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In this paper, we investigate the problem of simulation of quantum-mechanical dynamical system
with prescribed properties using of exactly solvable Hamiltonians. A method for solving time-
dependent matrix Schrodinger equations in an explicit analytical form will be developed. It is
based on exactly solvable time-independent problems, a certain choice of the initial conditions,
and special time-dependent gauge transformations converting time-independent problems to time-
dependent ones. An application of the exactly solvable time-dependent problems thus obtained to
the construction of a universal set of gates for quantum computers is also presented.
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Exactly solvable Hamiltonians in quantum computing Grigori Giorgadze

1. Construction of a Time-Dependent Hamiltonian

In this section we give a brief overview of one possible method for obtaining exact solutions
to evolution of quantum mechanical systems, including the cyclic evolution of quantum systems
described by time-periodic Hamiltonians (for more details see [7], [14]). Many interesting phenom-
ena, such as the molecular Aharonov-Bohm effect [11], geometric phase [2], [1], level crossing [9]
identified with the Landau-Zener transitions [16], [10], and dynamical localization of particles in
systems with a limited spatial dimension [13], have been revealed in atomic and molecular physics,
quantum chemistry, quantum optics, and solid state physics [3]. Active investigations in quantum
computers (see [12] and references therein) refreshed interest in the geometric phase phenomenon
in quantum mechanics. In paper [15] was proposed a design of holonomic quantum computer on
the basis of the non-Abelian Berry phase. For this reason, the problem of simulation of dynamical
systems with prescribed properties by quantum-mechanical methods is of current interest.

Our approach, given here, is based on transformation of solvable time-independent equations
into time-dependent ones by employing a set of special timedependent transformation operators. A
class of periodic time-dependent Hamiltonians with cyclic solutions is constructed in closed analytic
form and the non-adiabatic geometric phase is determined in terms of the obtained solutions.

The time evolution of quantum system is governed by the Schrodinger equation

idl‘I’(r, 1))

S = Hr 0¥ (1) M

with 7i = 1 and T-periodic time-dependent Hamiltonian, H(¢) = H(t + T) and has the form
H(r,1) = p; +V(r.0),

where V(r, 1) is a square time-periodic matrix such that V(r,t +T) = V(r,t), p, = —iV, is the
angular momentum operator determining the kinetic energy.

It is known that a classical periodic system returns to its initial state after a period, whereas a
quantum system acquires an additional Berry phase (see [4], [14]), which is the difference between
the total and dynamic phases. The quantization of the Berry phase is associated with the quantization
of the spin alignment and is important in our consideration for obtaining quantum gates.

We use the time-independent Hamiltonian H(r) and a unitary time-dependent transformation

G()
|¥(r,0) =G (1)|@(r,1)), 2
by means of which the known time-independent Hamiltonian is changed to the time-dependent one
H(t) = G(HG" (1) +iG(1)S' (1). 3)

Here, |®(r, 1)) satisfies the equation of motion (1) with the time-independent Hamiltonian H (r)
and it is of the form

|®(r, 1)) = exp(=iH (r)1)|®(r,0)), 4)

a dot in expression (3) means a time-derivative.
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Clearly, the solutions |¥(r,)) and |®(r,t)) can be properly defined by solutions of the time-
independent problem

H|D(E)) = E|D(E)). (5)

Note that if the system of equations (5) with some known time-independent Hamiltonian H (r) is
exactly solvable, the system of equations (1) with the time-dependent Hamiltonian (3) admits exact
solutions, too. The result depends on transformation operators G(¢) and the choice of initial states.

As a particular case consider reconstruction of the 2 X 2 periodic time-dependent Hamiltonian
taken in the form

H(tr) = (p2+q(r))+2(s - B(r,1). ©)
We start with the time-independent Hamiltonian
H(r) = (p2+a(n)T+2(s - Be)), )

By means of a unitary time-dependent transformation taken in the form

3
G (1) = exp(is - h(1)) = exp(—i ) sihi (1)), (8)
i=1
the time-independent Hamiltonian (7) with regard to equations (1) and (3) turns to the time-
dependent Hamiltonian

H(r,1) = (p? +q(r) )1+ 2exp(~is - h(1)) (s - B(r)) exp(is - h(1)) ©)

Here s = (1/2)0 is the spin operator, o = (7, 3, 3) and §; are the Pauli matrices.
The solutions of (1) with Hamiltonian (9), according to (2) and (4), are represented as

[¥(r,1)) = exp(—is - h(r) exp(—iH (r)1)|®(r,t = 0)). (10)

Obviously, the transformation (8) does not change the first term of (7) and transforms the
second term. The Hamiltonians in the form of (6) and (9) can be used to describe the motion of a
spin 1/2-particle in the space-nonuniform and time-dependent magnetic field or can be applied in
investigating multi-level atoms and nuclei.

