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1. Introduction

The Standard Model (SM) of elementary particle physics has been tested in numerous pro-
cesses over recent decades and the overall agreement between theoretical predictions and experi-
mental observations is astonishing. The SM successfully describes three of the four fundamental
forces in nature: electromagnetic, weak, and strong, with only gravitation not included. Although
successful, the SM is an effective theory and corrections due to ‘new physics’ are expected to occur
at higher energies. In order to observe such effects, one possibility is to perform precision tests of
SM-allowed processes, which requires both experimental and theoretical effort [1]. Particularly
interesting are weak quark-flavor-changing transitions.

Quark flavor mixing is typically described by the Cabibbo-Kobayashi-Maskawa (CKM) ma-
trix which is a unitary 3× 3 matrix in the SM. Testing the unitarity of the CKM matrix remains
a major focus of the experimental and theoretical research program. Decays involving bottom (or
b) quarks are most promising because, compared to the light sector, theoretical predictions are
currently less precise and the much larger mass of the b quark allows many decay channels. Exper-
imentally, interactions of b quarks can be studied by looking for B-mesons and their decays. Two
current experiments, Belle II [2] and LHCb [3], are dedicated to B-physics but ATLAS and CMS
also study such processes. At present the b sector of the SM exhibits various tantalizing tensions
between experimental measurements and theoretical predictions. Most noteworthy are the signs of
lepton flavor universality violation observed in semileptonic decays. B→ D(∗)`ν decays probe the
transition of a b quark to a c quark, and forming the ratio of processes with a heavy τντ lepton pair
in the final state to those containing the much lighter µνµ (or eνe), defines the R-ratio

Rτ/µ

D(∗) ≡
BF(B→ D(∗)τντ)

BF(B→ D(∗)µνµ)
. (1.1)

Experimentally this ratio has been determined by BaBar, Belle and LHCb [4 – 13] and the SM
predictions are based on [14 – 17]. The average experimental and theoretical values exhibit at
present a discrepancy of about 3σ [18]. Since many uncertainties cancel, this ratio is a theoretically
clean quantity and hence a strong test of the SM. Furthermore, these semileptonic decays allow
extraction of the CKM matrix element |Vcb| by combining experimental and theoretical results. The
determination based on these exclusive channels exhibits a 2–3σ tension with that from inclusive
B→ Xc`ν where Xc denotes any final state containing a charm quark [19 – 21, 1]. A similar tension
is observed for the CKM matrix element |Vub| where the exclusive B→ π`ν and the inclusive
B→ Xu`ν channels are typically considered, with Xu being a charmless final state containing an
up-quark.

These investigations are based on branching fractions (BF) which are experimentally measured
and conventionally parameterized by

dΓ(B(s)→ P`ν)
dq2 =

ηEW G2
F |Vxb|2

24π3

(q2−m2
`)

2
√

E2
P−M2

P

q4M2
B(s)

×

[(
1+

m2
`

2q2

)
M2

B(s)
(E2

P−M2
P)| f+(q2)|2 +

3m2
`

8q2 (M
2
B(s)
−M2

P)
2| f0(q2)|2

]
. (1.2)
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Figure 1: Sketch of tree-level weak semileptonic B(s) decays mediated by a charged W± boson in a set-up
with the B(s) meson at rest. P denotes a pseudoscalar final state (π , K, D, or Ds), the spectator is a light
up/down or a strange quark, and x the up or charm daughter quark.

