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The direct detection of gravitational waves (GWs) from merging binary black holes and neutron
stars mark the beginning of a new era in gravitational physics, and it brings forth new
opportunities to test theories of gravity. The properties of GW propagation are modified in
alternative theories of gravity and are crucial observables to test gravity at cosmological distance.
From the coincident detection of GW170817/GRB170817A, the propagation speed has already
been measured so precisely that a class of gravity theories in which GWs propagate with the speed
different from c has been ruled out. On the other hand, another conspicuous feature in modified
gravity is the time variation of gravitational constant (G), which affects the amplitude damping of
GWs. The constraint on the time variation of G for GWs has obtained from
GW170817/GRB170817A but is still too weak. To deal with the current situation of testing
gravity with GWs, we proposed a new universal framework for testing gravity with GWs, based
on the generalized propagation of a GW in an effective field theory that describes modification of
gravity at cosmological scales. Then we performed a parameter estimation study, showing that
the future observation of GW can constrain the parameter of the amplitude damping in the
generalized models of GW propagation down to a level of 1%. We also studied the time variation
of the gravitational couplings in Horndeski theory by performing Monte Carlo-based numerical
simulations. From the simulation results, we find that the current accelerating Universe prefers
the models with less damping of GWs and that almost all models produced in the numerical
simulation can be tested by the future GW observation. In this article, we review GW propagation
test of gravity and its implication for cosmology, particularly focusing on our recent works.
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1. Introduction

To explain the origin of the accelerating expansion of the Universe at present, a possibility
to modify gravity theories at cosmological distance has been proposed [1-5]. If gravity strength
is modified, it can affect the cosmological observables such as the cosmic microwave back-
ground and the large-scale structure (see [6] for a review). At the same time, the modification of
gravity changes the properties of gravitational-wave (GW) propagation as well [7,8]. Particu-
larly, GW propagation can feel the cosmic expansion, that is, gravity at cosmological distance.
Therefore, searching for deviations from general relativity during the propagation of a GW is
also crucial for testing gravity at cosmological scales and constraining modified gravity theories
which accelerate the cosmic expansion.

To this end, it is crucial to search for anomalous deviations from general relativity (GR) in a
model-independent way. One of such model-independent tests is measuring the propagation
speed of a GW [9]. In GR, a GW propagates with the speed of light, while in an alternative the-
ories of gravity the propagation speed could deviate from the speed of light due to the modifica-
tion of gravity and quantum effects of spacetime. Before the occurrence of the coincidence
event, GW170817/GRB170817A [10], it had been expected that comparing arrival times be-
tween GW from binary neutron stars (BNS) merger and high-energy photons from a short
gamma-ray burst emitted almost at the same time can measure GW propagation speed at a preci-
sion of 107 —

107" [11,12] and consequently tightly constrain the modification of gravity relevant to the cos-
mic accelerating expansion [13]. One of the other model-independent tests is to check the exist-
ence of GW polarization modes predicted in GR and to search for additional polarizations [14].
In GR, a GW has two polarizations, while there could be at most four additional (two scalar and
two vector) polarizations in alternative theories of gravity. With multiple detectors, it is possible
to detect the additional modes by separating them [15,16] or constructing a null signal [17,18].

From the GW data of binary black holes (BBH) detected by aLIGO, the constraints have
been obtained on graviton mass to be mg ~ 7.7 x 10> eV [19] and on the modified dispersion
relation [19,20]. More recently, the triple detector network of aLIGO and VIRGO has explored
additional polarizations and given upper limits on their existence [21-23]. The coincidence de-
tection of GW170817 and GRB170817A [10] brought us the first opportunity to measure the
speed of a GW from the arrival time difference and constrained the deviation from the speed of
light at the level of 107 [24]. Consequently, from this constraint, the strong limit on gravity
modifications relevant to the current accelerating expansion of the Universe has been obtained
[25-29].

