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Introducing a short range force coupling the spinless fermions to one unit of angular momentum in
the framework of pionless EFT, we first report the two-body scattering amplitudes with Coulomb
corrections, extended to two fermions of opposite charge in refs. [1, 2]. Motivated by the growing
interest in lattice approaches, we immerse the system into a cubic box with periodic boundary
conditions and display the finite-volume corrections to the energy of the lowest bound and unbound
𝑇−1 eigenstates. The latter turn out to consist of power law terms proportional to the fine-structure
constant. In the calculations, quadratic and higher order contributions in 𝛼 are discarded, on the
grounds that the gapped nature of the momentum operator in the finite-volume environment allows
for a perturbative treatment of the QED interactions. An outlook on the extension of the analysis
to D-wave short-range interactions is eventually given.
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1. Preamble

In present times, effective field theories (EFT) [3] cover a crucial role in the description of
many-body systems in nuclear and subnuclear physics, availing of the quantum fields which can
be excited in a given regime of energy. For systems of stable baryons at energies lower than the
pion mass, the Lagrangian density is defined uniquely as a functional of the nucleon fields and
their Hermitian conjugates. The resulting theory [4, 5] numbers several successes in the context
of nucleon-nucleon scattering and structure properties of few-nucleon systems. In the latter, the
Power Divergence Subtraction (PDS) is adopted as a regularization scheme [5, 6].

Based on the p-wave interactions in the EFT for halo nuclei, we generalize in secs. 2 and 2.1 the
nonperturbative application of QED in pionless EFT in ref. [8] to fermion-fermion low-momentum
elastic scattering governed by the the Coulomb and the strong forces transforming as the ℓ = 1
representation of the rotation group. In sec. 2.3 of ref. [1] we have applied the formalism also to
fermion-antifermion scattering, where the attractive Coulomb force gives rise also to bound states,
as in the case of the protonium [7].

Aware of the importance of the lattice environment in present-day EFT and QCD calculations
[9, 10], in sec. 3 of ref. [1], we transposed our fermion-fermion EFT into a cubic spatial volume with
side 𝐿 and periodic boundary conditions (PBC). The finite-volume (FV) environment generates a
number of implications, the most glaring of them are the breaking of rotational symmetry and the
discretization of the spectrum of the operators representing [11] physical observables [12].

By virtue of the long-range interactions induced by QED, significant changes in the behaviour
as a function of 𝐿 of the corrections associated to the FV energy levels are observed. The latter
assume the form of polynomials in the reciprocal of the box size [9], that take the place of the
exponential damping factors encountered with short-range forces alone [12]. Besides, the gapped
nature of the momentum of the particles in the box allows for a perturbative treatment of the QED
contributions, even at low energies [9, 13]. Consequently, composite particles receive modifications
of the same kind both in their mass [9] and the energies of the two-body states they give rise to [13].

In scattering states, the formula for the shift with respect to the infinite volume energy for
the lowest P-wave state in sec. 3.2.1 shows some similarities with the one in ref. [13], despite an
overall 𝜉/𝑀 ≡ 4𝜋2/𝑀𝐿2 factor, owing to the fact that the energy of the lowest unbound state with
analogous symmetry properties under rotations (𝑇1 irrep of the cubic group) is nozero.

Concerning the leading-order (LO) energy shift for the lowest bound state, in the P-wave case
it is proportional to 𝛼QED ≡ 𝛼 and has the same sign of the counterpart in absence of QED in
refs. [12]. Additionally, we prove that the FV shifts for S- (cf. ref. [13]) and P-wave eigenenergies
have the same magnitude if order 1/𝐿3 terms are neglected, as in absence of QED.

Even if bound states between two hadrons of the same charge have not been identified in
nature, at unphysical values of the quark masses in Lattice QCD these states begin to appear. It is
not unlikely that the latter manifest themselves also when QED becomes part of the Lagrangian.

2. Effective field theory for non-relativistic fermions

Our analysis of two-particle scattering and bound states in the infinite- and finite-volume
context hinges on pionless EFT [4–6], describing many-nucleon systems at energies smaller than
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the pion mass, 𝑀𝜋 [3, 8]. The action is constructed on non-relativistic matter fields and is left
invariant by parity, time reversal and Galilean invariance.