In terms of the evolution operator U(t) = U(t,0), the solution |¥(r, 1)) is

|W(r,1)) = U)|¥(r,0)), UO)=1. (11)

It is easy to see that from (10) and (11) follows an important relationship between the operators
U(H) and G(t): U(r) = G(¢) exp(—iﬁt)g(O). In this case, if |¥(r,0)) = |®(r,0)), then

U(t) = G(1) exp(—iHt) = exp(—is - h(t)) exp(—iHr). (12)

Let us now consider some particular examples of constructing time-dependent with corre-
sponding solutions by using SU(2) transformation (8) in which the components of h(z) are linear
functions of time, &; () = w;t. Let G(t) be chosen as an operator of rotation around z-axis

exp(—iwt/2) 0

G3(1) = exp(=id3wt/2) = 0 exp(iwt/2) |’

13)
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where w is a constant angular velocity. Then, in accordance with (9), the time-independent
Hamiltonian (7) is transformed into the time-dependent one as

B3(r)+ % B (r) exp(—iwt)

B (r) exp(iwt) ~By+ 2 (14)

H(r,t) = (pf + q(r))f+

It is evident that H(r, 1) is T-periodic, H(r,t = 0) = H(r,t = T),T = 2 /w. Its Routhian is H(r)
connected with H(r,t = 0) by H(r,0) = H(r) + 5 63. With the use of identity

¥y (r.1)) = G(1) exp(=i&y1|®y (1)), (15)
the cyclic solutions can be written in the form

exp(=i(E) + 2)1) 0

0 exp(—i(EY - 2)1) ) @y (7)), (16)

|@Anﬂ>:(
note that the superscript and subscript v here and below indicates the dependence of &€ on v.
Let us present the time-independent Hamiltonian (7) and the time-dependent one (14) in forms

(7) and (6); suitable for describing the motion of a spin 1/2-particle in the inhomogeneous magnetic
field [14]:

H(r) = (p} +4(n)1+2() a7)

cosO(r) sind(r)
sinf(r) —cosf(r) |’

where B(r) is expressed as

B(r) = Q(r)(sin8(r),0,cos 8(r)), Q(r) = ,/Bg(r) +B2(r), (18)

The time-dependent Hamiltonian (14) can be rewritten in the form (6)

. cos 0(r) sin 6(r) exp(—iwt)
H(t,r) = (pi+q(r) +Q 19
(t.r) = (pr+4(r)) (") sin 8(r) exp(iwt) —cos 6(r) (19)
for a spin 1/2-particle in nonhomogeneous magnetic field B(¢, r) precessing around 0z axis
B(t,7) = Q(r)(sin 8(r) cos(wt), sin B(r) sin(wt), cos B(r)), (20)

where

Q(r) = V(B3(r) + ®/2)? + B\ (r)?,

Bi(r) 0s6(r) = B3(r) +w/2
Q(r)” Q@)

By means of G (¢) transformation (13) the Hamiltonian (17) turns to the time-dependent Hamiltonian

sinf(r) =

written in terms of the components of the time-independent field

cos O(r) + w/2ﬁ(r) sin6(r) exp(—iwt)

— (p2 7.0
H(t.r) = (pr +q () +Q(r) sin 6(r) exp(+iwt) —cosO(r) — w/2Q(r) |

2
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The comparison of (19) and (21) gives us

2

4Q2(r) ¥ Q(r)

cos 8(r)

w ~ )1/27 22)

Q(r) = Ez(r)(1 +

Q(r) sin6(r) 9()_§(r)cos5(r) w
o T o Tamy

As a result of the unitary transformation specified by G(r), the B, (¢, r) — component of the vector

sinf(r) =

B(z,r) arises.
If G(¢) is chosen as an operator of rotation around y-axis

(23)

sin(“2)  cos(“#)
then in accordance with (9) the time-independent Hamiltonian (7) turns to the time-dependent
Hamiltonian H(¢) in the form

