
P
o
S
(
L
A
T
T
I
C
E
2
0
2
1
)
0
5
5

Advances in lattice hadron physics calculations using the
gradient flow

K.U. Can,𝑎,1,∗ R. Horsley,𝑏 Y. Nakamura,𝑐 H. Perlt,𝑑 P.E.L. Rakow,𝑒 G. Schierholz, 𝑓

H. Stüben,𝑔 R.D. Young𝑎 and J.M. Zanotti𝑎,1,∗
𝑎CSSM, Department of Physics, The University of Adelaide, Adelaide SA 5005, Australia.
𝑏School of Physics and Astronomy, University of Edinburgh, Edinburgh EH9 3JZ, UK.
𝑐RIKEN Center for Computational Science, Kobe, Hyogo 650-0047, Japan.
𝑑Institut für Theoretische Physik, Universität Leipzig, 04103 Leipzig, Germany.
𝑒Theoretical Physics Division, Department of Mathematical Sciences, University of Liverpool,
Liverpool L69 3BX, UK.

𝑓 Deutsches Elektronen-Synchrotron DESY, Notkestr. 85, 22607 Hamburg, Germany.
𝑓 Regionales Rechenzentrum, Universität Hamburg, 20146 Hamburg, Germany.

E-mail: kadirutku.can@adelaide.edu.au, james.zanotti@adelaide.edu.au

Lattice calculations of hadronic observables are aggravated by short-distance fluctuations. The
gradient flow, which can be viewed as a particular realisation of the coarse-graining step of
momentum space RG transformations, proves a powerful tool for evolving the lattice gauge field to
successively longer length scales for any initial coupling. Already at small flow times we find the
signal-to-noise ratio of two- and three-point functions significantly enhanced and the projection
onto the ground state largely improved, while the effect on the hadronic observables considered
here to be negligible. A further benefit is that far fewer conjugate gradient iterations are needed
for the Wilson-Dirac inverter to converge. Additionally, we find the renormalisation constants of
quark bilinears to be significantly closer to unity.

The 38th International Symposium on Lattice Field Theory, LATTICE2021 26th-30th July, 2021
Zoom/Gather@Massachusetts Institute of Technology

1For the QCDSF-UKQCD-CSSM Collaborations.
∗Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). https://pos.sissa.it/

mailto:kadirutku.can@adelaide.edu.au
mailto:james.zanotti@adelaide.edu.au
https://pos.sissa.it/


P
o
S
(
L
A
T
T
I
C
E
2
0
2
1
)
0
5
5

Advances in lattice hadron physics calculations using the gradient flow K.U. Can and J.M. Zanotti

1. Introduction

The gradient flow approach has proven itself to be a powerful tool in investigating the long
distance behaviour of lattice gauge field theories (see for instance the reviews [1, 2]). In this
approach, the fundamental gauge fields, 𝐴𝜇, are evolved with respect to a fictitious flow time, 𝜏 > 0,
according to [3],

𝜕𝜏𝐵𝜇 = 𝐷𝜈𝐺𝜈𝜇, where, 𝐵𝜇

��
𝜏=0 = 𝐴𝜇, and (1)

𝐺𝜇𝜈 = 𝜕𝜇𝐵𝜈 − 𝜕𝜈𝐵𝜇 + [𝐵𝜇, 𝐵𝜈], 𝐷𝜇 = 𝜕𝜇 + [𝐵𝜇, ·] . (2)

The flowing procedure can be viewed as a particular realisation of the coarse-graining step of
momentum space renormalisation group transformations [4–8], which evolves the lattice gauge
fields to successively longer length scales for any initial coupling. Flowed fields are smooth
renormalised fields such that the correlators of the flowed fields are automatically renormalised [9].
As relevant to this work, this means the renormalisation of quark bilinear operators is expected
to become trivial as one flows to larger times, while the renormalised quantities (e.g. quark and
hadron masses) remain constant. In the rest of this contribution, we report on the advances of the
QCDSF/UKQCD Collaboration’s application of the gradient flow approach to extract some select
hadronic observables.

2. Simulation details and performance

We perform exploratory calculations on the 𝛽 = 5.5, 323×64, 2+1-flavour gauge configurations
generated by the QCDSF/UKQCD collaboration. A non-perturbatively O(𝑎)-improved Wilson
(Clover) action is used for simulating the dynamical quarks [10]. The lattice spacing of this
ensemble is 𝑎 = 0.074(2) fm [11] and the quark masses are tuned to the 𝑆𝑈 (3) symmetric point,
yielding 𝑎𝑀𝜋 ' 0.175 in lattice units and 𝑀𝜋 ' 470 MeV in physical units. More details on this
single set of configurations can be found in [12, 13].

