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1. Introduction

The Weakly Interacting Massive Particle (WIMP) paradigm, standing among the most popular
production mechanism for dark-matter (DM) particles in the early universe relies on the assumption
that the mass of the DM particles is constant throughout the evolution of the universe. However,
it is well known that the presence of a thermal equilibrium at early stages of cosmology can affect
the stabilization of scalar fields and lead to a temperature-dependent behaviour of fermion masses
as the temperature goes down. If dark matter is a fermionic particle acquiring its mass through
the spontaneous breaking of some ultra-violet global symmetry, we show that the dynamics of the
phase transition leading to such breaking can affect significantly the freeze out mechanism. We first
detail the main features of the spontaneous mechanism on a simple toy model, and then present a
well motivated string theory model in which such mechanism naturally takes place. Further details
beyond the results presented here can be found in Refs. [1, 2].

2. The spontaneous freeze out mechanism

The simplest dark sector that may yield a spontaneous freeze out is composed of a Dirac or
Majorana dark matter fermion ψ , and a real scalar field φ . Due to a Yukawa coupling, the mass
of ψ is determined by the vacuum expectation value (vev) of φ . The renormalizable classical
Lagrangian density Ldark in the dark sector is assumed to admit a Z2 symmetry φ →−φ . To take
place, the mechanism requires the tree-level mass term of the scalar field to be negative, for the
classical scalar vev not to vanish. Hence, we define

Ldark = iψ̄��∂ψ +
1
2

∂µφ∂
µ

φ − yφψ̄ψ−Vtree(φ) , (2.1)

where the scalar potential takes the familiar form1

Vtree(φ) =−
µ2

2
φ

2 +
λ

4!
φ

4 . (2.2)

After reheating, the Standard Model (SM) particles are in thermal equilibrium at a temperature T ,
and we assume the existence of an epoch during which interactions between the dark and the visible
sectors are strong enough to maintain ψ and φ thermalized with the SM bath. These interactions
will be specified in the sequel.

At the quantum level, it turns out that the effective potential at finite temperature of φ restores
at high temperature the Z2 symmetry of the vacuum [3]. Hence, in this regime, thermal loop cor-
rections to the potential dominate over the tree-level contribution, implying perturbation theory to
breakdown. Diagrams with an arbitrary number of loops, but still of the same order of magnitude,
must be taken into account. Their dominant effects arise from the so-called “ring diagrams” (or
“daisy diagrams”), from which the high temperature limit can be extracted [4, 5]. In total, a con-
sistent expression of the thermal effective potential is found by taking into account three types of
quantum corrections,

V th
eff(T,φ) =Vtree(φ)+V1-loop(φ)+F1-loop(T,φ)+V th

ring(T,φ) , (2.3)

which can be described as follows:
1In our conventions, y, µ and λ are all positive.
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• V1-loop(φ) is the zero-temperature Coleman–Weinberg effective potential at 1-loop. By ad-
justing appropriate counter-terms in the MS scheme, it can be written as

V1-loop(φ) =
m0(φ)

4

64π2

[
log
(

m0(φ)
2

Q2

)
− 3

2

]
−nF

mψ(φ)
4

64π2

[
log
(

mψ(φ)
2

Q2

)
− 3

2

]
, (2.4)

where nF = 4 (nF = 2) for a Dirac (Majorana) fermion ψ . In this formula, the bosonic and
fermionic masses squared are given by

m0(φ)
2 =−µ

2 +
λ

2
φ

2 , mψ(φ) = yφ , (2.5)

while Q is the renormalization scale.

• F1-loop(T,φ) is the Helmholtz free energy at 1-loop that is associated with the gas of particles
ψ and φ . It can be expressed as

F1-loop(T,φ) =
T 4

2π2

[
JB

(
m0(φ)

2

T 2

)
−nF JF

(
mψ(φ)

2

T 2

)]
, (2.6)

where JB and JF are functions defined as

JB,F

(
m2

T 2

)
=
∫ +∞

0
duu2 log

(
1∓ e−

√
u2+m2/T 2

)
. (2.7)

• Finally, V th
ring(T,φ) is the higher-loop contribution arising from the ring diagrams. It takes the

form [6]

V th
ring(T,φ) =

T
12π

[(
m0(φ)

2) 3
2 −
(
m0(φ)

2 +Πφ (T )
) 3

2
]
, (2.8)

in terms of the so-called Debye mass squared

Πφ (T ) =
T 2

24
(λ +nFy2) , (2.9)

which is the dominant monomial at large T of
∂ 2F1-loop

∂φ 2 .