Other than the modification on the propagation speed, the variation of gravitational con-
stants is one of the prominent signatures of modified gravity. In modified gravity theories, there
appear in general multiplicate gravitational couplings for the Poisson equation Gmater, the gravi-
tational lensing equation Giign, and GWs Ggw [30,31]. Particularly, Ggw affects the amplitude of
a GW [32-34]. Therefore, measuring the gravitational couplings at different times by multiple
tracers and testing the equivalence to the Newton constant are a crucial direction in the next dec-
ade to pin down a correct theory of gravity at cosmological scales. In this article, we review GW
propagation test of gravity and its implication for cosmology, particularly focusing on our recent
works.

2. Universal framework for testing gravity with GW propagation
Following the general formulation of GW propagation in an effective field theory [7], tensor
perturbations obey the equation of motion

h?’j +(2+ V)Hh,;j + (K + (12/12)/7,,-‘,- = (121"”,,-J- , (1)

where the prime is a derivative with respect to conformal time, a is the scale factor, H = a’/a is
the Hubble parameter in conformal time, v =H"' (d In M+*/dt) is the Planck mass run rate, cr is
the GW propagation speed, and p is graviton mass. The source term T y;; arises from anisotropic
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stress. In the limit of ¢t = 1 and v = u = I'=0, the propagation equation (1) is reduced to the
standard one in GR. At a linear level or large scales in the Friedmann-Lemaitre-Robertson-
Walker (FLRW) background, the modification functions are simply functions of time [7].

Here we focus on modifications of gravity as an explanation for the cosmic accelerating ex-
pansion and on observations by ground-based GW detectors. In other words, all the modifica-
tion functions in Eq.(1) are slowly varying functions with cosmological time scale, while GW
wavelength ~k™' is much smaller than the cosmological horizon scale. Thus, we can obtain a
WKB solution for Eq.(1). The WKB solution in the absence of the source term (I'= 0) in the
generalized GW propagation (gGP) framework is [8]:

h=ePe*AThap | (2)
1 /[ v
D=-[ 2 a, :
2/0 142" 3)
z 1 (S #2
AT = — I — =) d2 . 4
/0 H (1—{-2’ 2A-2(1+z’)">( )

where D is the damping factor, and AT is the time delay due to the effective GW speed different
from speed of light, and we defined §, =1- cr as a tiny parameter. The gGP framework is quite
general and can be applied to many theories of modified gravity such as Horndeski theory with
nonzero v and §g, including f(R) gravity with nonzero v as a special case, and Einstein-aether
theory with nonzero &,.

3. Future constraint from GW observations

In this section, we investigate with a Fisher information matrix how precisely we can meas-
ure the model parameters in future GW observations. For the complete description of the param-
eter estimation method with the Fisher matrix, see [8].

3.1 Numerical setup

We consider the simplest waveform in which v and u are assumed to be constant and &, and
[ are zero. Setting §; = 0 is motivated by the recent measurement of the GW speed from
GW170817/GRB170817A [10,24,35]. T' = 0 is just for simplicity, but is true in most gravity the-
ories including the Horndeski theory. Under these assumptions, the waveform in Egs.(2)-(4) is
reduced to

h = (1 + :)—l//E()—il.‘AThGR . (5)
W[ dz'

AT=-L [ =
22 Jo (1+2)%H

(6)
For the GR waveform hggr, we will use the phenomenological waveform (PhenomD) [36] (com-
piled in Appendix of [8]), which is an up-to-date version of inspiral-merger-ringdown (IMR)
waveform for aligned-spinning (nonprecessing) binary black holes (BBH). While for BH-NS
binaries and BNS, we will use the inspiral waveform up to 3.5 PN order in phase, which is an
early inspiral part of the PhenomD waveform. The waveform in Eq.(5) has in total 13 parame-
ters: the redshifted chirp mass, the symmetric mass ratio, time and phase at coalescence, t. and
¢., redshift z, symmetric and asymmetric spins, ys and ya, the angle of orbital angular momen-
tum measured from the line of sight ¢, sky direction angles of a source (8s, ¢s), polarization an-
gle ¥, and gravitational modification parameters, v and u. We will assume the flat A-Cold-Dark-
Matter (ACDM) model and fix cosmological parameters to those determined by Planck satellite
[37]. Then the luminosity distance di is mapped into redshift z by the standard formula of the
luminosity distance for photons. On the other hand, as seen from Eq.(5), the effective luminosity
distance for GWs is di & = (1+z)"? di(2). Since the distance measured by a GW is di2¥, zand v
are completely degenerated. Therefore, we need source redshift information by identifying a
host galaxy or detecting an electromagnetic transient counterpart. Redshift information would
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be available even for BH binaries only if they are located at low redshift, z < 0.1, and have high
SNR or good angular resolution so that a unique host galaxy is identified [38,39].