In Eq. (1.2) we focus solely on semileptonic B(s) decays mediated by a charged current with a
pseudoscalar particle (P) in the final state as sketched in Fig. 1. MP is the mass of this particle, EP

its energy, and |Vxb| is the CKM matrix of interest with x = u,c. The four-momentum transferred
to the leptonic products of type ` = e, µ, τ is denoted by qµ and m` is the mass of the lepton.
On the theoretical side, the determination faces the challenge that nonperturbative interactions
due to the strong force contribute, parametrized by the form factors f+ and f0, whereas GF is
the perturbatively-computed Fermi constant. Lattice quantum chromodynamics (QCD) provides
a state-of-the-art nonperturbative framework for determining the form factors. An overview of
existing results based on lattice QCD as well as averages obtained from them can be found in [22].
Here we focus on four semileptonic B(s) decay channels which have been calculated by

B→ π`ν : HPQCD [23], Fermilab/MILC [24, 25], RBC/UKQCD[26]
B→ D`ν : Fermilab/MILC [27, 28], HPQCD [29]
Bs→ K`ν : HPQCD [30], RBC/UKQCD[26], Alpha [31], Fermilab/MILC [32]
Bs→ Ds`ν : Fermilab/MILC [33, 32], HPQCD [34, 35]

In addition several groups report on work in progress [36 – 40]; see also work referred in [41].
As indicated in Fig. 1, all four processes change the flavor of the b quark in the initial state by

emission of a charged W± boson. The spectator quark is an up or down quark for B decays and a
strange quark for Bs decays. The daughter quark is either an up or charm quark to allow π , D or K,
Ds final states, respectively.

We present these four channels together because in our set-up only the bottom quark is simu-
lated by the relativistic heavy quark (RHQ) action [42, 43] whereas up/down, strange, and charm
quarks are simulated using domain wall fermions (DWF) [44 – 49]. We use the RBC-UKQCD
2 + 1-flavor domain wall fermion and Iwasaki gauge action ensembles [50 – 53], and list their
key properties in Tab. 1. The F1 ensemble is a new addition compared to our previous publica-
tions [54, 26, 55]. It provides a third, finer lattice spacing as well as a data point closer to the
physical pion mass. This further constrains the extrapolations to the continuum limit and to the
physical light quark mass. In the valence sector we use the unitary light quark mass for u/d quarks
and choose a close-to-physical value for the strange quark mass. Charm quarks are simulated us-
ing a domain wall action optimized for heavy flavors [56, 57]. For the coarse ensembles (C1,
C2), three ‘lighter-than-charm’ masses are simulated and we subsequently perform a benign ex-
trapolation, whereas for the medium fine (M1, M2, M3) and fine (F1) ensembles we bracket the
physical charm quark mass and interpolate. As mentioned above, bottom quarks are simulated with
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L3×T a−1 / GeV aml Mπ / MeV # Configurations # Time Sources

C1 243×64 1.784 0.005 338 1636 1
C2 243×64 1.784 0.010 434 1419 1
M1 323×64 2.383 0.004 301 628 2
M2 323×64 2.383 0.006 362 889 2
M3 323×64 2.383 0.008 411 544 2
F1 483×96 2.774 0.002144 234 98 24

Table 1: The RBC-UKQCD 2+1 domain-wall fermion ensembles used in this work [50 – 53]. The F1
ensemble is a new element of the RBC/UKQCD b-physics project analysis and is a key difference between
this work and the prior analysis. Presently the properties of the F1 ensemble are re-evaluated and may change
slightly.

the effective RHQ action, with nonperturbatively tuned parameters [58] which have been updated
compared to our previous work to reflect improved determinations of the lattice spacing.

The form factors introduced in Eq. (1.2) can be determined by computing the hadronic matrix
elements 〈P|V µ |B(s)〉, parameterized as

〈P(pP)|V µ |B(s)(pB(s))〉= f+(q2)

(
pµ

B(s)
+ pµ

P −
M2

B(s)
−M2

P

q2 qµ

)
+ f0(q2)

M2
B(s)
−M2

P

q2 qµ , (1.3)

with pB(s) and pP the momenta of the B(s) and P mesons respectively, and V µ = x̄γµb. In our
calculation we place the initial B(s) meson at rest and use an alternative parameterization of the
matrix elements in terms of the perpendicular and parallel components

〈P|V µ |B(s)〉=
√

2MB(s)

[
vµ f‖(EP)+ pµ

⊥ f⊥(EP)
]
, (1.4)

with pµ

⊥ ≡ pµ

P − (pP · v)vµ . Hence we determine the form factors

f‖ =
〈P|V 0|B(s)〉√

2MB(s)

