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Leading isospin breaking effects in the HVP contribution to a, and to the running of @ Andreas Risch

1. Introduction

The anomalous magnetic moment of the muon g, and the running of the electromagnetic
coupling @ play a fundamental role in searches for physics beyond the Standard Model (SM). For
both quantities the hadronic vacuum polarisation (HVP) contribution is a main source of uncertainty
in the SM prediction. In particular, at the desired level of accuracy isospin breaking effects in the
HVP contribution have to be taken into account [1, 2]. In this work, we continue the investigation
of isospin breaking effects [3—5] making use of Coordinated Lattice Simulations (CLS) Ny =2 + 1
QCD ensembles [6—9] with open and (anti-)periodic temporal boundary conditions [10].

We organise this work as follows: We briefly summarise the setup used for the perturbative
treatment of isospin breaking effects [11, 12] based on reweighting QCDjy, gauge ensembles and
discuss suitable hadronic renormalisation schemes for QCD+QED and QCDj, inspired by chiral
perturbation theory. We recap the formalism for the computation of mesonic two-point functions
and for the renormalisation of the local vector current in this framework using QEDy, [13] as a
finite-volume prescription of QED. We finally discuss isospin breaking effects in the LO-HVP
contribution to the muon anomalous magnetic moment as well as in the closely related LO hadronic
contributions to the running of the electromagnetic coupling.

2. Inclusion of perturbative isospin breaking effects by reweighting

We briefly summarise our setup for the perturbative treatment of isospin breaking effects.
For a detailed description we refer to [4]. We consider the space of QCD+QED-like theories
parameterised by & = (amy, amg, ams, 8, e?). For the choice £ = (amgo),amgo),amgo), B©,0) with
aml(lo) = am((io) we obtain QCDjy, together with a free photon field. In [4] we have shown that

QCD+QED can be related to QCDjg, by reweighting via the identity

) 0
— RIU|(O|U,A,Y,¥Y exp(=S.|U])) Zg, |U
(O[U.A Y. ¥]) = (Riotol 5 Dayler R[U] = Al (;‘;’)[ ) q(VOE L
(RIUD ¢ exp(=Sg ' [U]) Zy "[U]
where (. . .)Sf)f) is evaluated by making use of existing QCDjs, gauge configurations. (. . .)q, denotes

the QED expectation value on a QCD background gauge field and Zy,[U] is the corresponding
partition function, whereas Z((lo) [U] denotes the partition function of isosymmetric quarks on a
QCD background gauge field, i.e. the quark determinant of QCDj,. We evaluate R[U] by means of
perturbation theory in Ae = & — £ around . The required Feynman rules are discussed in [4].
In order to fix the expansion coefficients Ae we make use of a suitable hadronic renormalisation
scheme discussed in the next section.

3. Hadronic renormalisation scheme for QCD+QED and QCDjg,

Masses of pseudo-scalar mesons can be computed in chiral perturbation theory including the
electromagnetic interaction. Defining the average light quark mass /71 = %(mu + myg) and the 70-7

mixing angle £ = VT§ % the lowest-order contribution to pseudo-scalar meson masses at O(e?p°)
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and O(¢) are given by [14]

2
m2, = 2Bih + 2 ZF?, . = B((ms +h) - \/—i(ms - m)) 1262 ZF2,
3
2 . 2 . 2e .
m2, = 2Bin, o = B((ms ) + (s, @)

where F is the pion decay constant in the chiral limit, B the vacuum condensate parameter and Z a
e H ML =, =

mfr+ + mio = B(my — mq) serve as proxies for the average light quark mass,

dimensionless coupling constant. The linear combinations m20 = B(my +mq), m
Ve

2

KO~

the strange quark mass and the light quark mass splitting. Making use of the fact that at leading