C(re=S(r)s  S(r)e+C(r)s - 52 ) (24)

S(r)yc+C(r)s + zg‘()i) —(C(r)c = S(r)s)

H(r,0) = (p2+q(r) +Q(r)

where ¢ = cos wyt, s = sinwst and C = cos g(r), S =sin 5(r) and can be used in the description of
the spin-1/2 particle in a time-dependent space-inhomogeneous magnetic field precessing around
Oy axis. In accordance with identity (15) the recurrent solutions of equation (1) are immediately
written as

cos(wyt/2) exp (—igi’t) — sin(w»yt/2) exp (—ig;t)

sin(wt/2) exp (—i€)1)  cos(wat/2) exp (—iEY1) (@) (25)

¥, (r. 1)) = (

and in one period

exp (—igi’T) 0

0 exp (<igyr) |10

Wy (r, (1 +1))) = - (

When there is no dependence on the space variable, the time-dependent Hamiltonian (24) and
the corresponding cyclic solutions (25) become

H()=Q

€os 6 cos wat — sin O sin wyt sin 6 cos wyt + cos B sin wyt — % )

sin 0 cos wyt + cos @ sin wot + % —(cos 6 cos wyt — sin @ sin wot)

| (1)) = cos(wat/2) exp (—i&E 1) cos 6/2—
sin(wyt/2) exp (—igzt) sin 8/2 sin(w.t/2) exp (—iglt) cos /2
+cos(wat/2) exp (=i&1) sin6/2),

|W1(t) >= —cos(wat/2) exp (=i&1) sin@/2—
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sin(w;t/2) exp (—iggt) cos 8/2 — sin(wat/2) exp (—igl 1) sin 0/2+
cos(wyt/2) exp (=i&yt) cosb/2.

This problem is identical to the motion of a spin-1/2 in the uniformly rotating magnetic field in the
(x, z)-plane.
Let G(1) be chosen as an operator of rotation around x-axis

cos(wit/2) —isin(w;t/2)

—isin(wit/2) cos(wit/2) (26)

G@1) = (

By an analogy with the previous cases, the time-independent Hamiltonian (7) is transformed
into the time-dependent one and can be represented in the form for a spin-1/2 particle in the
space-inhomogeneous magnetic field precessing around Ox axis:

H(r,1) = (p?+q(r)) I+ @7)
— cos 0(r) cos(wi 1) sinf(r) — =2 +icos 8(r) sin(w; 1)
Q(r) Y w . Y . ZQ(VF)"
sinf(r) — ﬁ —icosO(r)sin(wit) —cos 6(r) cos(wqt)

The cyclic solutions of (1) with account of (15) are written as

cos(wit/2) exp (—igrt) —isin(wit/2) exp (—ig;t)

—i sin(wt/2) exp (—igi’t) cos(wit/2) exp (—ié{t) |®y(r)).  (28)

Wy (r, 1)) = (

Thus, by a different choice of transformation operators G;(t),i = 1,2, 3, three families of time-
dependent potential matrices with the corresponding cyclic solutions are generated in a closed form
from one family of time-independent potential matrices. The obtained expressions turn into ones
for a spin-1/2 particle evolving in a periodic time-dependent space-uniform magnetic field. It is
evident that, in all the cases considered, the Hamiltonians (14), (24), (27) are T-periodic, T = 27/ w,
and the solutions (16), (25) and (28) are 2T = 47/ w-periodic and change their sign after one period.
As one can easily see, if G(¢) is chosen to be T-periodic, e.g., G;(t) = exp(—id;w;t), then the
Hamiltonian becomes 7' /2 = m/w-periodic, and the solutions are T-periodic. In this case, the total
phase is a multiple of 2x, 5, = E,T +2n. Clearly, a more general transformation can be taken: i)
as a direct product of the G; (1), G(¢) = H?:l Gi(1), ii) with a more complicated dependence of G
on time [14].