, f⊥ =
〈π|V i|B(s)〉√

2MB(s)

1
pi

P
(1.5)

and obtain the phenomenological form factors f+ and f0 from

f+(q2) =
1√

2MB(s)

[
f‖(q

2)+(MB(s)−EP) f⊥(q2)
]
, (1.6)

f0(q2) =

√
2MB(s)

M2
B(s)
−M2

P

[
(MB(s)−EP) f‖(q

2)+(E2
P−M2

P) f⊥(q2)
]
. (1.7)

For the lattice determination we evaluate Eq. (1.5) by computing three-point and two-point corre-
lation functions on the lattice. The operators entering the three-point functions include tree-level
plus 1-loop O(a)-improved terms with perturbatively calculated improvement coefficients. The
hadronic matrix elements are obtained by performing correlated fits to ratios of these three-point
and two-point functions using the bootstrap resampling technique. In order to test for systematic
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Figure 2: Plateau fits to ratios of three-point and two-point functions used to determine f⊥ and f‖ on the
M1 ensemble for B→ π`ν semileptonic decays.

effects due to excited state contributions, we fit to a simple plateau assuming only ground state con-
tributions, but also with additional terms to describe one added excited state for the initial as well
as the final state. The matrix elements containing the vector current Vµ are finally renormalized to
obtain continuum expressions

〈P|Vµ |B(s)〉= Zbx
µ 〈P|Vµ |B(s)〉 . (1.8)

The heavy-light renormalization factor Zbx
µ is obtained using a ‘mostly nonperturbative’ ansatz [59]

Zbx
Vµ

= ρ
bx
Vµ

√
Zbb

µ Zxx
µ , (1.9)

where the flavor conserving factors Zbb
µ and Zxx

µ are computed nonperturbatively and the remaining
factor ρbx

Vµ
is determined at 1-loop in lattice perturbation theory.

In the following Section we will report on the status of the four decay channels. We start
with our more preliminary determinations of form factors for B→ π`ν and B→D`ν and continue
with the more advanced results for Bs→ K`ν and Bs→ Ds`ν . In Section 3 we present details of
the kinematical z-expansion followed by a brief summary. The determinations of B→ π`ν and
Bs→ K`ν form factors update our results from 2015 [26].

2. Semileptonic form factors

2.1 B→ π`ν

Following the steps outlined above, we first determine f‖ and f⊥ on all six of our ensembles.
Figure 2 shows an example of fits to extract the plateau values. Having determined and renor-
malized the form factors from the lattice data, we obtain the chiral-continuum limit by performing
correlated global fits to all data points. The fit function is derived from SU(2) heavy meson chiral
perturbation theory in the hard-pion limit [60, 61]

f B→π(Mπ ,Eπ ,a) =
1

Eπ +∆
c0

[
1+

δ f B→π

(4π fπ)2 + c1
M2

π

Λ2 + c2
Eπ

Λ
+ c3

E2
π

Λ2 + c4(aΛ)2
]
. (2.1)
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Figure 3: B→ π`ν chiral-continuum fit to the f+ and f0 data using heavy meson chiral perturbation theory.
The determination of the form factors at discretized momenta for our six ensembles are shown by the colored
symbols and the chiral-continuum limit is denoted by the black line with gray error band. Only statistical
errors are shown in the plots.

In the equation above, ∆ = MB∗−MB and B∗ is a b̄u flavor state with quantum numbers JP = 1− for
f+, or JP = 0+ for f0. Since for B→ π`ν decays only the vector B∗ meson lies below the production
threshold, we include the pole factor 1/(Eπ +∆) only for f+ but not for f0. The non-analytic term
is

δ f B→π =−3
4
(3g2

b +1)M2
π log

(
M2

π

Λ2

)
, (2.2)

where fπ is the pion decay constant, Λ a reference scale of O(1GeV), and gb is the B∗Bπ coupling
constant determined in Ref. [55]. The final chiral-continuum limit for f+ and f0 is shown by
the black line with gray error band in the plots in Fig. 3 whereas the colored data points are our
renormalized lattice data and the colored lines show the fit results at finite lattice spacing and
unphysical u/d quark masses. The plots in Fig. 3 cover the energy range we can directly simulate
on our set of ensembles. Exploring more energetic pions is challenging because the signal-to-noise
ratio deteriorates as the pion momentum increases.