2Bmg and m%ﬁ -m

e

order ey does not renormalise, i.e. @em = 75,

renormalisation scheme for QCD+QED:

we use the above expressions to define a hadronic

2 D+QED 2 hys 2 2 2 D+QED 2 2 2 hys
(m,ro)QC Q :(m,ro)p ", (my+ + Myo — mn+)QC Q =(my. + Myo — [ L 3)
2 2 2 2 CD+QED 2 2 2 2 \ph: CD+QED h
(m[(+ Mo — M+ mﬂo)Q *Q :(mK+ My — Mo+ mﬂo)p v, (a'em)Q +Q :(aem)p v,

The superscript "phys" indicates the experimentally measured value, whereas "QCD+QED" refers to
the theoretical prediction. Forming appropriate linear combinations the above scheme is equivalent
to matching the quantities mio, méo 72r+ instead. Optionally, mfr+ — mio = 2¢2ZF? can
be used as a proxy for aey = %, such that one obtains a scheme based on mio, mfr+, méo

In addition, it is possible to introduce a scheme for QCDjy,, which is characterised by a vanishing

and miﬁ -m

and m%{+.

electromagnetic coupling and identical up- and down-quark masses. In this case, in eq. (3) only
two proxies for the quark masses remain:

2 \QCD; 2 hys 2 2 2 \QCD, 5 5 5 hvs
() 7 = (P (miges +migg —mz, )= = (e +migy —mz )™ (4)

Combining the latter equations and making use of the fact that the pions and kaons become mass
degenerate, respectively, one finds for the squared isosymmetric pion and kaon masses [15]:

Z)QCD;SO — (mz )Phys

2 yQCDjq,
- nO m ) 1SC

’ ( 2 2 2 2 2 )phys. (5)

1
= E(mk+ + My — My + M,

Isospin breaking effects of an observable O can now be quantified by comparing the predictions
(0)P+QED apnd (0)Piso, Similarly, a scheme for QCD is obtained when demanding a vanishing
electromagnetic coupling in eq. (3). These chiral perturbation theory inspired schemes have the

(m

advantage to be purely based on pseudo-scalar meson masses and are therefore, in contrast to
schemes based on renormalised quark masses [12], easy to handle.

Since the limited number of gauge ensembles considered so far does not yet allow for an
extrapolation to the physical point, we match QCD+QED and QCDj,, on each ensemble. Neglecting
isospin breaking effects in the scale setting we match the proxies for the average light and strange
quark masses in both theories and set the light quark mass difference and the electromagnetic
coupling to their physical values. Applying the leading-order perturbative expansion amy =
(amp) O + 3, Asl(amH)gl) +O(A&?) for H = 7% 7%, K% K* this scheme translates into a system of
linear equations that determines the expansion coefficients Ae = (aAmy, aAmg, aAmg, AB, ez):

Z Ag; ((am,ro)(o)(am,ro)gl)) =0, Aepg =0, Ae,» = 4n e,
1
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Z Asl((amK+)(o)(amK+ )El) + (amKo)(o)(amKo)El) — (amp+ )(0)(amn+)§1)) =
l

> (@) Oamie ) = (amgeo)amgo) = (@me)amge)[ (©)

! 1
—d' )<mK+ — Moy — Mo, +m- )P,

1
+ (am,,o)(o)(am,,o)g )) =5 0

4. Mesonic two-point correlation function

To determine pseudo-scalar meson masses required for the hadronic renormalisation scheme
as well as to compute the HVP function we consider zero-momentum projected mesonic two-point
functions for the operator combinations (Mj, M;) = (P, P), (W1, V), (Ve, V):