2. Construction of an Universal Set of Gates

A method for obtaining a universal set of quantum gates with the use of the explicit form of
evolution matrices for time-dependent Hamiltonians is presented in this section. Logical operators in
a quantum computer are separated into the discrete set of time sequential basis quantum operations,
quantum gates. Each gate performs a unitary transformation of a certain number of qubits. A qubit
is an information carrier in the quantum computer and is an analog of the classical bit. One of the
main conditions necessary for constructing the quantum computer is the existence of a universal set
of one- and two-qubit quantum gates that can provide an arbitrary unitary transformation U (¢) of an
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n-qubit quantum system (register) in the 2"-dimensional Hilbert space. We present a way to obtain
a universal set of gates by using the time-dependent Hamiltonians considered above. Two-qubit
gates are described by special 2 x 2 matrices, application of which leads to the interchange of the
states, and form an universal set of quantum gates. All of these matrices can be obtained from the
dynamic evolution of quantum system, which will provide quantum program with needed unitary
matrices at each fixed moment.

Using the evolution operator (12) and cyclic solutions ¥;(¢),¥,(#) we obtain an evolution
matrix

uz1 (1) uxn(t)

U :( ur () wup(r) ) (29)

where
uy(ws, g}’, g{, 0,1) = cos(wat/2) exp (=i&11) cos /2 — sin(wat/2) exp (=i&st) sin 62,

u(wo, 5}’, g%’, 0,1) = —cos(wat/2) exp (=i&1) sin /2 — sin(wot/2) exp (=i&t) cos §/2,
uz1 (wo, gl" g{, 0,1) = sin(wo?/2) exp (=i&11) cos 0/2 + cos(wat/2) exp (-i&st) sin /2,
u (ws, gf, g{, 0,1) = —sin(wst/2) exp (=i&11) sin /2 + cos(wot/2) exp (=i&xt) cos 6/2.

Let us introduce the following notations % = «, g}’ = —5{ =1,0/2= B

up(a, B, A4;t) up(a,B,A;t)

U(a,/},/l;t) = u21(a,ﬁ,/1;t) uzz(a,ﬁ,/l;l) ’

where

uy(a, B, A;t) = cos(at) exp (—idt) cos(B) — sin(at) exp (idr) sin(B),
up(a, B, A;t) = —cos(at) exp (—idr) sin(B) — sin(at) exp (idr) cos(B),
us1 (@, B, A;t) = sin(at) exp (—idt) cos(B) + cos(at) exp (iAr) sin(B),
un(a, B, A;t) = —sin(at) exp (—idt) sin(B) + cos(at) exp (iAr) sin(pB)

and rewrite the given evolution operator as a product of three unitary matrices

(30)

U(r) = ( cos(at) sin(at) )( exp(—idt) 0 )( cos(B) —sin(B) )

sin(at) cos(at) 0 exp(idt) sin(B8) cos(B)

Evidently, U(a, B, A, t) generates all matrices from SU(2). The action of the right matrix on the
basis state |0) or |1) yields all coherent states, which by using a diagonal matrix of the given form
of U(r) can be rotated around y axis in a controlled way.

For any a, 8,7, at t = 0 from (30) we obtain the gate

1 -1
U(a,,@,y;t)=(1 | ) (31)
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To obtain the Hadamard gate

1 [1 1
H=— 32
N ( 1 -1 ) (32)
we multiply U(«, B, y; t) from the left on the gate
0 1
NOT = . 33
o ) (33)

Att = % and A = 0, we have U(a, 8, 0; La) = NOT and therefore the Hadamard gate H is a result
of sequence of gates
H=U(a,p, 0 )U(a B,v:0).

The single qubit gate U can be obtained as a product of unitary matrices

U =U(ak, Br Yis tk)U(@k-1, Bk-1, Yi-1; tk-1) ..U (@0, Bo, Yo; to = 0).

Here a;,B;,v;, j = 0,..., k are any real parameters and the parameters of discrete time #;, j =
., k satisfy the conditions 0 = 7y < #; < ... < fx.. Note that in our approach, the effect of
geometric phase is naturally taken into account in the construction of single qubit gates.

Indeed, for the periodic evolution matrix with the period T = 2wm, the state changes sign when
ajt; =2rmory;t; = 2rm. In this way, we arrive at the binary representation of the numbers from
Oto2"—-1:

(H®H®---®H)|00...0) =

=U(a,B, 0 +2n7r)U(a B,y:2nn)®--- U(a, B, 0 )U(a B,7;0)]00...0) =

21
1
=—= 10+ 1) @ (0)+[1) ®---@(|0)+|1))) = —= ) ).

% =P

It should be noted that, for the presented sequence of gates, the obtained states W Z 1 |x) are
not unique [4].

