2% = 1,6, . (7

x=1 r,r’

After iterating the renormalization procedure once, we find the running couplings,

11

A= YA, / dU det Q5 (U)xry (U xry (U) - ®)

’
VI,VZ

In the pure gauge limit detQ!%° = 1. Thus the gauge integral in (8) can be solved with the

stat
orthogonality relation for irreducible characters. Then one finds the solution to the renormalization

scheme,

AN =6, Z= AN, ©)

in agreement with the exact solution of 1+1d pure gauge theory, if Ny is a power of two [6, 7].

3.2 Next-to-leading order corrections

In the next scenario we include kinetic quarks to O(«*) in our theory. Taking into account the
next-to-nearest neighbor interactions, we integrate out every second pair of lattice sites. Skin, eff 1S
of the generic form [2—4]

Skin, eff = Z SKZ(Ux, Ux+1) + Z SK4(Ux, Ui, Ux+2) . (10)
X

X

To perform the gauge integrals the Boltzmann weight is expanded to O («*),

/[dU] det Qstat l_[ Z/lrx 1 X 1(Ux I)Xr(U )Z/lrxer(U )Xr(UTH)

x=1 Fx-1
x mod 2=0

X (1 - SKZ(UX—19 Ux) - SK4(Ux—la Ux’ Ux+1) + Siz(Ux—l, Ux))

x(1- SKZ(UX’ Ux+1) - SK4(Ux’ U)C+19 Ux+2) + siz(Ux’ Ux+l)) + O(K6)

—

1727374

- [ 101 det O ]_[ Z B2 o (U0, (U, (U, (U)
xrnod2 Orl V2 ; 4

X Wv] (Ux—l)sz(Ux)Wv3(Ux+1)Wv4(Ux+2) s (11)
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where we introduced the coupling tensor h and the indices v; carry the information of the powers
and indices of the fractional Wilson loops (5). After substituting h — h and integrating out
every second pair (Ux_1, Uy) one finds the running couplings,

rir,rar, (n+l) ror,rary(n) o rirrir, (n) .
B, =, W ( / dU det QY5 (U)W, (U)W (U) xry (U ) x1 (U)

! 3‘)4 1o 1727374 1727374
Vi,Vg,vg, vy
rl’,rz’,ré,ri
x ( [ av de Q@@ W @) (12)

3.3 Evaluation of the renormalization scheme

The expressions for the running couplings have a common structure. Any of them can be cast
in a quadratic matrix recursion relation,

hD = h(")gh(") , (13)

where h(™ describes the running couplings, and the entries of g are given by the gauge integrals
appearing in the recursion relations. It is quickly solved by

21
n® = () n©. (14)

If we assume that the spatial volume in lattice units is a power of two, Ny = 2*s, with periodic
boundary conditions, the partition function can be calculated with the help of (14) and is given by

Z=3 hgji=Trh"™g =Tr [(h(o)g)Ns] —Tr [(gh(o))Ns} . (15)
ij

This solution allows us to take the thermodynamic limit. The remaining gauge integrals involve
class functions only and can be performed analytically in the Polyakov gauge [9, 10].

In the following we are interested in the pressure p and baryon density np at non-zero chemical
potential in the continuum for Ny = 1 and N, = 3. For static quarks representations with labels
0 < p, g < 5 are included in the gauge action. To set the scale we assume that the string tension o
depends only weakly on «, as in previous discussions on the 3d effective theory [4]. This allows us
to use o in the pure gauge limit, a’>c = —logu r [11]. Afterwards, the observables are fitted to a
second-degree polynomial in the lattice spacing a. For the continuum extrapolation, 11 equidistant
points in the interval y/oa € [0.5, 1] in the static quark limit and Voa € [0.9, 1.4] for non-static
quarks are used [3, 4].