It turns out to be relevant to consider the high temperature expansion of the function JB, which is
given by

JB

(
m2

T 2

)
=−π4

45
+

π2

12
m2

T 2 −
π

6

(m2

T 2

) 3
2 − 1

32
m4

T 4 log
(

m2

16αT 2

)
+O

(
m6

T 6

)
, (2.10)

where α = π2 exp(3/2−2γE) and γE is the Euler–Mascheroni constant. In this form, one can see
that the T 4 log(m2

0) terms appearing in the 1-loop contributions V1-loop and F1-loop cancel exactly.
Moreover, the terms T (m2

0)
3
2 present in F1-loop and V th

ring also cancel one another. It is in that sense
that the thermal effective potential given in Eq. (2.3) is consistent at high temperature, since all
terms that may source imaginary parts to V th

ring(T,φ) when m0(φ)
2 < 0 are actually not present.

Expanding JF in a similar way,

JF

(
m2

T 2

)
=

7π4

360
− π2

24
m2

T 2 −
1
32

m4

T 4 log
(

m2

αT 2

)
+O

(
m6

T 6

)
, (2.11)
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one observes that the T 4 log(m2
ψ) terms also disappear from the 1-loop contribution V1-loop+F1-loop.

When neglecting all terms T 4×O(m6/T 6), the thermal effective potential can be formatted in
a very suggestive way. For this purpose, we make a suitable choice of renormalization scale Q and
parameterize all dependencies on temperature with a new variable x,

Q = πe−γETc , x≡ Tc

T
, (2.12)

where we have defined the following critical temperature,

Tc =
2
√

6 µ√
λ +nFy2

√√√√1−
√

6
8π

ξ + log2
8π2 λ

1−
√

6
4π

ξ

, with ξ ≡ λ√
λ +nFy2

. (2.13)

In these conventions and notations, we obtain

V th
eff(x,φ) =V0(x)−

µeff(x)2

2
φ

2 +
λeff(x)

4!
φ

4 , (2.14)

where V0 is an irrelevant contribution independent on the scalar φ , while µ2
eff and λeff are effective

mass terms and self-couplings:

µeff(x)2 = µ
2
[(

1−
√

6
8π

ξ +
log2
8π2 λ

)(
1− 1

x2

)
− λ

16π2 logx
]
,

λeff(x) = λ

(
1− 3

√
6

8π
ξ +

3log2
8π2 λ

)
+

3
16π2

(
4nFy4−λ

2) logx .

(2.15)

The The key point is that µ2
eff changes sign at the critical temperature (x = 1), where a second order

phase transition takes place. The value of µ2
eff is negative at higher temperature, implying φ to be

stabilized at zero, while it is positive below Tc, which triggers the Brout-Englert-Higgs mechanism,
i.e. the condensation of the scalar field. Hence, as the universe expands and the temperature drops,
the vev of φ varies, and so do the thermally corrected masses in the dark sector,

x≤ 1 : 〈φ〉= 0 , mφ (x) = |µeff(x)| , mψ(x) = 0 , (2.16)

x≥ 1 : 〈φ〉= µeff(x)

√
6

λeff(x)
, mφ (x) =

√
2 µeff(x) , mψ(x)≡ y〈φ〉= y

√
3

λeff(x)
mφ (x) .

The relations derived so far are actually valid until one of the species ψ or φ decouples from
the thermal bath. If several scenarios may be considered, we will concentrate in the sequel on the
case where the dark fermion is maintained in thermal equilibrium with the SM because of contact
interactions between ψ and the SM fields. Therefore, the dark-matter fermion ψ freezes out at
some x = xFO ≡ Tc/TFO, when the condition

H < nψ〈σSM↔ψψ̄ v〉 (2.17)

ceases to be satisfied. In our notations, 〈σSM↔ψψ̄ v〉 is the thermally averaged cross section of
annihilation of ψ into SM particles, nψ is the number density of ψ , and H stands for the Hubble
parameter. We are interested in the regime where the freeze out of the dark-matter fermion arises

3
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because of its mass increase, so that xFO > 1. We will also assume that the scalar φ remains in
thermal equilibrium with the SM bath even when the particles ψ have frozen out. Before the
phase transition occurring at x = 1, thermalization of φ can be accounted for by the inverse decay
ψ + ψ̄ → φ . After the phase transition, interactions between φ and SM fields can maintain φ in
equilibrium, as will be seen in the next section in specific examples.