We apply the framework to spinless fermions (e.g. baryons) of mass 𝑀 and charge 𝑒, and we
assume our EFT to be valid below an upper energyΛ𝐸 (e.g. 𝑚𝜋𝑐

2 ≈ 140 MeV) in the center-of-mass
frame (CoM). In this reference frame, the two-body retarded (+) and advanced (+) unperturbed
Green’s function operator are given by

𝐺̂
(±)
0 (𝐸) = 𝑀

∫
R3

d3𝑞

(2𝜋)3
|q,−q⟩⟨q,−q|
p2 − q2 ± i𝜀

, (1)

where ±p (±q) are the momenta of two incoming (outcoming) particles in the CoM frame, such
that |p| = |q| and 𝐸 = p2/𝑀 is the energy eigenvalue at which the Green’s functions are evaluated.
The potentials are constructed in terms of the four-fermion operators that transform as the 2ℓ + 1-
dimensional irreducible representation of SO(3),

𝑉 (ℓ) (p, q) ≡ ⟨q,−q|V̂ (ℓ) |p,−p⟩ =
(
𝑐
(ℓ)
0 + 𝑐

(ℓ)
2 p2 + 𝑐 (ℓ)4 p4 + . . .

)
( |p| |q|)ℓPℓ

(
p · q
|p| |q|

)
(2)

where Pℓ is a Legendre polynomial, V̂ (ℓ) is the potential operator and the 𝑐
(ℓ)
2 𝑗 are low-energy

constants (LECs). As shown in ref. [13], the polynomials in the first round bracket of eq. (2),
can be encoded by a single vertex with energy-dependent coefficient 𝐶 (𝐸∗) (𝐷 (𝐸∗) and 𝐹 (𝐸∗))
for S-waves (P- and D-waves), where 𝐸∗ represents the CoM energy of the particles. Hence, the
Lagrangian density for fermions coupled to one unit of angular momentum assumes the form

L = 𝜓†
[
iℏ𝜕𝑡 +

ℏ2∇2

2𝑀

]
𝜓 + 𝐷 (𝐸∗)

8
(𝜓←→∇ 𝑖𝜓)†(𝜓

←→∇ 𝑖𝜓) , (3)

where
←→∇ =

←−∇ − −→∇ denotes the Galilean invariant derivative. Recalling the Feynman rules in
app. A of ref. [1], the two-body ℓ = 1 potential in momentum space becomes

𝑉 (1) (p, q) ≡ ⟨q,−q|V̂ (1) |p,−p⟩ = 𝐷 (𝐸∗) p · q . (4)

Figure 1: Tree-level and 1-loop (bubble) diagrams representing fermion-fermion elastic scattering with the
strong ℓ = 1 potential in eq. (4) alone (left) and with scalar-photon insertions (right), see eq. (10).

Irrespectively on the angular momentum content of the strong interactions, the Feynman
diagrams contributing to the T-matrix, for the two-body fermion-fermion or fermion-antifermion
scattering processes assume the form of chains of bubbles. With reference to the strong P-wave
vertex in eq. (4), the expression for the two-body scattering amplitude can be written as,

i𝑇S(p, q) = i⟨q,−q|
[
V̂ (1) + V̂ (1)𝐺̂𝐸

0 V̂
(1) + V̂ (1)𝐺̂𝐸

0 V̂
(1)𝐺̂𝐸

0 V̂
(1) + . . .

]
|p,−p⟩ , (5)

where 𝐺̂𝐸
0 ≡ 𝐺̂

(+)
0 (𝐸) is the two-body unperturbed retarded Green’s function operator in eq. (1).
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As shown in sec. 2 of ref. [1], the infinite superposition of chains of bubbles translates into a
geometric series of ratio 𝐷 (𝐸∗)J0 where

(J0)PDS
𝑖 𝑗 = 𝜕𝑖𝜕

′
𝑗𝐺

𝐸
0 (r, r

′)
���PDS

r=0
r′=0

= −𝛿𝑖 𝑗
𝑀

4𝜋

(
i|p|3

3
+ 𝜇p2

2

)
. (6)

and is evaluated in dimensional regularization with renormalization mass 𝜇 in the PDS scheme.
Therefore, the strong scattering amplitude can be recast in the form

