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We report on our calculation of the strange contribution to the vector and axial vector form fac-
tors. The strange charge radii, magnetic moment, and axial charge are extracted by model in-
dependent z-expansion fits to the Q’>-dependence of the respective form factors. Furthermore,
the isoscalar contribution to the axial and tensor charge is investigated by combining the calcu-
lation of connected and disconnected diagrams. The required renormalization is performed with
the Rome-Southampton method. We make use of the CLS Ny =2+ 1 &/(a)-improved Wilson
fermion ensembles. Results are reported for pion masses in the range m; = 200 —360MeV and
lattice spacings a = 0.05 — 0.086 fm.
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Strange nucleon form factors and isoscalar charges Jonas Wilhelm

1. Introduction

Recent experimental efforts have been devoted to measurements of the weak mixing angle
in electron-proton scattering [1, 2]. Precise measurements at low energy are of high interest due
to the sensitivity of the running of the weak mixing angle in extensions of the Standard Model
[3]. In order to control the effects of proton structure in the scattering experiments, knowledge of
nucleon form factors is required. Among others, the strange form factors G4 (Q?), G3,(Q?) and
Gj\(Qz) need to be known precisely, which is a challenging task in experiments [4]. Here, we
extract these form factors from a first-principles Lattice QCD study, based on our previous work
[5]. Furthermore, we calculate the contributions of the u-, d- and s-quarks to the axial charge.
These correspond to the contributions of the intrinsic spin of the respective quarks to the total spin
of the nucleon [6]. Following the same procedure, we also obtain the u-, d- and s-contributions to
the tensor charge of the nucleon.

2. Extracting Form Factors from Lattice QCD

To extract nucleon form factors, we consider the following ratio of nucleon three- and two-
point functions [7]

Yy, (@ .20:0"50:Tv) | O (F,y0)CY (', 20)CY (F'-d, yo-20
Ry, (. P Ty) = —* > (7',30)G (P',20)65 ( )

CY(P',y0) CY(P'-4,0)CY (P-G,20)Cy (P, y0-20) @2.1)

.d. o o o o
= My, (4,7)G1(0%) + My, (4, 5)G2(Q7)

where the second line corresponds to the spectral decomposition at large Euclidean times. At
each value of Q?, the ratios belonging to different u, v and momenta g, 5’ can be grouped into
a vector R. Ordering the kinematic factors M' and M? accordingly into a matrix M, a (generally
overdetermined) system of equations can be defined

M} M3 R
MG=R;M=| : : |, G_<G1>,R_ | (2.2)
My, M% Ry

In the case of the disconnected contributions, we reduce the size of the system by first aver-
aging equivalent three-point functions, where the momenta at the source and the sink are related
by spatial symmetry [8], followed by a construction of the ratios from the resulting averages. Con-
cerning the connected contributions, we perform an average of equivalent ratios. In both cases we
drop non-contributing ratios, for which both kinematic factors M' and M? are zero. Furthermore,
we average the two-point functions over equivalent momentum classes. The system of equations
can be solved for the form factors G; and G, by applying a two-parameter fit corresponding to
minimizing the y>-function given by > = (R —MG)" C~' (R — MG), where C denotes the co-
variance matrix. Identifying J,, with the vector current V;, in Eq. (2.1) yields the electromagnetic
form factors Gg and Gy, whereas the axial current A, leads to the axial vector form factors G4
and Gp. We obtain the tensor charge gr at 0? = 0 from the tensor current T,v, where only one
independent ratio contributes.
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3. Setup

This work makes use of the CLS Ny =2+ 1 &/(a)-improved Wilson fermion ensembles [9]
listed in Tab. 1. The tree-level improved Liischer-Weisz gauge action is employed in the gauge
sector. These ensembles obey open boundary conditions in time in order to prevent topological
freezing [11]. The physical quark masses are approached along a trajectory where the trace of the
quark mass matrix is kept (approximately) constant, tr M, = const. To set the scale, we rely on the
gradient flow time 7 determined in Ref. [10].

B alfm]  N)xN,  mg[MeV] mg[MeV] Ng N
H102 | 340 0.08636 323 x96 352 438 997 997
H105 | 3.40 0.08636 32°x 96 278 460 1019 1019
CI101 | 340 0.08636 48 x 96 223 472 1000 2000
N401 | 3.46 0.07634 48 x 128 289 462 701 701
N203 | 3.55 0.06426 48 x 128 345 441 768 1536
N200 | 3.55 0.06426 48 x 128 283 463 852 852
D200 | 3.55 0.06426 643 x 128 200 480 234 936
N302 | 3.70 0.04981 48 x 128 354 458 1177 1177

Table 1: The ensembles used for this work. The last two columns give the number of configurations for the
disconnected and connected diagrams, respectively.

