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This talk presents our recent results [1] on nonfactorizable charm-loop contributions to the am-
plitudes of rare exclusive B-decays induced by flavour-changing neutral currents (FCNC). We
show that such contributions induced by a soft-gluon emission from the charm-quark loop may
be expressed via three-particle quark-antiquark-gluon distribution amplitude (3DA) of the B-
meson, ⟨0|q̄(x)Gµν(y)b(0)|B(p)⟩, and the knowledge of the full functional dependence of the
latter quantity on the variable (x− y)2 is necessary for a proper summation of potentially large
terms O

((
ΛQCDmb/m2

c
)n) in the amplitudes of FCNC B-decays.
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1. Introduction

The interest in charm-loop contributions to rare FCNC decays of the B-mesons is to the large
extent motivated by the fact that virtual charm-quark loops, including charmonia states which ap-
pear in the physical region of the B-decay, may have a strong impact on the B-decay observables
[2] thus providing a “noise” for the extraction of possible new physics effects.

It is known that in the charmonia region, nonfactorizable gluon exchanges dominate the am-
plitudes. A number of theoretical analyses of nonfactorizable effects induced by charm-quark
contributions has been published in the literature: an effective gluon-photon local operator describ-
ing the charm-quark loop has been calculated in [3] for the real photon as an expansion in inverse
charm-quark mass mc and applied to inclusive B → Xsγ decays; Ref. [4] obtained a nonlocal effec-
tive gluon-photon operator for the virtual photon and applied it to inclusive B → Xsl+l− decays.
In [5] nonfactorizable corrections in exclusive FCNC B → K∗γ decays using local OPE have been
studied; in [6, 7], these corrections have been analyzed with light-cone sum rules using local OPE
for the photon-gluon operator and three-particle light-cone distribution amplitudes of K∗-meson.

As emphasized in [3, 4, 8 – 10], local OPE for the charm-quark loop leads to a power series in
ΛQCDmb/m2

c . This parameter is of order unity for the physical masses of c- and b-quarks and thus
corrections of this type require resummation. The authors of [10] derived a different form of the
nonlocal photon-gluon operator compared to [4] and evaluated its effect at small values of q2 (q
momentum of the lepton pair) making use of light-cone 3-particle DA (3DA) of the B-meson with
the aligned arguments, ⟨0|s̄(y)Gµν(uy)b(0)|Bs(p)⟩.

In a recent work [1] we have emphasized that the full consistent resummation of
(
ΛQCDmb/m2

c
)n

terms requires the generic 3DA of the B-meson, ⟨0|s̄(y)Gµν(x)b(0)|Bs(p)⟩, with non-aligned coor-
dinates.

We illustrated this result by analyzing a field theory with scalar quarks/gluons; the generaliza-
tion to QCD is straightforward. The counting scheme in which the parameter ΛQCDmb/m2

c is kept
of order unity was adopted.

2. Toy model: Nonfactorizable corrections in a field theory with scalar particles

To avoid technical complication related to a Lorentz/spinorial structure of the amplitudes, we
discuss nonfactorizable effects of interest for spinless particles. We nevertheless use the QCD
notations for quark fields and assume the following hierarchy of quark masses

mb ≫ mc ≫ ms ∼ ΛQCD, (2.1)

whereas the parameter ΛQCDmb/m2
c is assumed to be of order unity,

ΛQCDmb/m2
c ∼ 1 (2.2)

The charm contribution to the amplitude of an FCNC B-decay reads

A(p,q) = i
∫

dzeiqz⟨0|T{c†(z)c(z),s†(0)s(0)}|Bs(p⟩, (2.3)

where quark fields are understood as Heisenberg field operators in a theory that involves weak and
strong interactions.
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Figure 1: One of the diagrams describing the nonfactorizable gluon exchange. Dashed line corresponds to
gluon; q and κ =−ω p are the momenta outgoing from the charm-quark loop; the momentum q′ = q+κ =

q−ω p is emitted from the b → s vertex. Another diagram, equal to the one shown in the figure, corresponds
to the Gluon attached to the right c-quark line in the upper loop.