We therefore construct a set of synthetic data points from the continuum description of the
form factors and estimate all systematic uncertainties for these points. A complete error budget
can then be fed into a kinematical z-expansion to obtain form factors covering the full range of
physically allowed momentum transfer q2. Details of the z-expansion are described in Sec. 3.

2.2 B→ D`ν

The determination of B→ D`ν form factors requires us to simulate charm quarks. We do so
using DWF optimized for heavy quarks [57]. On the coarse ensembles this formulation does not
allow us to reach physical charm quark masses and we therefore simulate three values lighter than
the charm quark mass. On the medium fine and fine ensembles, however, we do reach the physical
charm quark mass and bracket its value. In Fig. 4 we show the renormalized form factors f+ and
f0 for five of our six ensembles and the set of three or two charm quark masses.

5
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Figure 4: Form factors f+ and f0 for B→ D`ν semileptonic decays. Since we either extrapolate three
‘lighter-than-charm’ quark masses or interpolate bracketing charm quark masses, several sets of data points
are shown for each ensemble.
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Figure 5: Chiral-continuum extrapolation for Bs→ K`ν decays using SU(2) hard-kaon heavy meson χPT.
Colored symbols show the form factors determined on our six ensembles and the black line with gray error
band the result of the chiral-continuum extrapolation. Only statistical uncertainties are shown.

As for B→ π`ν the next step is to perform a chiral-continuum extrapolation to the continuum
and to physical light quark masses by performing a fit to all data points. In addition, we need to
include an extra(inter)polation to the physical charm quark mass. We are currently investigating
different fit ansätze and also compare a global fit performing all extrapolations at once compared
to a two step fit separating the charm extra(inter)polation from the chiral-continuum extrapolation.

2.3 Bs→ K`ν

The Bs→ K`ν analysis follows the B→ π`ν analysis presented in Subsection 2.1. Since only
one light u quark enters in the valence sector, the chiral extrapolation is milder and the data is
statistically more precise as can be seen in Fig. 5. As above, the colored symbols refer to the form
factors determined on our six ensembles and the colored lines show the outcome of the chiral-
continuum extrapolation at finite lattice spacing and unphysical light quark masses whereas the
black line with gray error band shows the result in the chiral-continuum limit. For this process we
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Figure 6: Preliminary estimate of systematic uncertainties for the determination of Bs→ K`ν form factors
due to variations of the fit ansatz which is based on SU(2) heavy meson chiral perturbation theory. Vertical
magenta lines indicate the q2 values used in the subsequent z expansion.

again use a fit ansatz based on SU(2) heavy meson chiral perturbation theory and consider the hard
kaon limit. The fit function is obtained from Eq. (2.1) by substituting π with K and using

δ
Bs→K
f =−3

4
M2

π log
(

M2
π

Λ2

)
. (2.3)

Further a pole factor is present for both form factors, f⊥ and f‖, in the case of Bs → K`ν ex-
trapolations. Fig. 5 shows in addition, with black crosses, the synthetic data points we will use
subsequently to perform the kinematical extrapolation over the full range of momentum transfer.
As a first step to estimate systematic uncertainties, we perform variations of our fit ansatz. In Fig. 6
we show relative deviations over our preferred fit as a function of the q2 range covered by our data.
The gray error band indicates the statistical uncertainty of our preferred fit and the colored lines
indicate different variations. Variations of our fit ansatz include adding higher order or removing
terms from the fit function, applying different cuts to our data, or varying external parameters enter-
ing the fit function. As is shown in the figure, most of these variations change the central value by
less than our statistical uncertainty. In addition we need to estimate systematic effects originating,
for example, from the lattice spacing, RHQ parameters, strange quark mass, or renormalization co-
efficients. Some of these uncertainties are already in place, work is in progress to estimate others.
Here we use a preliminary estimate to obtain synthetic data points with a combined statistical and
systematic uncertainty. These data points are the input for the z-expansion presented in Sec. 3.1.