The forecast constraints from the planned GW detectors are estimated with the Fisher in-
formation matrix. We consider here a detector network composed of aLLIGO at Hanford and Liv-
ingston, and aVIRGO (HLV) as the second-generation (2G) detectors and Voyager, ET, and CE
as the third-generation (3G) detectors. The 3G detectors are much more sensitive at lower fre-
quencies and can start observing GWs from compact binaries much earlier than the second-gen-
eration detectors. For BNS, it is ~2 hours and ~1 day before merger at 5 Hz and 2 Hz, respec-
tively. Even a BH-NS binary takes several hours before merger below 3 Hz. This is a merit for
detectors because the Earth rotation during observing a signal allows the detector response func-
tions to change their directions and improve the sky localization even with less number of detec-
tors [40]. Therefore, we take into account the time evolution of the detector response functions
correctly for 3G detectors in the Fisher matrix analysis.

In the following analysis, we will set fiducial parameters, tc, ¢c, xs, xa, v, and u to zero and
randomly generate sky locations (8s, ¢s) and other angle parameters (i, ) for compact binaries
with fixed masses and redshift. In the procedure of the source generation, we set the network
signal-to-noise ratio (SNR) threshold for detection to p = 8 and keep only sources with p > 8.

3.2 Parameter estimation errors

We generated 500 sources for each class of compact binaries: 30 Mg - 30 Mg BBH, 10
Magun - 10 Mg BBH, 10 Mgy, BH - 1.4 Mg NS, and 1.4 Mg - 1.4 Mgn BNS, at z = 0.05 for the
HLYV detector network and at z= 0.1 and 0.5 for the 3G detector networks. Heavier sources give
a tighter constraint on v. Among the sources we studied, 30 Mg - 30 Mg, BBH is the best
source to measure v, irrespective of a source redshift. With the 2G detectors, we can achieve the
measurement of v up to at a level of Av = 1.3 by observing a single source. However, seen in the
GW propagation equation (1), the v error of 1.3 is not good enough to constrain modified grav-
ity because it should be compared with 2. While the detector networks of 3 Voyager, 2 ET-D,
and 3 CE (or 3 ET-D) can reach Av =~ 0.3, 0.04, and 0.02, respectively, with a single GW event
among top 1% events. On the other hand, 2 CE cannot improve the error because of poor sky
localization.

4. Application to Horndeski theory

4.1 Horndeski theory after GW170817

A coincidence event between GW from a NS binary merger and a short gamma-ray burst,
GW170817/GRB170817A [10] gave the extremely tight constraint on the constant propagation
speed of a GW, -7 x 107'® < §, < 3 x 10" [24]. Consequently, gravity modifications relevant to
the current accelerating expansion of the Universe has been limited tightly [25-29]. From the
observational requirement for the propagation speed, the Lagrangian of the Horndeski theory
[41-43] is reduced to the simple one [25-29]

L = Ga(h, X) — G3(¢, X)Oo + G4()R . (7)
Here X = -¢,¢*/2, the canonical kinetic energy density of ¢.
4.2 Gravitational couplings in Horndeski theory
Let us assume the flat FLRW Universe. Under the quasi-static approximation, we ignore all

dynamical terms in the equations of motion and derive the Poisson and lensing equations
[30,31]

KU ~ —47Gmatter(ky 7)0 pm (8)

k2 (U + @) ~ —87Giigni (k, 7)0pm » 9)
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where 7 is the conformal time, §pn is the density fluctuation of matter. Gmater and Giight denote
the effective gravitational couplings for matter clustering and gravitational lensing, respectively.
In modified gravity theories, in general Gmater # Giignt, 1. €., gravitational potentials, ¥ and @, are
no longer equivalent each other, leading to the violation of the equivalence principle. Moreover,
the values of Gmater and Giigne also can deviate from the Newton constant Gy.