In order to characterize regions in the parameter space with distinct features, it is useful to
introduce the ratio

κ =
mψ(xFO)

TFO
. (2.18)

In fact, even if κ depends on the details of the annihilation cross section, it is in practice O(20–30)
for DM masses in the GeV–TeV range. From this definition, it is straightforward to show that

λ � nFy2 =⇒ xFO 'O
(2κ

y

)
� κ ,

λ � nFy2 =⇒ xFO '
[

1+κ
2
( 4λ

nFy4 +
3

π2 logxFO

)]1/2

,

(2.19)

from which we conclude that xFO is relatively smaller than κ when λ < y4. To proceed, it is enough
to extract from the results displayed in Eq. (2.16) the evolutions at leading order in small couplings
of the masses in the dark sector,

1 6 x 6 xFO : mφ (x)' µ

√
6
λ

√
1− 1

x2 , mψ(x)' yµ

√
6

λ + 3nF
4π2 y4 logx

√
1− 1

x2 . (2.20)

From these formulas, we distinguish two different regimes:

• When xFO � κ , we have just seen that the term y4 � λ in the expression of mψ can be
omitted. Moreover, the temperature when DM freezes out is so small, compared to Tc, that
the masses of φ and ψ have already reached their asymptotic values. Therefore, this case
corresponds to the usual freeze out scenario, where the DM particle ψ has a constant mass.

• On the contrary, when xFO . κ (i.e. λ < y4), the masses in the dark sector are still evolving
when the decoupling takes place. In fact, the vev of the scalar φ at xFO is still far from its
final value at present time. As a result, a significant increase of the mass of ψ occurs between
the time at which it decouples from the thermal bath and today. When the parameters of the
model lead to this regime, we will refer to the decoupling of DM as a Spontaneous Freeze-
Out.

After DM freezes out, the fact that the masses of the particles ψ depend on the vev of φ implies
that the relic density contributes to the scalar potential. In particular, when the temperature of the
universe is much lower than the mass of φ at zero temperature, the scalar potential takes the form

Vtot(φ) =Vtree(φ)+V1-loop(φ)+Vrelic(φ) , (2.21)

where the last term stands for the contribution of the DM particles. By writing the equation of
conservation of the stress-energy tensor for the system comprising the scalar φ , the SM radiation

4
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and the relic density, one can show that [7, 8, 9, 10, 1]

x� xFO : ρ̇relic +3H(ρrelic +Prelic) = φ̇
dVrelic

dφ
, (2.22)

where ρrelic,Prelic are the energy density and pressure of the perfect fluid associated with the relic
density. In our case of interest, the DM particles are non-relativistic. Neglecting for simplicity their
velocities, the fluid is pressureless, its energy arises from the invariant mass, and its contribution to
the potential of φ can be found from Eq. (2.22) and the fact that nψ ∝ 1/a3, where a is the scale
factor:

ρrelic = nψy|φ | , Prelic = 0 ,
dVrelic

dφ
= sign(φ)ynψ . (2.23)

However, due to the expansion of the universe (or the smallness of nψ to account for the observed
relic density), the correction to the potential arising from the dust can be neglected at present time.
Doing so, a careful analysis of Vtot(φ) leads to the conclusion that for a vacuum at some 〈φ〉> 0 to
exist, λ/y4 should be greater than a lower bound,

λ

y4 >
3nF

8π2

(
log

2
3
+2γE

)
' 0.03nF . (2.24)

As a result, the SFO takes place when 1 < xFO . κ , while having 1 . xFO < κ is excluded.

3. Phenomenological consequences

In order to study the phenomenological features of the SFO regime, we considered two bench-
mark operators encoding the interaction of DM particles with SM fermions, focusing on spin-
independent interactions

OV = ψ̄γµψ f̄ γ
µ f and OS = ψ̄ψ f̄ f , (3.1)

where f can be any fermion of the SM or any fermion in thermal equilibrium with the SM at the
time where DM particles freeze out. Using the evolution of the DM mass given in Eq. (2.16) the
thermally-averaged annihilation cross section reads for these two operators

〈σv〉V '
G2

V

2π

(
1+

x−1Tc

mψ(x)

)
m2

ψ(x) ,

〈σv〉S '
3G2

S
8π

x−1Tcmψ(x) .