In the static quark limit (figure 1) the hopping parameter « is chosen to satisfy x(8) < 1072 for
all values of beta. Thus, we set the baryon mass ':;—g = 25. Both plots show the same qualitative
behavior as found in the effective theory in 3 spatial dimensions. The silver blaze property [12, 13]
can be observed, but no first-order transition at non-zero temperature is found [3, 4].

In figure 2 the continuum extrapolated pressure is compared to different orders of the effective
theories in k with T/+/occ = 0.15 and varying baryon masses. As shown in figure 2a, at high
baryon masses (mpg/+/o- = 25) leading order corrections are negligible. Approaching lower masses
(mp/+Jo = 10) first disagreements become apparent, which further increase when going to even
smaller baryon masses (mp/+o = 5). In contrast, differences between leading and next-to-leading
order (figure 2b) can only be observed for relatively light baryons (mg/+o = 5).
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(a) The continuum extrapolated pressure for varying (b) The continuum extrapolated baryon density for varying
temperatures and static quarks. temperatures and static quarks.

Figure 1: Comparison of the pressure and baryon density vs. the baryon chemical potential in the static
quark limit for Ny = 1, mg/+/o = 25, N = 3 and varying temperatures.

4. Coarse graining of the 2d effective theories

In 2d renormalization group transformations are known to typically induce long range and
multipoint interactions. To partially capture this behavior we allow next-to-nearest neighbor in-
teractions, denoted by [x,y]. Analogously to the 2d Ising model [14] the effective theories are

renormalized by integrating out lattice sites in a checkerboard pattern. Note that next-to-nearest

2NT+2) [l]

neighbor interactions start at O (u P

4.1 Pure gauge theory

The partition function with the recursion approach reads

Z:/[dU](n) [T (e (perf+ryry)) [T (1Al (Eenf +LyL}) ) + 02N
(2, y)m [e,y] (™)

(16)

To obtain the running couplings we consider a specific lattice site, say x, that we want to integrate
out. Here we denote the product of the eight interaction terms between x and its neighbors with
A(Uy). All terms of order O(uiN T+4) in A(Uy) are neglected and the remaining integrals can
be solved with the orthogonality relation for irreducible characters. Afterwards, A(U,) can be
rewritten into a product form [14],

/ dULA(Uy) = (1 $ A (Lyre, LYy, + Lace, Ljﬁel)) (1 $ A0 (Lyg LT ) + Loce, 1L, ))

X (1420 (Lrer L, + L Le) ) (1447 (Lser Ly + Lo L)

xX—e| X+e) xX—e)

x—e)

X (1 + /l;n)z(Lx+61ch+e2 + Lx+ezch+e1)) (1 + ﬂ}n)Z(LerelLT + Lx_ezLLel))
+ O(ujj\’f) . a17)
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(a) The pressure in the static quark limit (dashed lines) (b) The pressure to O(x?) (dashes lines) and O (k%)
and to 0(/(2) (solid lines) for different baryon masses. (solid lines) for different baryon masses.

Figure 2: The continuum extrapolated pressure vs. the baryon chemical potential for different orders in the
heavy quark expansion for Ny = 1, T/+/o- = 0.15, N, = 3 and varying baryon masses.

After putting the products back into the partition function, the factors describe interactions between
the remaining lattice sites at distances |x — y| = 2a and |x — y| = V2a. The coupling strength
of the former is given by /l;")z. For the latter the rotational symmetry of the system implies
that the interaction appears twice. An additional contribution originates from the initial diagonal
interactions between non-integrated lattice sites. After rotating the renormalized lattice by 7 /4 the
running couplings read

(n+l) _ (n)2 (n) (n+1) _ (n)2
A0 222002420 and A =02 (18)

4.2 Static quark limit

Now the static quark determinant is included into our description of the 2d effective theory.
Like in the previous section we allow interactions over a distance V2a. The renormalization scheme
will be accurate to the order O(u}N 7" N7) with v + w = 2. For static quarks in 1d it was found that
renormalization implies mixed terms between the different representations. Here this is applied to

both the nearest neighbor and next-to-nearest neighbor interactions, respectively. This leads to

z :/[dU] ™ detoln [ ] (1 AL+ L) + AL+ L) + AL Ly + 4 LI L]