𝑇S(p, q) = q · 𝐷 (𝐸∗)
1 − 𝐷 (𝐸∗)J0

p =
12𝜋
𝑀

𝐷 (𝐸∗)q · p
12𝜋
𝑀
+ i𝐷 (𝐸∗) |p|3

. (7)

which can be compared with eq. (2) in ref. [8] for the S-wave interactions. Recalling the effective-
range expansion (ERE) [14] and the ℓ = 1 contribution to the partial wave expansion (PWE) of the
scattering ampltiude, the expression for the scattering length in eq. (24) in ref. [1] can be derived,
whereas the effective range parameter 𝑟 (1)0 vanishes. Exploiting the PDS expression of J0 in eq. (6),
the renormalized coupling constant 𝐷 (𝐸∗, 𝜇) is obtained

𝐷 (𝐸∗, 𝜇) = 12𝜋
𝑀

(
1

𝑎 (1)
− 𝜇

p2

2

)−1

. (8)

where 𝑎 (1) denotes the scattering length (cf. eq. (7) of ref. [8] for the S-wave case counterpart).

2.1 Coulomb corrections

We introduce the electromagnetic interactions in the framework of non-relativistic quantum
electrodynamics (NRQED) as in refs. [15]. Since transverse photons couple proportionally to the
fermion momenta, the Coulomb photons dominate at low energies [8]. Therefore, we choose to
retain in the Lagrangian only the scalar photon field, 𝜙, and its lowest order coupling to the matter
fields [15]. Thus, the Lagrangian density of the system in eq. (3) picks up the following contribution,

LNRQED corr = −1
2
∇𝜙 · ∇𝜙 − 𝑒𝜙 𝜓†𝜓 . (9)

The added interaction corresponds to the Coulomb force, that in momentum space reads

𝑉C(p, q) ≡ ⟨q,−q|𝑉̂C |p,−p⟩ = 𝑒2

(p − q)2 + 𝜆2 , (10)

where 𝜆 is an IR regulator. Consequently, the T-matrix is enriched by new classes of diagrams (cf.
fig. 1), in which the Colulomb photon insertions (ladders) appear, either between the external legs
and within the loops. Unlike transverse photons, the scalar ones do not propagate between different
bubbles. In low-momentum sector 𝜂 = 𝛼𝑀/2|p|2 ≫ 1, thus the ladders have to be incorporated in
the amplitude of two-body processes to all orders in 𝛼. This amounts to replacing the 𝐺

(±)
0 (p, q)

in the loops on the left of fig. 1 with the Coulomb propagators, that in operator form read

𝐺̂
(±)
C = 𝑀

∫
R3

d3q
(2𝜋)3

|𝜓 (±)q ⟩⟨𝜓
(±)
q |

p2 − q2 ± i𝜀
. (11)
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where 𝜓
(±)
q are outgoing (+) and incoming (−) Coulomb spherical waves, see eqs. (39) and (40) in

ref. [1], whose squared modulus evaluated at r = 0 coincides with the Sommerfeld factor [16],

𝐶2
𝜂 ≡ |𝜓

(±)
p (0) |2 = 𝑒−𝜋𝜂Γ(1 + i𝜂)Γ(1 − i𝜂) = 2𝜋𝜂

𝑒2𝜋𝜂 − 1
. (12)

Moreover, thanks to the self-consistent Dyson-like identity in eq. (45) of ref. [1] the eigenstates of
the complete system, |𝜒 (±)p ⟩, with 𝑉̂S ≡ V̂ (1) can be rewritten in terms of the Coulomb states,

|𝜒 (±)p ⟩ =
[
1 +

+∞∑︁
𝑛=1
(𝐺̂ (±)C 𝑉̂S)𝑛

]
|𝜓 (±)p ⟩ . (13)

Second, the T-matrix 𝑇S is now replaced by the superposition of the purely electrostatic scattering
amplitude 𝑇C(p′, p) = ⟨p′ |𝑉̂C |𝜓 (+)p ⟩ and the strong scattering amplitude modified by Coulomb
corrections, 𝑇SC(p′, p) = ⟨𝜓 (−)p′ |𝑉̂S |𝜒 (+)p ⟩. Both the latter admit an expansion in in terms of the
Legendre polynomials (cf. eqs. (48) and (49) in ref. [1]), in which the Coulomb phase shift,
𝜎1 = arg Γ(2 + i𝜂), is introduced besides 𝛿1. Analogously, the P-wave ERE is of the generalized
counterpart for the (repulsive) Coulomb interaction (cf. [17]),

p2
(
1 + 𝜂2

) [
𝐶2
𝜂 |p| (cot 𝛿1 − i) + 𝛼𝑀𝐻 (𝜂)

]
= − 1

𝑎
(1)
C

+ 1
2
𝑟
(1)
0 p2 + 𝑟 (1)1 p4 + . . . , (14)

where 𝑎
(1)
C , 𝑟 (1)0 and 𝑟

(1)
1 are the scattering length, the effective range and the shape parameter,

respectively and 𝐻 (𝜂) is a function of the parameter 𝜂 alone and is defined in eq. (52) of ref. [1].