For the disconnected three-point function it is straightforward to check that it factorizes into
separate traces of the quark loop and the two-point function

Cg}lfs(q’m?l”»yoérv) = <$Jl,fs(q,20)-‘sz(P’,yo;Fv)>G : (3.1)

The quark loops have been calculated with an improved stochastical estimator provided by hi-
erarchical probing [12]. Here the sequence of noise vectors is replaced by a sequence of Hadamard
vectors, which are element-wise multiplied by one noise vector. In total, we considered two noise
vectors, each multiplied with a sequence of 512 Hadamard vectors on every configuration and for
each quark flavor. For the two-point function we used the standard nucleon interpolator

N () = Eape (u‘é (x) (), dg(x)) i, (x) . 3.2)

To increase the overlap with the ground state, Wuppertal smearing [13] was used at the source
and the sink. The statistical precision of the two-point function has been improved by employing
the truncated-solver method [14, 15]. For each ensemble we performed 32 low-precision solves
on seven timeslices equally distributed around the center of the lattice and separated by seven
timeslices without sources. On each of these timeslices one low-precision solve was considered for
the bias correction, except for ensemble H105, where we considered four low-precision solves on
each timeslice. For each current we considered all components combined with four choices of the
projector I: To = 1 (14+%) , Ty = 2(1+ %) iys% , k € {1,2,3}. Details on the two- and three-
point functions for the connected contributions at 0? = 0 can be found in Ref. [16]. The same
details also carry over to Q% # 0. Here, we did not make use of the zeroth component of the axial



Strange nucleon form factors and isoscalar charges Jonas Wilhelm

vector current, due to its large excited-state contamination. Furthermore, the electromagnetic form
factors can be obtained directly, as shown in Ref. [17], without fitting the system in Eq. (2.2). Note
that for the connected three-point function the nucleon at the sink is always at rest, whereas in the
disconnected contributions we consider up to two units of the squared lattice integer momentum.
For the local axial vector and the conserved vector current we implemented the improved versions

Ay (Z,Zo)lmp‘ =Ay (Z,20) +aca auP(Z,Zo) , Vu(Z,Z())Imp' =Wy (Z,20) +acy ava(Z,Zo) ,  (3.3)

where the improvement coefficients have been determined non-perturbatively in Ref. [18, 19]. For
the tensor charge we used the local tensor current.

4. Renormalization

As starting point for the renormalization procedure we consider the flavor-diagonal operators

OL(x) = §(x)LA%(x) , w=(ud,s)" , ac{3,8,0}, (4.1)

1 1 1
A3 = —diag(1,—1,0) , A8 = —diag(1,1,-2) , A% = —diag(1,1,1) . 4.2)
7 g( ) 7 g( ) 7 g(1,1,1)
We make use of Ny =3 &'(a)-improved Wilson fermion ensembles, and hence, the renormal-
ization matrix of the flavor-diagonal operators is given by

Zr =diag (27,288, 2)°) |, 7P =7® . (4.3)

All details on our renormalization procedure for the Z%3 can be found in Ref. [16]. We follow
the same procedure for ZIQO which, however, necessitates the calculation of additional diagrams.
The required quark loops have been estimated with hierarchical probing, using 512 Hadamard

vectors on each configuration. Furthermore, in the case of the singlet axial operator, an anomalous

MS
ZRI’—MOM

axial vector operators are only known to one loop. Finally, we apply a basis transformation to the
physical basis given by

dimension arises (given in Ref. [20]) and the conversion factors for the singlet vector and

O (¥)r N 01 (x)
O (x)g | = 0  zurdurd gutds o0 (x) | - (4.4)
O (x)r oz ozy O}-(x)

The final renormalization constants are taken in the MS-scheme at = 2GeV. Note that the
renormalization constants at B = 3.7 have been obtained from a linear extrapolation. To account
for the systematic uncertainty introduced through the extrapolation, the error of the renormaliza-
tion constants at this B has been inflated by a factor of ten. The reliability of the extrapolation was
checked for the isovector axial charge g4 in Ref. [16], where consistent results from our renormal-
ization procedure compared to renormalizing through the Schrodinger functional were found.
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5. Results