In performing calculations, we first flow the original configurations to fixed flow times, and
then compute the valence quark propagators which are then used to calculate standard nucleon two-
and three-point correlation functions. Considering that the improvement coefficients are expected
to be driven to their tree-level improved values as a result of flowing, we employ a tree-level Clover
action (i.e. 𝑐𝑠𝑤 = 1) in computing the valence quark propagators. A mandatory step is retuning
the 𝜅𝑣𝑎𝑙 (𝜏) at each flow time (including 𝜏 = 0 since the action parameters have changed from those
used in the ensemble generation) to ensure that we are working at fixed quark mass. On each set of
(un)flowed configurations we tune 𝜅𝑣𝑎𝑙 (𝜏) to keep 𝑎𝑀𝜋 ' 0.175 consistent with its unitary value.
Note that this is a partially-quenched procedure since we do not modify the sea quarks. A similar
approach is taken in Refs. [14, 15]. If the physics is unaffected by the flowing procedure, one of the
quantities that should remain constant with respect to flow time is the 𝑀𝜋/𝑀𝑁 ratio. Once 𝜅𝑣𝑎𝑙 (𝜏)
is tuned, we find 𝑀𝜋/𝑀𝑁 ∼ 0.38 is constant in 𝜏, in very good agreement with its value obtained
in the unitary simulation [13].

In the results presented here, we perform calculations on 100 configurations only. Source and
sink nucleon interpolating operators are smeared in a gauge-invariant manner by Jacobi smearing.
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We report only statistical errors in this work which are determined by a bootstrap analysis.

0.0 0.5 1.0 5.0 10.0
flow time

0.75

1.00

1.25

1.50

1.75

B
iC

G
S

ta
b

it
e
ra

ti
o
n

s

×103

Figure 1: Distribution of the number of iterations (red blobs) it took for the solver to converge at each flow
time. The white dots show the means of the distributions. Note that the vertical lines with caps show the full
spread of the distributions, not their 1𝜎 interval.

A significant benefit of using flowed configurations is the improvement of the solver perfor-
mance. We show in Figure 1 that the number of iterations required for the Wilson-Dirac solver to
converge decrease, along with the number of exceptional configurations, with increasing flow time.

A final remark is on the possibility of exploring the Dashen/Aoki phase which has implications
for the strong-𝐶𝑃 problem and the𝑈 (1) anomaly [16–20]. The improved performance of the solver
allows us to compute valence quark propagators for 𝜅𝑣𝑎𝑙 (𝜏) & 𝜅𝑐𝑟𝑖𝑡 (𝜏) at a reduced computational
cost for a range of 𝜅𝑣𝑎𝑙 (𝜏) values for 𝜏 > 0. In our exploratory calculation, we are able to map the
phase boundaries (the critical lines where the pion mass vanishes), which separate the normal and
𝐶𝑃-violating Dashen/Aoki phases for Wilson quarks, as shown in Figure 2. This structure of the
critical lines was confirmed in the quenched approximation before [21]. As 𝜏 → ∞, critical points
appear at 𝜅𝑐𝑟𝑖𝑡 ≡ 2𝜅𝑣𝑎𝑙 = 1/8, 1/4. We see that our 𝜅𝑐𝑟𝑖𝑡 values appear close to their expected
values at finite flow time. Exploration of the Dashen/Aoki phase, however, requires a full-QCD
simulation with non degenerate up and down quarks [22], which we leave to a future study.
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Figure 2: The structure of the critical lines at 𝜏 = 0.5. Black points are (𝑎𝑀𝜋)2 obtained at each 𝜅𝑣𝑎𝑙 . Red
lines are the fits of the form 𝑓 ((𝑎𝑀𝜋)2) = 𝑏(1/𝜅𝑣𝑎𝑙 − 1/𝜅𝑐𝑟𝑖𝑡 ) + 𝑐(1/𝜅𝑣𝑎𝑙 − 1/𝜅𝑐𝑟𝑖𝑡 )2, where 𝑏, 𝑐 are the fit
parameters. Vertical dashed lines mark the positions of 𝜅𝑐𝑟𝑖𝑡 .
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3. Hadronic observables

In Figure 3, we give effective energy plots of a nucleon two-point correlator obtained at different
flow times and for a couple of Fourier momenta. There is a clear improvement in the signal quality
even with a short amount of flow. Fluctuations in the earlier time slices arising from excited states
are tamed, while the signal deterioration from statistical noise is pushed back to later times. We
obtain similar nucleon masses via plateau fits at flow times 𝜏 = 0, 0.5, and 1.0. The mass obtained at
𝜏 = 10.0, however, is inconsistent with the others, indicating that possibly too much short-distance
physics has been removed from the gauge field configurations. Although short flow times seem
adequate for improving the quality of the hadronic observables, we leave investigating the effects
of longer flows times to a later work.

