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1. Introduction

Emergent geometry seems to play a crucial role in constructing quantum theory of gravity. It
is, indeed, seen in various contexts such as matrix models and the AdS/CFT correspondence or
the gauge/gravity correspondence [1-3]. In the AdS/CFT correspondence, the bulk direction on
the gravity side emerges as the scale of renormalization group on the field theory side [2-5]. This
observation raises a problem: can one reconstruct full bulk geometry from field theory? The Ryu-
Takayanagi formula [6] provides insight into this problem. It expresses entanglement entropy of a
region in space on which a field theory is defined by the area of a minimal surface in the bulk whose
boundary coincides with that of the region. Thus, it gives a relation between quantum information
theory and gravity.

In this talk, in order to gain further insights into this problem, we consider quantum informa-
tion metric in quantum information theory other than entanglement entropy. We consider a CFT
and a theory that is obtained by perturbing the CFT by an operator, and calculate a quantum in-
formation metric that measures the distance between the ground states of these two theories. We
find a formula that represents the quantum information metric in terms of back reaction to the AdS
bulk geometry, which is determined by dynamics of gravity. This formula is universal in the sense
that it holds for each case in which the perturbation is given by a scalar, vector or tensor operator.
The geometrical quantity associated with the quantum information metric is local in the bulk di-
rection, while the minimal surface associated with entanglement entropy is not. This talk is based
on [7]. Information metrics have been investigated in the context of the AdS/CFT correspondence
in [8-16].

2. Quantum information metric in field theory

We consider a field theory defined on R? with the coordinates (7, %), where 7 is the Euclidean
time and X are (d — 1)-dimensional space coordinates. We consider two theories, the theory 1 and
the theory 2 that are defined on the same Hilbert space and have the lagrangians, £} and .25,
respectively. The ground states of these two theories are denoted by |Q;) and |€;,), respectively.
Then, the inner product between the ground states is represented in terms of a path integral as

_ 1 d—1 0 ~
(Q]Q)) = W/@l]lexp [—/d x(/mdr$1+/0 dfzzﬂ NGRS

where Z; and Z; are the partition functions of the theory 1 and the theory 2, respectively.
By denoting the difference of the two lagrangians by 6.%, that is, % = .4 + 0.%, we rewrite
the inner product (1) in terms of §. as

<exp [— f(;x’drfdd_lx 6,,2”] >1

(Q:]Q) = ; 2.2)
(exp [— [T, dT [di1x 6.7 1/2
where ( ) stands for the vacuum expectation value taken with respect to the theory 1:
1 _
(ﬁ>1:Z—l/@wﬁe St— (] 6]Q)) . 2.3)
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We expand (Z2) in terms of 8. up to €(5.%?) and define the quantum information metric
¢, which is known as Fisher’s metric and measures the distance between the ground states of the
two theories, by

7= 71— (@al0)) 4

where T is the volume of time direction. Then, some algebra leads to [9]

ZT/ dT/ av /dd 1 /dd W (8L(1,%)8.L( ¥ , 2.5)

where
(6.2(7,X)1=0 (2.6)
and the time reversal symmetry
(6 Z(1,%)82(7, %)) = (6L (—1,%)8L (-7, %)) 2.7)

are assumed.

Let us consider a case in which the theory 1 is a CFT and 6. (7,X) = ¢ (X) 0 (7,X) with 0(71,X)
being a scalar primary operator with the conformal dimension A in the CFT. Namely, the theory
2 is obtained by perturbing the CFT by the scalar primary operator. Note that the source ¢ (X) is
independent of 7. In what follows, the quantities in the theory 1 are labeled ‘CFT” instead of ‘1°,
while those in the theory 2 have no labels. For instance,

L =Lerr +9(X)0(1,%) (2.8)

and so on.
The one-point function of the primary operator & vanishes, which implies that (Z8) is satis-
fied. The two-point function of the primary operator & takes the form

Ca
(24 (t—1)2+(X—¥)2)A~

(0(t,%)0(7 . X))crr = (2.9)

where Cx is a normalization constant and a UV cutoff € has been introduced. We see from (Z9)
that (272) is satisfied.
The information metric (23) reads

;G
9= L[ as fax [arne §+§1y<§%_ o0

3. Quantum information metric as on-shell action

Suppose that the CFT has a gravity dual defined on AdS,. .. Throughout this talk, we consider
a situation in which the classical approximation is valid on the gravity side. Because the quantum
information metric takes the form of the generating functional for the two-point functions, it can
be represented by the on-shell action for the bulk field ® dual to .