For the specific case of the Horndeski theory in Eq.(7), gravitational couplings at cosmolog-
ical scales [44,45] are

]\[1%1
Gmatter = Glight = GN M2 (10)
in the super-Compton case and
]\[g] 9
Gunatter = GN 7 7 (1+83), (11)
M3

Glieht = GN —
light N V2

c 2 (\"\[ﬁf
1+ B2 —-— , 12
T\ ap 2 (12)

in the sub-Compton case, where M+*= 2G4 and

1 dlog M?

N = . 13
M= 0 (13)

Here and hereafter we use M, to denote the reduced Planck mass. The other functions, 8¢, D,
and c’, are the functions dependent on the time evolution of a scalar field [46]. Particularly, the
function B: plays an important role to distinguish the gravitational couplings. This difference is
originated from the fluctuations of a scalar field. The function av in the Horndeski theory is ex-
actly equivalent to v in the gGP framework.

Substituting Eq.(13) into Eq.(3), we can express the amplitude modification in terms of the
gravitational constant as

p M.(2)  [Ge(0) ,,
TM0)  \ Gaul(2) (14)

Here we defined Ggw = Gy My /M+*. Since the GR waveform is inversely proportional to the lu-
minosity distance, one can interpret the amplitude modification as a correction to the electro-
magnetic luminosity distance di(z), defining the effective luminosity distance for GWs [32,33]

Gew(2)

B = Py (z) = || 2202
dy” =e"dy(z) G (0)

dp(z) , (15)
4.3 Numerical model sampling

To assess the impact of the v measurement on the Horndeski theory, we compute the time
evolutions of am, Gmater, and Giigne With the numerical method we developed previously in [29].
In this method of numerical model sampling, we expand the amplitude of a scalar field in power
of time and also arbitrary functions in the Horndeski theory in power of ¢ and X. Their expan-
sion coefficients are randomly given in the range of [-1,1] by appropriately normalizing the
overall magnitude. In the process of producing models above, we do not solve the equations of
motion. To check the validity of models, we filter them with the two following criteria: (i) con-
sistency with ACDM cosmology so that cosmological time evolution, Huom and dHporm/dt, coin-
cides with Hacpm and dHacpm/dt within 20% observational errors [47], and (ii) stability of the
theory avoiding ghost and gradient instabilities for the perturbations of scalar and tensor modes.
We check the consistency conditions at specific redshifts: z=0, 0.1, 0.5, 1.0, 1.5, and 2.0.

4.4. Model distributions
From Eqgs.(10)-(12), we see Gmater ® Giigne at the super-Compton scales, while Giigne and
Gmatter are not equivalent at the sub-Compton scales. In addition to that, we are interested in how
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aw is distributed and related to Gater and Giigne. In Fig.1, we show awm in color on the Giighe —
Gmatter plane at different redshifts for two representative models of the Horndeski theory. At first
glance, there is little difference between the Horndeski Lagrangian with/without the Gs function.
This explicitly shows that the Gs term does not play any significant role to distribute models in
the parameter space. At the super-Compton scales, all the models are aligned along the diagonal
line, while at the sub-Compton scales, the off-diagonal scatter is apparent. This trend at sub-
Compton scales is expected since the fluctuations of a scalar field become significant.

L=G0.X)+Gy(d)R L=G0,X)+Gy(0)R
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Figure 1. Time evolution of the correlation between Giigpy and Gagter at super-Compton limit (left panel)

and at sub-Compton limit (right panel). The color bar shows the value of aj;. The diagonal dashed

lines show Guatter = Glight, i-e. Ay = 0. Top: models without G3 term. Bottom: models with G5 term.
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Reproduced from [29].
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Figure 2. The contour plot of Ay on the Gatter — Glight Plane at z = 0. Reproduced from [29].