Our goal is to study nonfactorizable corrections due to a soft-gluon exchange between the
charm-quark loop and the B-meson loop. To lowest order, the corresponding amplitude is given by
the diagram of Fig. 1:

A(p,q) = i
∫

dzeiqz⟨0|T{c†(z)c(z), i
∫

dy′ Lweak(y′), i
∫

dxLGcc(x), s†(0)s(0)}|Bs(p⟩. (2.4)

The effective Lagrangian that mimics weak four-quark interaction is chosen in a simple form

Lweak =
GF√

2
s†bc†c, (2.5)

while the interaction of the scalar gluon field G(x) and the scalar c-quarks is taken to be

LGcc = G(x)c†(x)c(x). (2.6)

2.1 Charm-quark loop with soft gluon emission is perturbative

The charm contribution is described by the three-point function. For our analysis it is impor-
tant, that in the region q2 ≪ 4m2

c , q′2 and κ2 are also far below the charm thresholds, i.e. the charm
loop is perturbative. To show that, we use the gluon field in momentum representation, which is
related to the gluon field in coordinate representation as follows

G(x) =
1

(2π)4

∫
dκ G̃(κ)eiκx, G̃(κ) =

∫
dxG(x)e−iκx. (2.7)

Then the effective operator describing the gluon emission from the charm quark loop may be writ-
ten as

O(q) =
∫

dκ G̃(κ)Γcc(κ,q), (2.8)
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where Γcc(κ ,q) stands for the contribution of two triangle diagram with the charm quark running in
the loop. The momenta κ and q are outgoing from the charm-quark loop, whereas the momentum
q′ = q+κ is emitted from the b → s vertex. p′ is the momentum of the outgoing s†s current and p
is the momentum of the B-meson, p = p′+q.

In terms of the gluon field operator in coordinate space, we can rewrite (2.8) as

O(q) =
∫

dκ e−iκxdxG(x)Γcc(κ ,q), (2.9)

2.2 Three-particle antiquark-quark-gluon distribution amplitude of B-meson

By virtue of (2.9), the amplitude Eq. (2.4) takes the form

A(q, p) =
1

(2π)8

∫ dk
m2

s − k2

∫
dye−i(k−p′)y

∫
dxe−iκxdκ Γcc(κ ,q)⟨0|s̄(y)G(x)b(0)|Bs(p)⟩.(2.10)

Here, we encounter the B-meson three-particle amplitude with three (non-aligned) arguments, for
which one may write down the following decomposition:

⟨0|s†(y)G(x)b(0)|Bs(p)⟩=
∫

dλe−iλyp
∫

dωe−iωxp [Φ(λ ,ω)+O
(
x2,y2,(x− y)2)] . (2.11)

Here λ and ω are dimensionless variables. Making use of the properties of Feynman diagrams,
one may show that they should run from 0 to 1. However, if one of the meson constituents is
heavy, it carries the major fraction of the meson momentum and as the result the function Φ(λ ,ω)

is strongly peaked in the region

λ ,ω = O(ΛQCD/mb). (2.12)

So, effectively one can run the ω and λ integrals from 0 to ∞; such integration limits in fact
emerge in the DAs within heavy-quark effective theory [10, 12]. We emphasize that for the results
presented below only peaking of the DAs in the region (2.12) is essential. Notice also that the
function Φ(λ ,ω) in (2.11) coincides with the same function that appears in the “standard” 3-
particle distribution amplitude with the aligned arguments, x = uy, discussed in [12].

2.3 Light-cone contribution

First, let us calculate the contribution to A(q, p) from the term that corresponds to x2 = y2 =

(x− y)2 = 0 in the 3DA (2.11). This is very easily calculable: by inserting (2.11) into (2.10) we
can perform the x− and y−integrals ∫

dx → δ (κ +ω p),∫
dy → δ (k+λ p− p′). (2.13)

Next, the δ -functions above kill the integrals over k and κ , and we find

A(q, p) =
∫ ∞

0
dλ

∫ ∞

0
dω Φ(λ ,ω)Γcc (−ω p,q)

1
m2

s − (λ p− p′)2 . (2.14)
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As the result one obtains for the sum of two triangle diagrams (with the charm quark running in the
loop in two opposite directions) the following expression for the amplitude:

Γcc(κ,q) =
1

8π2

1∫
0

du
1−u∫
0

dv
1

m2
c −2uvκq−u(1−u)κ2 − v(1− v)q2 . (2.15)

Now, we must take into account that the ω-integral is peaked at ω ∼ ΛQCD/mb so the gluon is soft:
κ =−ω p and κ2 ∼ O(Λ2

QCD)≪ m2
c .