2.4 Bs→ Ds`ν

For the Bs → Ds`ν form factors, we simulate a set of charm quark masses and then ex-
tra(inter)polate to the physical value, as described in Subsection 2.2. Hence in Fig. 7 we again
show a set of data points for each of our six ensembles. Since the Bs→ Ds`ν decays do not have
light quarks in the valence sector, we perform a global fit based on a Padé approximation in order

7
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Figure 7: Global fit extrapolating our Bs→ Ds`ν form factors to physical quark masses and the continuum
limit (gray band). The colored lines show the fit result at the different unphysical charm quark masses.
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Figure 8: Preliminary estimate of systematic uncertainties for the determination of Bs→ Ds`ν form factors
due to variations of the fit ansatz. Vertical magenta lines indicate the q2 values used in the subsequent z
expansion.

to extrapolate to physical quark masses and the continuum limit

f (q2,a,Mπ ,MDs) =

[
c0 + c1

M2
π

Λ2 +
nDs

∑
j=1

c2, j
[
Λ ·∆M−1

Ds

] j
+ c3(aΛ)2

]
Pα,β (q

2/M2
Bs
), (2.4)

with ∆M−1
Ds
≡
(

1
MDs

− 1

Mphys
Ds

)
and Pα.β (x) =

1+∑
Nα

i=1 αixi

1+∑
Nβ

i=1 βixi
.

Λ is again a reference scale of of order 1GeV. The colored lines in Fig. 7 show the fit result at
unphysical charm quark mass and the gray band the form factors at physical quark masses in the
continuum. As for the Bs→ K`ν decays described above, we perform variations of our fit ansatz
to estimate its systematic uncertainty. Examples are shown in Fig. 8. Estimates of other systematic
effects are ongoing and we therefore use a preliminary error budget as input for the z-expansion
shown in Subsection 3.2.
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3. Kinematical z-expansion

As shown in the previous Section, the lattice calculation of semileptonic form factors for B(s)

decays directly covers the region of large momentum transfer (large q2) and is most precise near
q2

max. To extend the range to small momentum transfer, we perform an additional, kinematical
extrapolation typically referred to as a z-expansion. As input for the z-expansion we use ‘syn-
thetic’ data points extracted from our results after extrapolation to physical quark masses and to
the continuum. For these points we estimate full systematic uncertainties and hence obtain a set of
form-factor data points at specific q2 values with full, statistical and systematic, uncertainties to be
used for the kinematical extrapolation. Although the systematic error budget is not yet complete,
we outline the next steps of the analysis.

In a first step the complex q2 plane with a cut for q2 ≥ t+ is mapped onto the unit disk in z with
the transformation

z(q2, t0) =

√
1−q2/t+−

√
1− t0/t+√

1−q2/t++
√

1− t0/t+
, (3.1)

where t− = (MB(s) −MP)
2 for P = π, K D, Ds, and t+ is fixed by the appropriate two-particle

production threshold. In the case of B→ π`ν and Bs → K`ν , the start of the cut is given by
t+ = (MB +Mπ)

2, whereas for B→ D`ν and Bs→ Ds`ν the cut begins at t+ = (MB +MD)
2. Us-

ing t+ and t− we define t0 = t+−
√

t+(t+− t−). Commonly two different implementations of the
z-expansion are considered for our processes of interest. Boyd, Grinstein, and Lebed (BGL) [62]
express the form factors (X =+,0) as

fX(q2) =
1

BX(q2)φX(q2, t0)