a3

6 0 0
a . 0
Claga)) = = D IMEMI) = (MPMY)  with M = > ME ()
|Ans| £ |A123|

|A123| denotes the spatial volume of the lattice. The pseudo-scalar density operator is defined
as P¥ = WXAl WX where A’ determines the flavour content. We make use of two lattice
discretisations of the vector current: the ultra-local discretisation (le” b= PXAIlyHPX and the
conserved discretisation V. = T(Pxraf(WH)TAL(yH + 1)PF + PFAI(yH — D)W HPrrar) [5],
which fulfils the lattice vector Ward identity in QCD+QED for diagonal A’ and which depends on the
combined QCD+QED gauge links W*# = U*+¢14¢2A™  Treating isospin breaking perturbatively,
correlation functions are expanded accordingto C = CO + ¥, Alel(l) +0O(Ag?). As aconsequence,
operators also have to be expanded in e, i.e. O = 0¥ + 0 + %ezO(l) +0(e?). The expansion of
V. in e can be found in [5]. Combining eq. (1) and eq. (7), the quark-connected Oth and 1st order
contributions to the mesonic two-point functions read

C(o) MO o 0) ( 1 _ [ MO e (0)
F Amf
( m (0) ( 0 (O) (O)
(1) M, ‘“Q ) A[é“‘ 1) > ﬁ< > ’
e
(1) [un@ [un n/@ 1“” luu@ 10 \[ @ [“,) (8)

We evaluate the diagrams by means of stochastic U(1) quark sources with support on a single time-
slice and Z, photon sources to estimate the all-to-all photon propagator in Coulomb gauge [4]. The
photon boundary conditions are chosen in accordance with the gauge field boundary conditions of the
QCDy,, ensembles. For temporal periodic gauge ensembles we use periodic boundary conditions for
the photon field, whereas for open temporal boundary conditions we apply homogeneous Dirichlet
and Neumann boundary conditions [4]. In order to reduce the stochastic noise we apply covariant
approximation averaging [16] in combination with the truncated solver method [17]. The simulation
code is based on the QDP++ [18] and FFTW3 [19] libraries and the openQCD [20] framework. We
have performed simulations on three gauge ensembles listed in table 1.
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(L/a)* xT/a | a[fm] my [MeV] | mg [MeV] | mpL | L[fm] | boundary
N200 | 483 x 128 0.06426(76) | 282(3) 463(5) 44 | 3.1 open
D450 | 64° x 128 0.07634(97) | 217(3) 476(6) 54 |49 periodic
H102 | 32° x 96 0.08636(10) | 354(5) 438(4) 50 |28 open

Table 1: Parameters of CLS ensembles with Ny = 2 + 1 quark flavours of non-perturbatively O(a) improved
Wilson quarks and tree-level improved Liischer-Weisz gauge action [6, 7].

5. Renormalisation of the local vector current
In QCD+QED the flavour-diagonal bare vector currents V; = ((VO, (Vj,(Vj) with A0 = L1,

V6
A3 = %/13 and A% = %/18 for the local and conserved discretisations d = 1,¢c may undergo mixing [5].

We therefore introduce renormalisation factor matrices Zvy, ,, = (Z iz , such that

4% ')- -
the renormalised vector currents expressed in terms of the bare currents regalfgl (\(/101,1;2’;I _Zofzf xVy Va for
d = 1,c. For the conserved vector current ‘V, we assume that mixing is absent and the renormalisation
trivial due to the existence of a lattice vector Ward identity [5, 21], i.e. Zq, ., = 1. For a critical
account on this assumption we refer to [22]. We impose the renormalisation condition [23]
O]V r|V) = (0O]Vir|V) for a low-energy vector state |V). Defining the matrix of correlation
functions (VV) = ((V2V1)), ;,-0.3.s we may express this relation in terms of renormalised
zero-momentum projected correlation functions:

VRV S @2 for T a0 > 0> 0, ©)
R "R LR "I,R 2 1
Using the renormalisation relation of the vector currents, Zq;, «, = 1 and multiplying by (Zq/LRq/l)_l
from the right, this condition becomes [5]

0 0 0 0
VPV = Zag ey (V2VT) for T 29> ad > 0. (10)

Hence, we may extract the renormalisation factor matrix for the spatial vector currents from [5]