2.2 Repulsive channel

A this stage, the Coulomb-corrected strong amplitude, 𝑇SC(p, p′), for the fermion-fermion
scattering process can be computed. The crucial tool for the derivation, outlined in sec. 2.2 and
app. C of ref. [1] in full detail, is represented by eq. (13), which allows for the evaluation of the
T-matrix element in terms of the free Coulomb eigenstates alone and for the factorization of the
contributions of each P-wave vertex in the amplitude associated to each bubble diagram. It follows
that 𝑇SC(p, p′) can be again expressed as the sum of a geometric series,

i𝑇SC(p′, p) = i𝐷 (𝐸∗) ∇′𝜓 (−)∗p′ (r
′)
���
r′=0
·
[
1 + 𝐷 (𝐸∗)JC + 𝐷 (𝐸∗)2J2C + . . .

]
∇𝜓 (+)p (r)

���
r=0

, (15)

whose ratio is given by the Hessian matrix of the two-body Coulomb propagator, JC, multiplied by
𝐷 (𝐸∗). Since the nondiagonal matrix elements vanish in DR (cf. eq. (4.3.14) in ref. [18]),

(JC)𝑖 𝑗 = 𝜕𝑖𝜕
′
𝑗𝐺
(+)
C (r, r

′) |r,r′=0 = lim
𝑑→3

𝑀
𝛿𝑖 𝑗

𝑑

∫
R𝑑

d𝑑𝑠
(2𝜋)𝑑

2𝜋𝜂(𝑠) 𝑠2

𝑒2𝜋𝜂 (𝑠) − 1
1 + 𝜂(𝑠)2

p2 − s2 + i𝜀
≡ jC𝛿𝑖 𝑗 , (16)

the Coulomb-corrected strong scattering amplitude, 𝑇SC(p, p′), can be further simplified as

𝑇SC(p′, p) = (1 + 𝜂2)𝐶2
𝜂

𝐷 (𝐸∗) 𝑒2i𝜎1p · p′
1 − 𝐷 (𝐸∗) jC

. (17)

Evaluating the diagonal matrix elements jC in dimensional regularization (cf. eq. (89) in ref. [1])
with the PDS scheme and exploiting the ℓ = 1 component of the partial wave expansion for𝑇SC(p′, p)

5
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in eq. (49) of ref. [1], an expression for cot 𝛿1 in terms of the cupling constants 𝛼 and 𝐷 (𝐸∗) can
be obtained. Finally, equipped with the latter formula and the generalized ERE in eq. (14), the
scattering parameters can be determined in closed form. In particular, the momentum-independent
contributions to jC, yield the expression for the scattering length,

1
𝑎
(1)
C

=
12𝜋

𝑀𝐷 (𝐸∗) +
𝛼2𝑀2𝜇

8

(
𝜋2 − 3

)
− 𝛼3𝑀3

4

[
1

3 − 𝑑
+ 𝜁 (3) − 3

2
𝛾𝐸 +

4
3
+ log

𝜇
√
𝜋

𝛼𝑀

]
. (18)

where 𝜁 (3) and 𝛾𝐸 are the Apéry and Euler-Mascheroni constants, respectively. Besides, grouping
the quadratic terms in p, a purely Coulomb expression for the effective range is recovered,

𝑟
(1)
0 = 𝛼𝑀

[
2

3 − 𝑑
+ 8

3
− 3𝛾𝐸 + 2 log

𝜇
√
𝜋

𝛼𝑀

]
− 3𝜇 . (19)