In Fig. 1, we show the resulting strange electromagnetic form factors for three lattice spacings
at constant kaon mass of mg =~ 460MeV. Excited-state contamination has been handled with the
summation method with yy € [0.5,1.3]fm. The bands correspond to z-expansion fits [21] to fifth
order using the two-kaon production threshold for the conformal map, where Gaussian priors of
the form @, = 0+ 5max{|aop|,|a1|} ¥ k > 1 have been employed to stabilize the fits.
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Figure 1: The Q?-dependence of the strange electromagnetic form factors at a kaon mass of my ~ 460 MeV.

From the z-expansion fits we can extract the strange magnetic moment u* = Gj,(0) and the
strange electromagnetic charge radii (rz)jg e shown in Fig. 2. Note that for our main result we
impose a cut in Q% at 0.5GeV?. We extrapolate to the physical kaon mass by performing linear fits
of the form

(I’%)S(l’l’l[() =ap+aylog(mg) , u*(mg) = ax +azmg (rlzw)“'(mK) =as+as/mg , (5.1

derived from leading-order SU(3) HBChPT [22], where we add the higher-order a4-term as our
data does not show the leading-order divergence expected by HBChPT.
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Figure 2: The kaon mass dependence of the strange magnetic moment and strange charge radii. The orange
band is a linear extrapolation to the physical kaon mass (black data point).

In order to estimate systematic errors we consider four variations: the inclusion of '(a?)
lattice artifacts, doubling the prior width in the z-expansion fits, handling excited states with the
plateau method at ~ 1fm, and removing the cut in Q%. The respective errors are taken from the
difference to the main result and then added in quadrature leading to our final result

(r2)°* = —0.0048(11)(23) fm? , u* = —0.020(4)(11) , (r3,)° = —0.011(5)(12)fm* .  (5.2)

We follow the same procedure for the strange axial vector form factor, shown in Fig. 3. Also
shown is a linear extrapolation in m2 to the physical point for the strange contribution to the axial
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charge. The same sources of systematics are considered in this case with the adjustment to &'(a)
lattice artifacts, as the renormalization constants are not ¢'(a)-improved. Our final result is given
by g} = —0.044(4)(5). Furthermore, in Fig. 3, we show the analogous linear extrapolation of
the strange tensor charge, again obtained from the summation method. In the estimation of the
systematic error, we consider the plateau method at ~ 1 fm and the inclusion of &'(a) lattice artifacts
in the extrapolation. The final result is g5 = —0.0026(73)(424).
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Figure 3: The Q’-dependence of the strange axial vector form factor for three lattice spacings at constant
kaon mass of mg ~ 460MeV (left), and the extrapolation of the strange axial charge (middle) and strange
tensor charge (right) to the physical point (black data point).

We make use of the following decomposition of the u- and d-charges

Sir = (88 428 H i) slr = (2 F2gr—ald) - 6

The strange contributions have been shown above and our results for the isovector charges can

be found in Ref. [16]. It is favorable to consider the (u+ d — 2s)-contribution, as it renormalizes

like the isovector charges, so that no mixing occurs, and the disconnected contributions can be

combined to (! —s), which leads to a noise reduction. To handle the excited state contamination,
we perform two-state fits simultaneously to all source-sink separations yg of the form

8a/7(20,¥0) = ga/r +Au/T (e_AZO + e_A(yO_ZO)) +Byre ™,

where the energy gap A to the first excited state has been determined in a simultaneous two-state
fit to all six isovector charges, as explained in detail in Ref. [16]. We show an example of this fit in
Fig. 4, where we also compare to the summation method. We then perform linear extrapolations in
m?2 to the physical point, also shown in Fig. 4.
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Figure 4: Two-state fit to gfﬁdfzs at the smallest yy on ensemble N302 (left), where also the summation

method result is shown (blue data point), and extrapolation of gZ*d’Z“ (middle) and g?*dfzs (right) to the
physical point (black data point).
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To assign a systematic error, we consider the difference to the extrapolation of the summation
method results and an extrapolation with the inclusion of &'(a) lattice artifacts. The final results
are given by

g4 =0.84(3)(4), g4 = —0.40(3)(4) , g =0.77(4)(6) , g4 = —0.19(4)(6) . (5.4)
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