3 3 -1
1 xo )CO 1 XO xo
Zett, v x W (4. X]) = (5 D vty ‘”)) (g DAV, 1“>) , (1)
u=1 u=1

; ; 0,0 0 0
which satisfies Ze, 44 11 (5, %)) = Zajpy for T > x5 1

separations, where lattice artefacts become small. We further perform a perturbative expansion
Zagy = (Zaypy) O + 3, Agy (Zq/Rq/)El) + O(A&?). For the results of the extracted renormalisation
factors we refer to [5]. From the bare currents V; and the renormalisation factor matrix Zq, .,

> x; > 0 in the limit of large time

we construct the renormalised electromagnetic current V Zl g defined as

I I ‘
3 8
Vir=Viw* 55 Vir = MR $z(v3‘m) Vi for d=le.  (12)
i=0,3,8

6. The LO-HVP contribution to the muon anomalous magnetic moment a,

HVP

In continuous Euclidean spacetime the LO-HVP contribution a,,"" can be computed from

the QCD-connected part of the renormalised vector-vector correlation function by means of the
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1fm = 15.5(1) a. Right: The corresponding (afi '¥)® as a function of x?; and x{
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Figure 2: Left: Integrand (V)
lattice units on N200. 1fm = 15.5(1) a. Right: The corresponding (a;; " )El) as a function of x
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HVP Y Y
a, " from <(Vc,R(Vl,R>

(aII;IVP)(O) [1010] (aII;IVP)(l) [1010] aII;IVP [1010] (a/I;IVP)(l)/(aII;IVP)(O)
N200 | 488(9)«(10)[14] | —0.6[7] 487(9)5(10),[13] | =0.0012[15]
D450 | 541(8)¢(12)[15] | 0.97[99] 542(9)s(12)a[15] | 0.0018[18]
H102 | 440(4)5(10),[10] | 1.7[4] 441(4)5(10),[11] | 0.0038]8]

a*" from <(Vl),/R(Vl),/R>

(#-}VP)(O) [1010] (agVP)(l) [1010] all:l{VP [1010] (a/vl—lIVP)(l)/(al};lVP)(O)
N200 | 491(8)s(11),[13] | =0.8[7] 490(8)x(11)a[13] | —0.0016[14]
D450 | 546(8)«(12)a[15] | 1.49[99] 548(8)«(13)a[15] | 0.0027[18]
HI102 | 445(4)4(10),[10] | 1.6[4] 447(4)(10),[11] | 0.0036[8]

Table 2: Isosymmetric contribution (aff"*)® and first-order correction (aff'F)") of the hadronic vacuum

polarisation contribution a;;"* from the two descretisations (V. V) and (V' V). The statistical and

non

scale setting errors are labelled with "st" and "a", respectively.

time-momentum representation [24-26]

2 oo
aHVPgHams = (g) / dx® K(x°, mﬂ)‘/dx3<(Vgxﬂ2(VgOﬂl>QCD—con,
0

T
~ “dw 1 1-38Z(%) wt
K(t, =-8 2/ ——AZA3—( 2t2—4'2(—)), 13
() = =87% | 2 o & Tz @ S (13)
where K (x9, my,) is the muon mass dependent integration kernel [26], Z(5) = — $NEAS ‘252”5 and § = Z—ZZ

In the following, we drop the subscript "QCD-con" as we only consider quark-connected diagran{ls,
c.f. eq. (8). Otherwise, the QCD-disconnected QED-connected part has to be subtracted by hand

as it corresponds to a higher order HVP insertion [27]. We discretise the continuum expression