(3.2)

We numerically solved the Boltzmann equation for the yield Yψ = nψ/s, where s is the entropy
density of the visible sector, in order to derive the relic abundance of DM given such an evolution of
the annihilation cross section. Denoting Yψ,eq the DM yield when DM particles follow a Boltzmann
equilibrium, the equation can be written as

dYψ

dx
=
〈σv〉s

xH
(Y 2

ψ,eq−Y 2
ψ) . (3.3)

Scanning over the parameter space, we obtain for these two operators the results presented in Fig. 1
and 2 in which we show the annihilation cross section of DM particle into SM fermions at present

5
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time that is found when the correct relic abundance is obtained. From these figures it is clear that
points in the parameter space which correspond to low values of κ/xFO, and therefore to the SFO
case, require an annihilation cross section of DM particles into SM fermions which can be larger
by more than one order of magnitude than the cross section of annihilation required in the constant-
mass WIMP case. This consequence of the SFO regime can be understood using the following

1

10−1 100 101 102
10−26

10−25

10−24

m0
ψ [TeV]

〈σ
v
〉 V

[c
m

3
s−

1
]

Ωh2 = 0.12 (WIMP)
Ωh2 = 0.12 (WIMP)
Unitarity Violated

Unitarity bound (WIMP)
AMS - e

FERMI - e
AMS - µ

FERMI - µ
AMS - τ

FERMI - τ

xFO/κ = 4
xFO/κ = 2

xFO/κ = 1.5

xFO/κ
= 1.2

xFO/
κ = 1.1

10−1 100 101 102

10−1

100

101

102

103

104

x = Tc/T

T
[G

eV
]

T
mφ
mψ

Figure 1: Numerical results for the cross section of annihilation of dark-matter particles interacting with SM fermions
via the operator OV . The plain red line indicates the standard WIMP unitarity bound, whereas the red dots stand for
the points which violate unitarity in our scenario. Indirect-detection constraints on the annihilation cross section of a
dark-matter candidate interacting with one single species of lepton are indicated.

arguments:

• For a fixed dark-matter mass m0
ψ at present time and demanding the correct relic abundance

of DM particles today, the quantity Y FO
ψ is accordingly fixed.

• The relative velocity of dark-matter particles at freeze out 〈v2〉 ∼ TFO/mψ = κ−1 is essen-
tially model independent. Because in our scenario mψ(xFO)< m0

ψ , we expect the freeze-out
temperature in the SFO case to be lower than in the constant-mass standard WIMP scenario.

• At freeze out, the condition nFO
ψ 〈σv〉FO = HFO can be expressed as

Y FO
ψ 〈σv〉FO ∝ T−1

FO . (3.4)

Therefore the dark-matter annihilation cross section at freeze out σFO in the SFO case is
larger than in the constant-mass paradigm.

• In our benchmark models, the cross sections of Eq. (3.2) evolve after freeze out as

〈σv〉V '
G2

V

2π

(
1+

v2

6

)
m2

ψ(x) ,

〈σv〉S '
3G2

S
48π

v2mψ(x) .
(3.5)

6
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1
]

Ωh2 = 0.12 (WIMP)
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xFO/κ
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xFO/κ
= 1.5

xFO/κ
= 1.2

xFO
/κ = 1.1

Figure 2: Numerical results for the cross section of annihilation of dark-matter particles interacting with SM fermions
via the operator OS. The plain red line indicates the standard WIMP unitarity bound, whereas the red dots stand for the
points which violate unitarity in our scenario.

Because in the SFO case the dark-matter particle mass increases with time, the ratio between
the annihilation cross section in our scenario as compared to the usual WIMP case increases
from the time of freeze out to present time, where the DM velocity v' 200 km.s−1 is model
independent.

This significant increase of the DM annihilation cross section typically renders DM particles more
likely to be discovered experimentally than in the case of a constant-mass WIMP candidate. For this
reason, a coupling of a dark fermion to coloured SM quarks for the two operators we considered are
automatically ruled out in the SFO case. The SM fermion f has therefore to be a standard model
lepton or a new particle in equilibrium with the SM at the time of DM freeze out. In the case of the
vectorial operator OV , leading to an s-wave annihilation cross section which could lead to visible
signals in the galaxy, we compare our results to the experimental limits set on DM annihilation by
AMS [11, 12] and Fermi [13, 14]. As one can see on Fig. 1, a leptophillic DM candidate with a
mass at the TeV scale could be detected in a near future by those experiments.