3. The finite-volume environment

We transpose the physical system into a cubic box with edges of length 𝐿 and we continue
analythically fields and wavefunctions outside the box via periodic boundary conditions (PBCs).
Consequently, a free particle subject to PBCs carries a momentum p = 2𝜋n/𝐿, with n ∈ Z3.
Furthermore, in this environment the Ampère and Gauss laws are violated [13]. The issue is
circumvented by adding a uniform background charge density, a procedure that corresponds to the
removal of Coulomb-photon propagators with the zero exchanged momentum [13]. Discarding the
latter, the particle’s momentum is restricted to |p| ≥ 2𝜋/𝐿, whereas the viability of the perturbation
treatment of QED implies 𝜂 = 𝛼𝑀/2|p| < 1. Combining the two constraints, it follows that the
photon field insertions can be treated perturbatively if 𝑀𝐿 ≪ 1/𝛼 [13]. The condition is realized
when the volume is sufficiently large, as in present-day Lattice QCD calculations [13].
In addition, the masses of spinless composite particles with unit charge receive LO finite-volume
corrections proportional to the inverse of L (cf. eqs. (6) and (19) of ref. [9]),

Δ𝑀 ≡ 𝑀𝐿 − 𝑀 =
𝛼

2𝜋𝐿

[
Λ𝑛∑︁
n≠0

1
|n|2
− 4𝜋Λ𝑛

]
+ O

(
𝛼2; 𝛼

𝐿2

)
, (20)

where the sum of the 3D Riemann series regulated by the spherical cutoff Λ𝑛 is denoted with
I (0) ≈ −8.913632 (cf. app. D.1 in ref. [1]) and the 𝐿 superscript denotes henceforth FV quantities.
Reabsorbing these shifts through the definition of primed scattering parameters (cf. eqs. (134)-(138)
in ref. [1]), the finite-volume ERE takes the form

p2(1 + 𝜂2) [𝐶2
𝜂 |p| (cot 𝛿𝐿1 − i) + 𝛼𝑀𝐻 (𝜂)] = − 1

𝑎′C
(1) +

1
2
𝑟 ′0
(1)p2 + 𝑟 ′1

(1)p4 + . . . . (21)

3.1 Quantization condition

We derive the conditions that determine the counterpart of the ℓ = 1 energy eigenvalues in
the cubic region. These states transform as the three-dimensional irreducible representation 𝑇1 (in
Schönflies’s notation) of the cubic rotation group [11]. The former correspond with the singularities
of the two-point correlation function 𝐺

(±)
SC (r, r

′), whose expression can be derived in closed from

6



P
o
S
(
L
A
T
T
I
C
E
2
0
2
1
)
0
4
6

Two-Fermion Bound and Scattering States in a Finite Volume with QED Gianluca Stellin

the self-consistent equation connecting 𝐺
(±)
SC and 𝐺

(±)
C (cf. eq. (144) in ref. [1]).

In finite volume 𝐺 (±)SC ↦→ 𝐺
(±) ,𝐿
SC and the quantization condition becomes

1

𝐷𝐿 (𝐸∗) = ∇r𝑖 ⊗ ∇r𝑖+1𝐺
(+) ,𝐿
C (r𝑖 , r𝑖+1)

��� r𝑖=0
r𝑖+1=0

≡ J𝐿
C (p) . (22)

As noticed in sec. 3, we are allowed to expand j𝐿C (p) in powers of the fine-structure constant and
truncate the series to order 𝛼. With the aim of regulating the 3D Riemann sums appearing in the
expression forJ𝐿

C (p) in eq. (148) in ref. [1] while maintaining the mass-independent renormalization
scheme (cf. sec. II B of ref. [13]), the FV quantization conditions can be recast as

1

𝐷𝐿 (𝐸∗) −ReJ{DR}
C (p) = J𝐿C (p) −ReJ{Λ}C (p) , (23)

where J{Λ}C (p) and J{DR}
C (p) denote the O(𝛼) approximations of JC computed in the cutoff- and

dimensional regularization (DR) schemes in eqs. (165) and (174) of ref. [1] respectively. A scalar
counterpart for eq. (23) can be recovered by taking the trace of the matrices.
At this stage, by exploiting eq. (17), the expression for jC in DR to all orders in 𝛼 given in eq. (89)
of ref. [1] and eq. (51) in ref. [1], an infinite-volume relation between the P-wave phase shift and
the strong coupling constant 𝐷 (𝐸∗) can be obtained, see eq. (177) in ref. [1]. The latter can be
immediately fitted to the cubic FV case, yielding

p2(1+𝜂2) [𝐶2
𝜂 |p| (cot 𝛿𝐿1 − i) +𝛼𝑀𝐻 (𝜂)] = − 12𝜋

𝑀𝐷𝐿 (𝐸∗) +𝛼𝑀p2
[
4
3
− 3

2
𝛾𝐸 + log

(
𝜇
√
𝜋

𝛼𝑀

)]
. (24)