Let us now turn to a construction of two-qubit gates. Note that the operator SWAP : C2@C? —
C? ® C?, acting on tensor product of vectors SWAP(u ® v) = v ® u and taking in the standard basis

the form
1 000
SWAP = 0010
0100
0 001
0100
' 1 00O .
is not an entangled operator, and the operator, bur = 0 010 (obtained from the Burau
0 01

representation [4]) as well as the operator CNOT is the entangled operator but despite this fact all
these operators have the same normal Jordan’s form.



Exactly solvable Hamiltonians in quantum computing Grigori Giorgadze

00 0O
.. 0010 i
The Hermitian operator of the form A = 010 0 has the rank 2 and commutes with
00 0O
the operators of the form

xi1 0 0 x4

a b 0

bur =
Tl o b oa o

x4 0 0 xg4

and the operator exp(—iAt) is an entangled one. Indeed,

1 0 0 0
) 0 cos(t) —isin(t) O
—iAt) =
exp(=iA1) 0 —isin(¢#) cos(t) O
0 0 0 1
at t = /4 takes the form
1 0 0 0
0 V2/2 -iv2/2 0
—iAn/4) =
exp(HATI =\ o B2 32 o
0 0 0 1

The universal CNOT consisting from exp(—iAn/4) and one-qubit gates looks as follows
CNOT=(X1®1)(1®1)(X2®1)(1®Y,)x

Xexp(—iAn /) (X3 ® 1+ 1 ®@Y3)exp(—iAn/4) (X4 ®1+1®Y4)(1®Y5)(X5® 1),

where

1 -1

1 1
—j 1

O =120
i 0 0 1

Y4:\/§/2( 1' I
- 1

X, =V2/2 . Xo =V2/2

b

= 1),Y2:@2(% s
i 1 i

-1

1—i —1-i
Xi=1/2 ,
4 /(—l—i 1—i)

-1

1 1 1 0
,stx/i/z( 1),1@:«/5/2(0 )
It is easy to show that if H is a two-dimension diagonal time-independent Hamiltonian of the

form
a 0
h= ,

then the evolution operator of the matrix Schrodinger equation (1) with the Hamiltonian H =
h®1+1Q® h+ €A is expressed as follows

U(l) — (e—iht ® e—iht)e—iAl,
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where € € {0, 1}.

Indeed, from this given property of operator A follows that the matrix

2a 0 0 0
0 a+b O 0
0 0 a+b O
0 0 0 2b

hel+1Q®h=

commutes with A and, as a consequence, U(r) = e/ (h®1F1®h+A)t _ (,~iht @ o=iht),~IAl The Payli

. 0 . .. o
matrix o3 = 0 ) satisfies the above condition. Substituting 2 = 03 we get an entangled

operator

el 0 0 0
0 cos(r) —isin(t) O
0 —isin(¢) cos(z) 0
0 0 0 e i

U@ =

It is interesting to note that even in the case when the initial Hamiltonian does not give an entan-
gled operator, after a suitable choice of the gauge transformation one can get Hamiltonian giving
entanglement. In addition, the geometric phase is obtained from the cyclic evolution of states (see

[14D.

3. Conclusion

Having an explicit form for the evolution matrix of a 2-level system it is not difficult to construct
aregister with N qubits. An universal 1-qubit logic gate can be constructed from the time evolution
matrices which we obtain in a closed analytic form.

If a quantum system undergoes a cyclic evolution, the initial- and final-state vectors are related
by a geometric phase factor.

We give an example of the quantum register and discuss a way of obtaining entanglement
operator from mathematical point of view. It is known (see [4]) that the universal set of gates are
given by 2 x 2 unitary operators and one unitary entangled operator R: which acts on C? ® C?
and transforms decomposed tensor into not decomposed one. It means that there is a vector
luv) = |u)|v) € C*> ® C? such that R|uv) is not decomposed as a tensor product of two-qubits. In
our case the entanglement operator will be obtained from two independent systems with the use
of unitary gauge time-dependent transformations, which leads to time-dependent periodic operator
and entanglement of states.

The method of construction of the universal set of quantum quantum gates, given here, is
applicable for three level quantum systems and in monodromy approach to quantum computation
[5], [7], where monodromy matrices play the role of geometric phase and it is possible to construct
Hamiltonian of quantum system with prescribed properties [8]. In case, where the universal set of

10
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quantum gates cannot be constructed in explicit form there arises the problem of controllability of
quantum system [6].
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