It is interesting to note that the evolution of the dark-matter mass and annihilation cross section
between the time of freeze out and current time leads to a modification of the unitarity bound in the
SFO case as compared to the standard freeze-out case. Indeed, particles of O(100) TeV and which
constitute 100% of the relic abundance might be able to interact with SM fermions with a larger
cross section than it is allowed in the case of the constant-mass WIMP scenario.

We also show in Fig. 3 the ratio between the dark-matter mass at the time of freeze out and
at present time. One can see that this ratio can be as small as 0.5. Below that value, as seen in
Eq. (2.24), the Coleman Weinberg potential at zero temperature destabilizes the vacuum and the
SFO mechanism cannot be realized anymore.

It is important to note that the presence of a decay term for the scalar is crucial for our scenario
to be consistent. Indeed, after the phase transition takes place, in the case where λ � nFy2, whether

7
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Figure 3: Ratio between the values of the dark-matter particle mass at the time of freeze-out and at present time for
data points leading to the correct relic abundance of dark matter. The left panel corresponds to an s-wave annihilation
cross section (operator OV ), whereas the right panel stands for the p-wave annihilation cross section (operator OS). Red
circles are associated with data points for which the annihilation cross sections violate unitarity at the time of freeze out.

we are in the spontaneous freeze out situation (where this condition is always satisfied) or not, the
ratio of the masses in the dark sector can be written as

1 6 x 6 xFO :
mψ(x)2

mφ (x)2 '
3y2

λ + 3nF
4π2 y4 logx

� 1 . (3.6)

As a result, in this region of the parameter space, the (inverse) decay process φ ↔ ψ + ψ̄ is kine-
matically forbidden. In the absence of a decay channel into SM fermions for the scalar field, it
is possible that the oscillations of the scalar field after the phase transition come to dominate the
energy density of the universe, since they would contribute significantly to the matter relic abun-
dance, and could overclose the universe. In our scenario, we assumed that such a decay channel
exist, either because a loop of DM particles can lead to a decay into SM fermions, or because one
can introduce a coupling between the dark scalar and the SM Higgs boson.

4. A string theory approach

Actually, the idea that thermalized DM acquires its mass via condensation of a dark scalar and
suddenly freezes out from the thermal bath was first introduced in the context of string theory [2].
In this section, our goal is to review how the thermal phase transition responsible for the DM mass
generation can naturally occur during the universe evolution, in the context of the heterotic string
theory in arbitrary d spacetime dimensions.

In the previous section, we have solved the Boltzmann equation but have not analysed the
cosmological equations of motion. In the context of string theory, however, flatness of the Universe
at the quantum level should be taken into account with scrutiny. For this purpose, we will consider
classical backgrounds in Minkowski spacetime, where supersymmetry is spontaneously broken at
a scale M. The motivations for this choice are the following: First, there is no (large) cosmological
constant to start with at tree level, which would have no chance to be cancelled by quantum effects

8
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in a perturbative regime. Second, the effective potential generated by loop corrections is of order
Md , which can be much lower than Md

s , where Ms ≡ 1/
√

α ′ is the extremely large string scale and
α ′ the string tension.

In a string setup, and actually in supergravity, the theories where supersymmetry is sponta-
neously broken at the classical level in flat space are referred to as “no-scale models” [15]. The
reason for this is that the scale M is actually a scalar field, which turns out to be a flat direction
of the tree-level potential. Hence, the vev of M is undetermined at the classical level. As said
before, this is however no more true at the quantum level. Switching on finite temperature, a ther-
mal effective potential is generated, whose zero-temperature (Coleman–Weinberg) contribution is
of order Md , while the free energy part is of order T d . Because the quantum thermal potential
sources gravity in the Einstein equations, the static background is not a solution anymore, but flat
Friedmann-Lemaître-Robertson-Walker evolutions do exist. From this point of view, the cosmo-
logical character of the Universe follows from pure quantum/thermal effects.