Then, exploiting the scalar counterpart of eq. (22), the coupling constant 𝐷𝐿 (𝐸∗) in eq. (24) can
be replaced by the regulated FV expression for jC. Finally, expanding the l.h.s. of eq. (24) in power
series of the squared momentum, the finite-volume ERE in eq. (21) becomes

− 1
𝑎′
𝐶
(1) +

1
2
𝑟 ′0
(1)p2 + 𝑟 ′1

(1)p4 + 𝑟 ′2
(1)p6 + 𝑟 ′3

(1)p8 + ...

=
4𝜋
𝐿3S0(p̃) +

p2

𝜋𝐿
S1(p̃) −

𝛼𝑀p2

4𝜋4 S2(p̃) −
𝛼𝑀

𝜋2𝐿2S3(p̃) + ... + 𝛼𝑀p2
[
log

(
4𝜋

𝛼𝑀𝐿

)
− 𝛾𝐸

]
,

(25)

where the S𝑛 (p̃) with 𝑛 ≤ 3 denote the Lüscher functions, given by

S0(p̃) =
Λ𝑛∑︁
n

1 − 4𝜋
3
Λ3
𝑛 , S1(p̃) =

Λ𝑛∑︁
n

1
n2 − p̃2 − 4𝜋Λ𝑛 , (26)

S2(p̃) =
Λ𝑛∑︁
n

∞∑︁
m≠n

1
n2 − p̃2

1
m2 − p̃2

1
|n −m|2

− 4𝜋4 logΛ𝑛 , (27)

and

S3(p̃) =
Λ𝑛∑︁
n

∞∑︁
m≠n

1
n2 − p̃2

1
m2 − p̃2

m · n − p̃2

|n −m|2
− 𝜋4Λ2

𝑛 . (28)
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3.2 Approximate energy eigenvalues

The O(𝛼) ERE presented in eq. (25) acquires a pivotal role in the derivation of the approximate
expressions in the finite volume for the lowest bound and unbound eigenvalues of the Hamiltonian
two-fermion system given by 𝐻̂0 + 𝑉̂C + V (1) where 𝐻̂0 denotes the kinetic term associated to the
two particles in the CoM frame. Under the hypotesis that 𝐿 is sufficiently large, the expansions
become perturbative both in 𝛼 and in 1/𝐿 times suitable powers of the scattering parameters.

3.2.1 The lowest unbound state

Since ℓ = 1 irreducible representation (irrep) of SO(3) is mapped to the 𝑇1 irrep of the cubic
group, the FV eigenstates are expected to be three-fold degenerate. Hence, the lowest unbound state
corresponds to an energy of 4𝜋2/𝑀𝐿2, associated to the momentum 𝑝 = 1 where |p| = 2𝜋𝑝/𝐿.
The detailed procedure for the derivation of the FV energy eigenvalue is outlined in sec. 3.3.1
of ref. [1] and is based on the expansion of the Lüscher functions in the ERE in eq. (28) around
𝛿𝑝2 = 𝑝 − 1. Once the ERE is rewritten in powers of 𝛿𝑝2, the equation is solved iteratively for
𝑝2, truncating the expansion at a given power of 𝑝2 and exploiting the outcoming expression in the
subsequent step, which contains higher-order terms in 𝑝2. The final expression for 𝐸 (1,𝑇1)

S is given
in eq. (218) of ref. [1] and reported here in concise form,

𝐸
(1,𝑇1)
S =

4𝜋2

𝑀𝐿2 +
4𝜋2𝛿𝑝2

𝑀𝐿2 =
4𝜋2

𝑀𝐿2 + 6𝜉
4𝜋𝑎′C

(1)

𝑀𝐿3

[
1 + 𝜉2𝑎′C

(1)
𝑟 ′0
(1) − 𝜉

(
𝑎′C
(1)

𝜋𝐿

)
(I (1) − 6) + . . .

]
+𝜉

𝛼 𝑎′C
(1)

𝐿2𝜋2

{
− (2𝜒1 + 2Ϙ0)

[
1 + 𝜉2𝑎′C

(1)
𝑟 ′0
(1) + 𝜉3𝑎′C

(1)
𝑟 ′1
(1)

]
+𝜉

(
𝑎′C
(1)

𝜋𝐿

) [
(I (1) − 6) (2Ϙ0 + 2𝜒1) + 6(Ϙ1 − 𝜒1 − 2𝜒2 + R̃ (1) + 6J (1) )

]
+ . . .