(x.y)m
AL L) T] (1A L) A L) A0 L, + L1
[x.y] ()
+ /léns) (L,L}+ LyLi)) + 0Ny | (19)

As in the previous section we integrate out the lattice sites in a checkerboard pattern. Before we do
this, it is useful to define the gauge integral

o(j, k) := / dU det Q' L/ LT* = / dUL'L™ + O(«"7) . (20)
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The following steps are now analogous to the pure gauge limit. First, the product of the interaction
terms of a single lattice site with all its neighbors is truncated at O(M;NT KWN7) with v +w = 3.
Afterwards, it is brought back into product form and the renormalized lattice is rotated by 7 /4 [14].
After pulling out a factor of 0(0, 0) one finds the running couplings

0(1,1)/1(@2
0(0,0) 15~

1,1
/ling-l) _ 20( , )/l(n)2+/l(n)

A(n+l) _
0(0’0) 1,5 2,5° 2,5 7

ey

ﬁ"l), /IYLZ), /lénl) and /15"2) are always of order O(u}NT KNo) with v +w =3

and can therefore be disregarded. From the remaining running couplings one finds the non-trivial

Note, that the couplings 4

fixed point,

m Y _ (200,00 0(0,0)
(/11,5’/12,5)_(30(1,1)’90(1,1) . -

To drive the analytical evaluation further we replace the initial next-to-nearest neighbor coupling
A2, r by /l? Then, the fixed point relation (22) is reduced to A 7 (8.) = 2(0.0)

30(1,1)° which can be inverted
numerically to find the critical inverse coupling ..

4.3 The deconfinement transition

To test the effective theory in the pure gauge limit with N. =3 and N, =2,...,5 we compare
B¢ with literature values from simulations of 2+1d Yang-Mills theory, taken from [15], in table 1.
There, the solutions for S, are listed with their respective literature values S, ji; as well as their
relative deviations |ABc|/Bc.iit = |Bc — Be.iitl/Be.tie- Our results in the pure gauge limit (table 1)
reproduce the literature values with an accuracy of about 12%.

N, Be Beit | 1ABel/Be.ti in o
2 8.9267 8.1489 9.5449
3 12.6488 | 11.3711 11.2365
4 | 16.3067 | 14.7170 10.8021
5 119.9532 | 18.1310 10.0501

Table 1: Critical inverse coupling B, for SU(3) in the pure gauge limit. The literature values are taken
from [15].

In figure 3 it can be observed that an increasing chemical potential reduces the value of .. As
this corresponds at fixed N to a lower critical temperature, this is consistent with today’s knowledge
on the QCD phase diagram in 3+1d [16].

It is important to note that the renormalization scheme becomes less accurate at ug/mp ~ 1 =
hy as the order of the transformation can be rewritten as O(u]VcNT KNy = O NT RY'h?) with

f
V+w=2=v+w+ws.

5. Conclusion

Coarse graining techniques were applied to dimensionally reduced effective theories of 1+1d
and 2+1d lattice QCD for heavy quarks. For the 1d effective theories the recursion relations of
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20

15

=10

5 ~ N, =2 N, =1
N,=3 —_N,=5

0.86 0.88 0.90 0.92 0.94 0.96 0.98 1.00

pB/mp

Figure 3: The critical inverse coupling 3. in the static quark limit for N. = 3 and x = 0.01 vs. the baryon
chemical potential ug/mp for Ny =2,...,5.

the running couplings were solved analytically using the transfer matrix. Afterwards, continuum
extrapolation was performed numerically for some intensive observables. For the 2d effective
theories coarse graining was applied in the pure gauge and static quark limit, respectively. The
pure gauge critical couplings agree to about 12% with simulation results of 2+1d Yang-Mills theory
from the literature.
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