Information geometry Asato Tsuchiya

Here we introduce the following notations: x* = (x°,x') = (1,¥), where u = 0,...,d — 1 and
i=1,....d—1,and M = (z,x*). We use the metric of AdS; in the Poincare coordinates, which
takes the form
1

ds* = Gyndz"dz" = -

- (dZ* + dxtdxM) . (3.1)

We define a boundary hypersurface in AdS,1| by z = €, where € was introduced in (Z9) as a UV
cutoff. The CFT is viewed as defined on the boundary.
The action for ® on the gravity side is

Su = % [ 1eVG (G ooy + MM - d)@?) | (32)

where we have presented only the quadratic terms in @, which are needed in the following.
The equation of motion for @ is derived from (B2) as

1
—\ﬁaM(\FGGMN D) +AA—d)P=0. (3.3)

The boundary condition for ® is given by
O(z=¢,17,%) =29 (X) . (3.4)

The solution to (B3) satisfying the boundary condition ®(z = €,7,%) = €4 2¢(¥) is [3]

P(z,x) = /ddx’K(z,x—x’)¢(5c”) : (3.5
where K is the so-called boundary to bulk propagator:
A r'(A
K(ox) = 2 ith gy = ) (3.6)
(2 +x%) n (A9

Note that ®(z,x) is independent of 7.
By substituting (B3) into (B2) and using (B3), we evaluate the on-shell action for ® as follows:

1
Son—shell = 5 /dd+1xaM (\/EGMNCDaN(I))

= —7/ d% e o, d

:—AaA/ dr/ dS/dd bxd (&2 +f2(?q(5f/)w 2)a

3.7

This would be the generating functional of ¢ (X) for two-point functions of & so that we obtain
Cr=Aoy . (3.9)
Then, by comparing (B4) with (ZI0), we find

Son—shell = —4TY . (39)
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4. Back reaction to the AdS geometry

The theory (IZ8) obtained by perturbing the CFT by the primary operator would have a gravity
dual where the geometry gains a back reaction to the AdS geometry, namely deviates from the AdS
geometry. We evaluate the back reaction up to &'($?) in the following.

We parametrize the metric with the back reaction as

1
ds> = GMNdZMdZN = Zj(dZ2+gpv(Z,x)dxudxv) ) 4.1)
with
g,uv(Zax> = 5uv +huv<27x) ) 4.2)

where hy, represent the back reaction to the AdS geometry and start with & (¢2) contribution,
which we will focus on.
The gravity action on the gravity side is given by

sG=mlc]v[/ddﬂxﬁ(—R[G]—d(d—l))— | e —2d-n)| . @3

where 7 is the induced metric on the boundary, and K is the trace of the extrinsic curvature.
The Einstein equation is derived from (E3) and (B2) as

1 1
Trg 'g" — gTrg*lg’ —5Trg 'gg g’ =~ 167Gy 7., (4.4)
VuTrg~'g' — V¢, = —162Gy Ty | (4.5)

. 1 1.,
&y — 828" 8oy + STr(e'e) gy —(d - D -guv—Tr(s '¢") guv —2R(8) v
= 162Gy Ty (4.6)
with
AA—d) 1
T, = 0.9, P+ Qiqﬂ ,
d—1 z

Z‘u - 81¢8H¢ 5

AA—d) 1
(d—1 )igﬂvqﬂ’ .7

Ty = 0y PP+
where the prime stands for the derivative with respect to z.