}
+ . . .

(29)
where the ellipsis stands for terms of higher powers of 1/𝐿 and the scattering parameters and I (1) ,
J (1) , R̃ (1) , 𝜒𝑖 and Ϙ𝑖 are sums of 3D Riemann series, evaluated numerically in app. D of ref. [1].

3.2.2 The lowest bound state

To derive the lowest bound FV energy eigenvalue, we switch to imaginary momenta, p = i𝜿 and
evaluate the Lüscher sums in eqs. (26)-(28) in the limit of large dimensionless binding momentum,
𝜅 ≫ 1. The results, derived in app. E of ref. [1] in detail, permit to rewrite the ERE in eq. (25)
in terms of powers of 𝜅 ≡ |𝜿 | = 𝜅0 + 𝜅1 + . . . where 𝜅𝑖 encodes the contributions to order 𝑖 in 𝛼.
Discarding the higher-order terms in the scattering parameters and 1/𝐿 (cf. sec. 3.3.2 of ref. [1]),
an expression for 𝜅1 is recovered from the ERE, yielding the approximate eigenvalue

𝐸
(1,𝑇1)
𝐵

(𝐿) =
𝜅2

0
𝑀
+

2𝛼𝜅3
0

3𝜅2
0 − 𝑟

(1)
0 𝜅0

[
log

(
4𝜅0
𝛼𝑀

)
− 𝛾𝐸 +

1
2

]
+ 𝛼I (0)

𝜋𝐿
− 𝛼

𝜋3𝐿3
2𝜋4

𝜅2
0

1
3𝑘0 − 𝑟 (1)0

. (30)

We can infer that the leading FV contributions are positive, analogously to the LO mass shifts for
ℓ = 1 states of two-body systems with strong interactions alone in eq. (53) of ref. [12]. Finally, the
sign of the LO P-wave FV shift is opposite with respect to the S-wave one in eq. (46) in ref. [13],

Δ𝐸
(1,𝑇1)
𝐵

≡ 𝐸
(1,𝑇1)
𝐵

(∞) − 𝐸
(1,𝑇1)
𝐵

(𝐿) LO
= −𝛼I

(0)

𝜋𝐿

LO
= −Δ𝐸 (0,𝐴1)

𝐵
. (31)
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4. Beyond P-wave interactions

Among the possible improvements and generalizations of the present work, outlined in sec. 4
of ref. [1], we here concentrate on the treatment of fermion fields with coupling to two units of
angular momentum. In the belief that the procedure is instrumental for the complete extension
of the analysis in ref. [1] in this direction, we derive the fermion-fermion scattering amplitude, in
which the particles are solely subject to the short range D-wave potentials.
Consistently with requirements in sec. 2, the Lagrangian density of the system reads

L = 𝜓†
[
iℏ𝜕𝑡 −

ℏ2∇2

2𝑀

]
𝜓 + 𝐹 (𝐸∗)

64
(𝜓←→∇ 2𝜓)†(𝜓←→∇ 2𝜓) − 3

𝐹 (𝐸∗)
64
(𝜓←→𝜕 𝑖

←→
𝜕 𝑗𝜓)†(𝜓

←→
𝜕 𝑖

←→
𝜕 𝑗𝜓) .

(32)
In momentum space, the interaction operator, V̂ (2) , now depends on the square of the scalar product
between the momentum of the incoming (±p) and outcoming (±q) particles in the CoM frame,

𝑉 (2) (p, q) ≡ ⟨q,−q|V̂ (2) |p,−p⟩ = 𝐹 (𝐸∗)
[
3(p · q)2 − p2q2] . (33)

By virtue of the self-consistent identity between the free and the ’strong’ Green’s functions (cf.
eq. (1.9) in ref. [2]), the T-matrix element, 𝑇S(p, q), can be written again as a superposition of the
bubble-diagram amplitudes,

i𝑇S(p, q) = i⟨q,−q|
[
V̂ (2) + V̂ (2)𝐺̂𝐸

0 V̂
(2) + V̂ (2)𝐺̂𝐸

0 V̂
(2)𝐺̂𝐸

0 V̂
(2) + . . .

]
|p,−p⟩ . (34)

see eq. (5). The explicit evaluation of lowest contributions to the two-body scattering amplitude,
permits to conclude that the ratio of the geometric series is now given by 𝐹 (𝐸∗) times the rank-four
tensor J[2]0 , whose elements in DR with the PDS scheme and renormalization mass 𝜇 are given by