At 1-loop, the thermal effective potential depends only on the mass spectrum at tree level. The
latter depends on the vev of the so-called moduli fields, which are all scalar fields (including M) that
are flat directions of the classical potential. They are the counterpart of the marginal deformations
of the conformal field theory on the string worldsheet. The key point is that in heterotic string,
massive states can become massless at special points in moduli space. In the following, we will
consider the case where this arises when the radius Rd of some compact (internal) direction takes
the value Rd = 1.2 To make contact with the previous sections, we introduce a canonical scalar
field φ in terms of which we have Rd ≡ eφ , and write the mass that may vanish as∣∣∣∣Rd−

1
Rd

∣∣∣∣' 2|φ | . (4.1)

Given these generalities, our aim is to specify some heterotic string background such that the
1-loop thermal effective potential admits a temperature-dependent vacuum satisfying the following
conditions:

High temperature : 〈φ〉= 0 ,

Low temperature : 〈φ〉 6= 0 .
(4.2)

In that case, some string states, interpreted as DM candidates, are initially participating to the
thermal radiation. However, as the universe expands and cools, a phase transition takes place and
the condensation of φ induces a mass for the DM particles. Notice that in the present context, the
scalar φ is a modulus, which means that m0(φ) defined in Eq. (2.5) vanishes identically. As a result,
the thermal effective potential at 1-loop is perfectly consistent and it is not necessary to supplement
it with higher-loop contributions.

Our starting point is the heterotic string compactified on a (10−d)-dimensional torus, with 2
factorized circles of radii Rd and R9,

S1
E(R0)×Rd−1×S1(Rd)×T 8−d×S1(R9) . (4.3)

2We express all dimensionful quantities in string units, with the convention α ′ = 1.
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In order to implement finite temperature, time is Euclidean and also compactified on a circle of
radius R0. The Matsubara excitations have momenta along the temporal circle given by

m0 +
F
2

R0
, m0 ∈ Z , (4.4)

where F = 0 for bosons and 1 for fermions, while the temperature is

T =
1

2πR0
. (4.5)

We implement the spontaneous breaking of supersymmetry via a stringy version [16, 17, 18] of
the Scherk-Schwarz mechanism [19, 20]. In field theory in d + 1 dimensions, this amounts to
imposing distinct boundary conditions to superpartner fields along the extra dimension. Hence, the
degeneracy of their Kaluza-Klein (KK) i.e. Fourier modes living in d dimensions is lifted. In the
string context, introducing the Scherk-Schwarz breaking along the circle S1(R9), a particular set of
KK modes is of special interest to us. Their squared masses are given by(

Rd−
1

Rd

)2

+

(
m9 +

F+B9d nd
2

R9

)2

, m9 ∈ Z , nd =±1 , (4.6)

where B9d is one of the internal components of the antisymmetric tensor. For given quantum
numbers m9, nd , the degeneracy of these states is equal to 8. In this expression, nd is the number of
times a string mode winds around the direction S1(Rd). In this setup, the mass gap between bosonic
and fermionic superpartners with F = 0 or 1 determines the scale of supersymmetry breaking,
which we defined as

M =
1

2πR9
. (4.7)

From inspection of Eq. (4.6), we see that massless states arise at Rd = 1, when B9d is integer.
Moreover, the parity of B9d determines whether they are bosons of fermions:

B9d ∈ 2Z =⇒ Nextra = 2×8 bosonic degrees of freedom are massless ,

B9d ∈ 2Z+1 =⇒ Nextra = 2×8 fermionic degrees of freedom are massless .
(4.8)

When the temperature and supersymmetry breaking scale are lower than then string scale, the
expression of the 1-loop effective potential at finite temperature is dominated by the contributions
of the light states that are the KK modes propagating along the internal compact directions S1(Rd)×
S1(R9). Expanding around φ = 0, one obtains [2]

V th
1-loop(T,φ ,z) = T 4

[
− (NF +NB) f (d)T (z)+(NF−NB) f (d)V (z)

]
+

φ 2

πT 2 Nextra

[
f (d−2)
T (z)+(−1)B9d f (d−2)

V (z)
]
+O(φ 4),

(4.9)

where NF , NB are the total numbers of massless fermionic and bosonic degrees of freedom. In this
expression, we have substituted the dependence on the supersymmetry breaking scale M by that of
a new variable z related to the ratio