2.4 s-quark produced in a weak b → s transition is highly virtual

The momentum transferred in the weak-vertex is q′ = q+κ = q−ω p, such that

q′2 = (q−ω p)2 = q2 −ω(1−ω)M2
B −q2ω + p′2ω = q2 −ω(1−ω)M2

B. (2.16)

By virtue of the y-integration in (2.13), the s-quark propagator takes the form

m2
s − (λ p− p′)2 = m2

s −λq2 +(1−λ )(λM2
B − p′2). (2.17)

Therefore, in the bulk of the λ -integration the virtuality of the s-quark propagator is large, O(MB),
and the use of the Feynman s-quark propagator is well justified.

2.5 Deviations from the light-cone

We now turn to the calculation of the contributions to A(q, p) generated by terms ∼ x2,y2,(x−
y)2 in the 3DA (2.11). The terms containing powers of 4-vectors y and x in the integral (2.10) can
be calculated by parts integration. Taking into account the results (2.13), we find the following
relative contributions of the terms containing different powers of the coordinate variables:

Λ2
QCDy2 → ΛQCD

mb
,

Λ2
QCDx2 →

Λ2
QCD

m2
c

ΛQCDmb

m2
c

,

Λ2
QCDxy → ΛQCDmb

m2
c

. (2.18)

Clearly, all terms containing powers of x2 and/or y2 in the 3DA lead to the suppressed contributions
to A(q, p) and may be neglected within the considered accuracy. However, the terms containing
powers of xy lead to the contributions containing powers of ΛQCDmb/m2

c , i. e., of order unity within
the adopted counting rules. The kinematical configurations that give the dominant contribution to
the amplitude is thus rather simple: the vectors x and y are directed along the light-cone [e.g., x
along the (+) axis, and y along the (−) axis], but the 4-vector (x− y) is obviously not directed
along the light cone. Therefore, the full dependence of 3DA on the variable (x− y)2 is needed in
order to properly resum corrections of order

(
ΛQCDmb/m2

c
)n.

4



P
o
S
(
E
P
S
-
H
E
P
2
0
1
9
)
2
3
0

Nonfactorizable charm-loop effects Dmitri Melikhov

3. Conclusions

The relevant object that arises in the calculation of the nonfactorizable corrections is the three-
particle DA (or the antiquark-quark-gluon vertex function of the B-meson):

⟨0|s†(y)G(x)b(0)|Bs(p)⟩=
∫

dλe−iλyp
∫

dωe−iωxp [Φ(ω,λ )+O
(
x2,y2,(x− y)2)] . (3.1)

It should be emphasized that the function Φ(ω,λ ) here is precisely the same function that parame-
terizes the standard 3DA with the aligned arguments, x = uy, on the light cone x2 = 0, discussed in
[12]. At small q2 ≤m2

c , terms of order ∼ x2,y2 yield the suppressed contributions to the nonfactoriz-
able amplitude of B-decay compared to the contribution of the light-cone term in the three-particle
DA: for terms O(x2) the suppression parameter is Λ2

QCD/m2
c , and for terms O(y2) the suppression

parameter is ΛQCD/mb. However, terms ∼ (xy)n in the 3DA yield potentially large contributions to
the B-meson amplitude, of order

(
ΛQCDmb/m2

c
)n. The resummation of such contributions requires

the knowledge of the full dependence of ⟨0|s†(y)G(x)b(0)|Bs(p)⟩ on its variable (x− y)2.
We emphasize that the knowledge of merely the light-cone 3DA, corresponding to x2 = 0,

y2 = 0 and (x− y)2 = 0, is not sufficient: While the LC 3DA resums a part of the large corrections
of the order ΛQCDmb/m2

C, other contributions of the same order remain unaccounted.
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