(J[2]0 )𝑖 𝑗𝑘𝑙 (p) = 𝑀

∫
R3

d3𝑝′

(2𝜋)3
𝑝′
𝑖
𝑝′
𝑗
𝑝′
𝑘
𝑝′
𝑙

p2 − p′2 + i𝜀
PDS
= −𝑀

4𝜋
[
𝛿𝑖 𝑗𝛿𝑘𝑙 + 𝛿𝑘𝑖𝛿 𝑗𝑙 + 𝛿𝑘 𝑗𝛿𝑖𝑙

] (
ip5

15
+ 𝜇p4

8

)
(35)

where the multiplication rule is established by the product between the tensors with four indices,
s.t. (𝑅.𝑆)𝑖 𝑗𝑚𝑛 = 𝑅𝑖 𝑗𝑘𝑙𝑆𝑘𝑙𝑚𝑛. Succintly written, the resulting T-matrix becomes

𝑇S(p, q) = 𝑞𝑖𝑞 𝑗

(
3𝐹 (𝐸∗)

1 − 𝐹 (𝐸∗)J[2]0

)
𝑖 𝑗𝑘𝑙

H𝑘𝑙𝑚𝑛𝑝𝑛𝑝𝑚 , (36)

where the H tensor reflects the Legendre polynomial underlying the D-wave interaction in eq. 33,

H𝑖 𝑗𝑚𝑛 =
1
3

[
−𝛿𝑖 𝑗𝛿𝑚𝑛 +

3
2
(𝛿𝑖𝑚𝛿 𝑗𝑛 + 𝛿𝑖𝑛𝛿 𝑗𝑚)

]
. (37)

Performing expliticitly the tensor inversion implied by eq. (36) and exploiting the expression of J[2]0
in DR without the PDS term, the scattering amplitude in eq. (36) can be recast as

𝑇S(p, q) = 𝐹 (𝐸∗) 3(p · q)
2 − p2q2

1 − 2
5𝐹 (𝐸∗)j

[2]
0

= 𝐹 (𝐸∗) 4𝜋
𝑀

3(p · q)2 − p2q2

4𝜋
𝑀
+ 𝐹 (𝐸∗)i2

5p5
(38)

where j[2]0 is defined as the scalar part of the tensor elements of J[2]0 . Making use of the ERE in
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ref. [14] and of the ℓ = 2 term of the PWE of 𝑇S(p, q), the scattering length can be expressed in
terms of the low-energy constant as 𝑎 (2) = 𝑀

4𝜋
2
5𝐹 (𝐸

∗), whereas 𝑟 (2)0 vanishes. Equipped with the
PDS expression of J[2]0 in eq. (35), the D-wave counterpart of eq. (8) is eventually obtained

𝐹 (𝐸∗, 𝜇) = 4𝜋
𝑀

5
2

(
1

𝑎 (2)
− 15

8
𝜇p4

)−1
. (39)

5. Conclusion

In this work we have recapitulated the P-wave extension of the investigation on QED effects
in low-energy fermion-fermion scattering shown in ref. [1] in the framework of pionless EFT.
The comprehensive formalism in ref. [8] based on the full Coulomb propagator permitted us to
derive expressions of the scattering amplitude in infinite volume that are exact to all orders in
the fine-structure constant. In closing, the derivation of the two-body scattering amplitude for the
Lagrangian with D-wave interactions alone provides a prelude for the future extension of the present
investigation in that direction.

The finite-volume results recapitulated in this paper confirm the power-law dependence on 1/𝐿
of the P-wave FV energy corrections to the lowest bound and scattering eigenvalues in presence of
QED, displayed in ref. [13] for S-wave states. Thanks to the momentum discretization, perturbative
QED comes back into play in our system, even in the very low-energy regime. In the final part
of our analysis we find that for the ℓ = 0 and 1 two-body bound eigenstates the sign of the shift
depends directly on the parity of the wavefunction associated to the energy state, whose tails are
truncated at the boundaries of the cubic box, as claimed in ref. [12] with short range forces alone.
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