M
T
≡ ez , (4.10)
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and we have defined the functions

f (d)T (z) =
Γ
(d+1

2

)
π

d+1
2

∑
k̃0,k̃9∈Z

edz[
e2z(2k̃0 +1)2 +(2k̃9)2

] d+1
2

, f (d)V (z)≡ e(d−1)z f (d)T (−z) . (4.11)

In the case where the extra massless states occurring at φ ≡ logRd = 0 are bosons, the scalar φ is
massive whatever the temperature. The qualitative shape of the potential is shown in Fig 4a, where

V th
1-loop

V th
1-loop

(a)

(b)

Figure 4: Qualitative shapes of the 1-loop effective potential at finite temperature as a function of φ ≡ logRd . The
scalar can be (a) massive or (b) tachyonic.

the vev 〈φ〉= 0 appears as a local minimum. On the contrary, when the Nextra massless modes are
fermionic, the sign of the squared mass of φ depends on the ratio M/T . When T > M, the scalar is
massive and the potential is as displayed in Fig 4a, while for T < M it is tachyonic and globally the
shape of the potential is as shown in Fig 4b. Therefore, for the destabilization of φ to be possible,
we take B9d odd.

However, for the phase transition to take place dynamically, the dependence of the thermal
effective potential on the ratio M/T does matter. It turns out that when the massless spectrum
satisfies the condition

0 <
NF −NB

NF +NB
<

1
2d−1

, (4.12)

V th
1-loop admits a minimum at some 〈M/T 〉. When 〈M/T 〉 > 1, the scenario expected to take place

is the following:

• Assuming initial conditions at some time ti such that T (ti)> M(ti), the scalar φ is stabilized
at 〈φ〉 = 0, the Nextra fermionic degrees of freedom are massless, and the ratio M(t)/T (t)
starts evolving.

• Because 〈M/T 〉 > 1, M(t)/T (t) eventually exceeds the value 1, implying the scalar φ to
become tachyonic.

11
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• φ is then destabilized, rolls along the bump of the potential and reaches one of the plateaus
shown in Fig.4b, where it finally converges to a constant, due to the friction arising from the
expansion of the universe.

• Throughout the evolution of Rd(t), the Nextra fermionic states acquire mass and they freeze
out at some instant tFO defined by the condition∣∣∣∣Rd(tFO)−

1
Rd(tFO)

∣∣∣∣
T (tFO)

= κ . (4.13)

To show that the above picture is valid, we have numerically simulated in explicit heterotic
string models the cosmological evolutions of a minimal set of degrees of freedom in a homoge-
neous, isotropic and flat four-dimensional universe [2]. To be specific, we have taken into account
the dynamics of the scale factor a(t), the temperature T (t), the scale of supersymmetry breaking
M(t), the scalar φ(t) and the string coupling gs(t), which is a field. We found that φ(t) initially
converges towards the minimum of its well, with damped oscillations. However, this behaviour
lasts until the critical time tc such that M(tc) = T (tc), after which the scalar field is destabilized,
descending the bump of the potential and converging to some final vev 〈φ〉 6= 0. As long as the
freeze out of the Nextra fermionic modes does not take place, the evolution is attracted to a critical
solution (for d = 4 in the simulation) such that [21, 22, 23, 24, 25]

M(t) = T (t)〈M/T 〉 ∝
1

a(t)
∝ gs(t)2 d−1

d−2 , φ(t) = 〈φ〉 . (4.14)

The latter is said “Radiation-Like”, because the total energy density and pressure arising from (i)
the thermal bath of the infinite towers of KK modes along the Scherk-Schwarz direction and (ii)
the coherent motion of M(t) satisfy the state equation of pure radiation,

ρtot = (d−1)Ptot . (4.15)

Of course, when DM freezes out, this evolution is modified when the component of the dust in the
energy density of the universe starts to dominate.

For completeness, we mention that in the string context we have reviewed, the issue of the
stabilization of the string coupling gs(t) at later times must be addressed. There are several reasons
for that. First, when the gravitational kinetic term is in canonical (Einstein-Hilbert) form, all mass

scales of the theory are dressed by a factor g
2d

d−2
s . Hence, for the SM mass spectrum in realistic

models to be time-independent, the field gs(t) must be stabilized. Second, if gs was not acquiring a
mass, it would induce a long range force that would imply a violation of the experimental bounds
on the validity of the Equivalence Principle.
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