N

∑
n=0

an(t0)zn , (3.2)

where φX are outer functions and BX are the Blaschke factors which vanish at the positions of sub-
threshold poles (so that the remaining z-dependence can be expanded in a power series). The an

coefficients are subject to a constraint derived from a dispersive bound

∞

∑
n=0

a2
n(t0)≤ 1. (3.3)

An alternative implementation is given by Bourrely, Caprini, and Lellouch (BCL) [63] who, for
X =+ in B→ π semileptonic decay, parametrized the form factor by

fX(q2) =
1

1−q2/M2
pole

K

∑
k=0

bk(t0)zk, (3.4)

with the constraints

∞

∑
n=0

a2
n =

K

∑
j=0

K

∑
k=0

b jB jkbk ≤ 1 and
K

∑
k=0

(−1)k−1kbk(t0) = 0. (3.5)

The first constraint in Eq. (3.5) is derived by equating the expressions in (3.2) and (3.4) and expand-
ing the known functions in powers of z in order to relate the an and bn and hence determine the B jk.
The second constraint applies only to f+ and originates from angular momentum conservation.
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Figure 9: Preliminary kinematical extrapolation (z-expansion) of our Bs → K`ν form factors over the full
q2 range using the BCL parametrization. The extrapolation is performed using a set of five synthetic data
points (black symbols) which are obtained with a non-final error budget.

3.1 Bs→ K`ν

Using our results of Section 2.3 with a preliminary error budget for the synthetic data points,
we perform a kinematical extrapolation down to q2 = 0. We use the BCL parametrization described
above with a pole mass Mpole = MB∗ = 5.33GeV for f+, and no pole for f0, since the theoretically
predicted B∗(0+) mass, 5.63GeV [64] is above MB +Mπ . The outcome is shown in Fig. 9. On the
left we present the resulting form factors in z-space, on the right we convert back to q2.

Once our systematic errors have been finalized, we have everything in place to obtain the form
factors with full q2 dependence. Integrating these form factors over q2, we can derive predictions
to test the universality of lepton flavors

Rτ/µ

K ≡ BF(Bs→ Kτντ)

BF(Bs→ Kµνµ)
. (3.6)

or compare our results to the determination by HPQCD [30], Alpha [31], or Fermilab/MILC [32].

3.2 Bs→ Ds`ν

In the case of Bs→ Ds`ν decays we proceed similarly. Starting from the synthetic data points
with preliminary error budget obtained in Section 2.4, we perform a BCL-style z-expansion using
at present pole masses M+ = MB∗c = 6.33 GeV and M0 = 6.69 GeV [65]. Figure 10 shows again on
the left the resulting form factors vs. z and on the right vs. q2. A finalized error budget will allow
us to compare our results to the determination by HPQCD [34, 35] and Fermilab/MILC [33, 32].
In addition we can calculate

Rτ/µ

Ds
≡ BF(Bs→ Dsτντ)

BF(Bs→ Dsµνµ)
, (3.7)

to test lepton flavor universality.
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Figure 10: Preliminary kinematical extrapolation (z-expansion) of our Bs→Ds`ν form factors over the full
q2 range using the BCL parametrization. The extrapolation is performed using a set of five synthetic data
points (black symbols) which are obtained with a non-final error budget.

4. Summary

We have reported updates on the RBC-UKQCD B-physics program which currently has the
main focus to calculate form factors of semileptonic decays. Our set-up features b-quarks simulated
with the RHQ action but uses DWF for up/down, strange, and charm quarks. Here we presented the
status of our analysis for B→ π`ν , B→D`ν , Bs→K`ν , and Bs→Ds`ν . In addition to the charged
current decays with pseudoscalar final state, our framework also includes operators to determine
W± mediated decays to vector final states as well as Glashow-Iliopoulos-Maiani (GIM) suppressed
neutral current decays [66, 67].

In parallel we are continuing our efforts to advance the use of heavy DWF for b quarks and
extend the methods used in the calculation of decay constants [53] or neutral meson mixing matrix
elements [68] to semileptonic decays [69].
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