0

replacing the time integration by a finite summation up to x

and average over the three spatial
components of the vector-vector correlation function:

x0 3
a 2 cut . 1 0
VP = (;) a Y, KGOmy) 3 3 (R, (14)
x0=0 p=1

0
We treat the noise problem of ((Vgx (Vg O) for large x¥ by performing a single-state reconstruction

((Vgxofvgo)rec = ce™™", where the parameters ¢ and m are determined by a fit. Nevertheless,
this is only an effective description as we cannot resolve various low-energy states. We switch
between ((Vlzxo(VgO) and the reconstruction ((Vgxo(Vg())rec at x?wi above which the signal is lost.
We perform a perturbative expansion, but neglect isospin breaking effects in the scale a for amﬁhys.
Figures 1 and 2 show the isosymmetric and first-order contributions to the integrand in eq. (14)
and the corresponding contributions to aEVP for N200. The reconstruction is particularly relevant
for suppressing the noise at large distances for the isosymmetric contribution, as well as for the
first-order contributions with the expansion parameters Am,, Amg and . Results for the three
investigated ensembles are displayed in table 2. At the given level of statistical accuracy we find
compatible results for both lattice discretisations. The scale setting uncertainty dominates the
error of (aII;IVP)(O) and (aII;WP)(l) is a correction to (a/I;IVP)(O) smaller than 0(0.5%). The first-order

correction (aEVP)(l) is smaller than the error of (a}fvp)(o).



Leading isospin breaking effects in the HVP contribution to a, and to the running of @ Andreas Risch

A VieVk
— H102 — H102
| D450 | D450
L N200 -~ N200
—4 —4
0 2 4 6 8 10 0 2 4 6 8 10
p? [GO\'Z] p?[GeV 2]

had

Figure 3: Relative isospin breaking correction to the hadronic contributions Aagx

electromagnetic coupling from the two descritisations (V) V) and (V) V).

to the running of the

7. The LO hadronic contribution to the running of .,

The LO hadronic contribution to the running of a.n, is related to the subtracted hadronic
vacuum polarisation function T1(p?) = TI(p?) — I1(0) by Aa(—p?) = draen ﬁ(vg(VRy (p?). We

m

compute I1 in the time-momentum representation [24]

ﬁ(vg(vg(Pz) orett = / dx K (p, XO)/dX3 <(VI§X”ZV§°“1>QCD_M (15)
0

with the kernel function K(w? 1) = —#(aﬂtz — 4sin*(4)). We treat (V2 V) as in section 6.

Figure 3 shows results for the quark-connected contributions depicted in eq. (8). For both discreti-

sations we find corrections smaller than O(0.5%) on all investigated ensembles with the largest

corrections in the small-momentum regime.

8. Conclusions and Outlook

We introduced a hadronic renormalisation scheme for QCD+QED and QCDjg, inspired by chiral
perturbation theory and computed leading isospin breaking effects in the LO-HVP contribution to

HVP

the anomalous magnetic moment of the muon a,,*" as well as in the LO hadronic contributions

had
em °

to the running of the electromagnetic coupling A« For both quantities we found corrections
smaller than O(0.5%) on the investigated ensembles. In a similar fashion, leading isospin breaking
effects can also be computed for hadronic contributions to the running of the weak mixing angle
Asin” ©%4 [28] based on the correlation function (VZVY), where V¥ = (VRT3 — sin* OV and
(VRT3 = —#E(VIS + %(Vlg + ﬁ{Vﬁ. To incorporate isospin breaking effects in the scale setting,
which has been neglected in this work, we have started to investigate masses of octet and decuplet
baryons [29]. Due to the noise problem of the vector-vector correlation function we plan to base the
renormalisation procedure of the local vector current on the vector Ward identity [30, 31], which
allows for a better controlled determination of the renormalisation factors. Additionally, we are
aiming for the inclusion of leading order QED finite volume corrections for hadron masses [32] as

well as for the HVP related observables [33].
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performed on the HPC Cluster "Clover" at the Helmholtz Institute Mainz and on the HPC Cluster "Mogon
I" at the University of Mainz. The authors gratefully acknowledge the Gauss Centre for Supercomputing



Leading isospin breaking effects in the HVP contribution to a, and to the running of @ Andreas Risch

e.V. (www.gauss-centre.eu) for funding this project by providing computing time on the GCS Supercomputer
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