We expand the left hand sides up to &'(hyy) in order to evaluate hy, up to &(¢?), since the
righthand sides of (B4)), (E3) and (E8) are & (¢2). Here, hyy is independent of 7, because so is P,
and we ignore total derivative terms with respect to X, which will be justified shortly. Then, (E4)
reduces to

| AA—d) 1
Trh — ETrh’ = 167Gy (achach + (d_1)Z2<I>2> : (4.8)
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while (E28) reduces to
1 1 AA—d) 1
hﬁv —(d— l)gh;w — ETrh’Suv =—167Gy <8”CI>8V<I>+ (d—1)z26uvq)2> ) 4.9)

Taking the trace of (BE9) yields

1 AA—d) d
Trh" — (2d —1)-Trh' = —167Gy <8M<I>8,ﬂ>+ (dl)szz) . (4.10)
Z - Z
The 00 component of (E9) reads
1 1 A(A—d) 1
o — (d—1)=hyg — —Trh' = —167Gy ——2 = D* . 4.11
00 — ( )Zoo S N1 2 (4.11)
By taking a linear combination of (E8), (E10) and (E1T) and using (BE3), we obtain
d—1 d—1
trh” — ——trh' = —87Gy {8Z(CI>8ZCI>) — CI>8ZCI>} , 4.12)
Z Z
where trA = A;; = TrA — Agp. Integrating (E13) leads to
trh’ = —8TGNDI. D , (4.13)
where the boundary condition lim; ... 4, = 0 has been used.
By using the third equality in (B2) and (E13), we obtain
1
Son—shell = dxe= " n’ 4.14
on—shell 167Gy J.—e X r ( )
Here ignoring the total derivative terms in deriving (B13) is justified.
By comparing (B39) and (ET4), we find a formula
1
G = — / dxem I an 4.15
64nGy e T +15)

This formula represents the information metric in field theory in terms of buck reaction to the AdS
bulk geometry. The righthand side of (B-13) is interpreted geometrically as follows.

We consider a hypersurface specified by z = € and 7 = const.. The induced metric on the
hypersurface in the static gauge is given by

1
kij = ?gij . (416)

The volume of the hypersurface is evaluated up to &'(h;;) as

v:/ ddfl)C\//;
=€

1
- / d? ! <1+2trh> . 4.17)
=&
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We subtract the volume of the hypersurface in the AdS case where h;; = 0 and denote the difference
by ov:
1

Sy =~ d4 'xz7 4 rh (4.18)
2 =€

By taking the derivative with respect to z, we obtain

!

"2/

5V 441y ((—d+ 1)z*dtrh+z*d“trh’) . 4.19)
While the first term in (B-T9) represents the canonical scaling of the volume, the second term
represents a nontrivial scaling of the volume and is proportional to the righthand side of (E13).
Thus, (E13) is rewritten as

1 /

Y= m 5vnontrivial

(4.20)
with

A !

nontrivial — 5
=€

d x4 el 4.21)

The formula (BE13) holds also for the case in which the perturbation to the CFT is given by a vector
or tensor operator.

5. Conclusion and discussion

In this talk, we studied how information geometry is encoded in bulk geometry. We considered
a quantum information metric that measures the distance between the ground states of a CFT and a
theory obtained by perturbing the CFT. We represented the information metric in terms of the back
reaction that the bulk geometry gains due to the perturbation. We found the formula (BE220) that
represents the information metric in terms of back reaction to the AdS bulk geometry. The geo-
metrical quantity related to the information metric in the formula is local in the bulk direction. The
formula is universal in the sense that it holds for each case of a scalar, vector or tensor perturbation.
It associates information geometry with dynamics of gravity.

We associated the information metric with the volume of a hypersurface specified by z = €
with € small and 7 = const.. In order to reconstruct full bulk geometry from field theory, we should
associate it with a hypersurface specified by z = an arbitrary constant by using renormalization
group. Furthermore, we need to find relationship between information geometry and bulk quantities
local even in X directions. It should also be crucial to derive effects of strings and quantum gravity
from information geometry to construct quantum theory of gravity.
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