0 2 4 6 8 10 12 14 16 18 20
t/a

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

a
M

N

~p = (0, 0, 0) 2π/L

flow time

0.0

0.5

1.0

10.0

0.4

0.6

0.8

1.0

1.2

a
E
N

~p = (1, 1, 1) 2π/L

flow time

0.0 0.5

0 2 4 6 8 10 12 14
t/a

0.4

0.6

0.8

1.0

1.2

a
E
N

~p = (2, 1, 0) 2π/L

Figure 3: Nucleon effective mass plots at varying momenta, comparing the signal for different flow times.

As the gauge fields are flowed, one expects the renormalisation of quark bilinears to become
trivial, i.e. renormalisation constants of quark bilinears should evolve towards 1 with increasing
flow time. We show the vector and axial-vector renormalisation constants calculated at each flow
time using the RI′-MOM scheme [23] in Figure 4 as an example. Their tendency towards unitarity
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Figure 4: Vector (𝑍𝑉 ) and axial-vector (𝑍𝐴) renormalisation constants with respect to flow time.

is evident. At the same time, we see that 𝑍𝐴/𝑍𝑉 → 1, a feature typically reserved for fermion
actions with good chiral symmetry.

One particular hadronic observable of great interest is the axial charge of the nucleon, whose
extraction is prone to systematic effects. One typically needs to control the excited state con-
tamination by maximising the source-sink separation for a reliable, high-precision determination.
Controlling these systematics, which have been a highlight of recent calculations [24], demands
great computational effort and complicated analysis methods. To address these issues, we investi-
gate the viability of the gradient flow approach as a means of extracting nucleon charges and form
factors.

We illustrate the computation of 𝑔𝐴 in Figures 5 and 6 as an example. In Figure 5 we
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Figure 5: Nucleon isovector axial charge 𝑔𝑢−𝑑
𝐴

compared to the value extracted (blue bands) from unitary
calculation using a variational approach with the full statistics [25]. Points are centred for a clear comparison
of the signals of different source-sink separations. Dark (light) coloured symbols indicate flow time 𝜏 = 0.0
(𝜏 = 1.0) results for 𝑡𝑠𝑖𝑛𝑘 = {10𝑎 (◦), 13𝑎 (�), 16𝑎 (�)}.

show the signal for the (renormalised) isovector 𝑔𝑢−𝑑
𝐴

as obtained from a standard three-point
function analysis following Ref. [25]. We calculate the three-point function with a single nucleon
interpolating operator for three source-sink separations, 𝑡𝑠𝑖𝑛𝑘 = {10𝑎, 13𝑎, 16𝑎}, at flow times 𝜏 = 0
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Figure 6: Summary plot for the nucleon isovector axial charge 𝑔𝑢−𝑑
𝐴

extracted at each 𝜏 and 𝑡𝑠𝑖𝑛𝑘 compared
to the value extracted (blue band) from unitary calculation using a variational approach with the full statis-
tics [25].

and 1.0. The fit regions are indicated by red bands and the extracted values are given in the figure
legend. There is a striking contrast between the unflowed and flowed results where there is the
curvature due to excited states and the familiar source-sink separation dependence in the unflowed
case, while the points obtained on the flowed ensemble are almost on top of each other and the
curvature is flattened.

We provide a summary plot of the extracted 𝑔𝑢−𝑑
𝐴

values in Figure 6, which includes additional
results obtained at 𝜏 = 0.5 following the same procedure. Finally, both the signal and the extracted
values are compared to a previous determination of 𝑔𝐴 (blue bands on both figures) on the full
original ensemble from a variational analysis [25]. Note that our results are from 100 measurements
only while [25] have O(103) measurements. Given the difference in statistics, our results are in
excellent agreement. The stability of the central value with respect to source-sink separation at
𝜏 = 1.0 is encouraging for future precision calculations where one can potentially use the shorter
separation which has better statistical accuracy. We are currently in the process of repeating this
analysis with increased statistics where the results will be reported in a future paper along with
other hadronic observables.

4. Conclusions

We have reported on QCDSF/UKQCD Collaboration’s advances in extracting several hadronic
observables by an application of the gradient flow method. We have shown that working on flowed
configurations improves the solver performance and reduces the computation time. Based on the
presented results, we have argued that keeping the 𝑎𝑀𝜋 constant with respect to flow time by
retuning the bare quark masses on flowed configurations is enough to keep the physics constant
(e.g. 𝑀𝜋/𝑀𝑁 remains the same), however a rigorous check is desirable for confirmation. The
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advantage of the gradient flow is most evident for the hadronic observables where the excited states
contamination is tamed and a better signal is obtained for both two- and three-point correlation
functions and related quantities. These preliminary results were extracted from a low statistics run.
We are working towards a high-statistics calculation.
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