5 Current constraints and future prospect

5.1 Future GW observation

The recent detection of GW 170817 was accompanied with electromagnetic emissions in the
broad range of electromagnetic frequencies and the redshift of the host galaxy was identified
successfully. However, the constraint from GW 170817 is too weak to test realistic models of
modified gravity (Av = 80) [29]. The estimation errors of v at a precision of Av ~ 1.3 with the
2G detectors is still weak to test gravity at a precision comparable with other observations. Voy-
ager and the 3G detectors such as CE and ET can reach the measurement error of Av ~ 0.02.

For convenience, we introduce the deviation parameter Ay = y - 1, where y is the gravita-
tional slip parameter [48-50] and is related to the gravitational couplings as Giight /Gmatter = 1+AY
/2. The gravitational slip parameter Ay is positively correlated with am, as we see in Fig.2. Ob-
servationally, the negativeness of au is interesting because GW amplitude is enhanced than in
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general relativity, as seen from Egs.(2)-(3). Since the possible range of am parameter will be sig-
nificantly constrained at the level of ~ 0.01 by the 3G GW detectors, most models of the Horn-
deski theory with Ay < -0.01 (most models we obtained numerically) will be tested. If we can
measure on v at the levels of 0.5, 0.1, and 0.02 and no deviation from GR is found, rejection
fractions out of all models plotted in Fig.2 (corresponding lower limits on Ay) are 65.37% (> -
1.5), 99.88% (>-0.031), and 99.99% (> -107), respectively. We emphasize that positive ay and
Ay are hardly realized in our numerical model sampling.

5.1 Local measurements

Although in the model of the Horndeski theory in Eq. (7), the Vainshtein mechanism recov-
ers the Newtonian law of gravity at small scales, whereas the time variation of the gravitational
couplings are allowed at cosmological scales [51]. However, the direct measurements of the
gravitational couplings with local astronomical objects can constrain the present value of aw,
denoted by amo, by connecting a local solution of a scalar field to a cosmological solution. The
observations of the binary pulsars [52] and the lunar laser ranging experiments [53] currently
give the constraint, | amo | < 0.02 [S1]. As we discussed in this paper, the GW observation can
constrain aym at the order of 0.01, which is comparable with the local measurements. Since the
observation of GW propagation can measure modification of gravity at cosmological scales di-
rectly, the combination with the local measurements should play a significant role to check the
consistency of a gravity theory over the wide ranges of space and time.

5.2 Cosmological measurements

Cosmological observations also put bounds on the gravitational couplings. Recently, data
from the CMB observation by Planck [50] were analyzed jointly with the galaxy survey data
[54] and the cosmic shear measurement data by KiDS and GAMA observations [55] and the
current stringent bound on amo, | amo | < 0.04 has been obtained. However, in order to put the
bounds, it is crucial to assume simple forms of the time evolutions for them. In this sense, the
constraints are artificially tightened and are difficult to be compared with GW observations.
Furthermore, the simple parametrization may be problematic in that it cannot cover the whole
parameter space of the Horndeski theory, as shown by [56,57] that the stable region of the Horn-
deski theory significantly depends on the parametrization taken.

6 Conclusions

To treat tests of gravity with GW more exhaustively and intuitively, irrespective of the
models of gravity theories, GW sources, and background spacetimes, we have proposed a new
universal framework for testing gravity, based on the propagation equation of a GW in an effec-
tive field theory, which is characterized by amplitude damping, propagation speed, graviton
mass, and a possible source term. Then we have studied with the Fisher information matrix how
precisely the modification of gravity is measured with future GW observations. For the model
with constant v and u, the 3G detectors such as CE and ET can reach the measurement error of
Av = 0.02. In the latter part, we have studied the model distribution of the Horndeski theory with
a numerical approach. We performed a Monte Carlo-based numerical simulation and computed
Gimatter, Giight, and awm, and found that (i) Gmater ® Giignt in the super-Compton case, while Gmater =
Giignt in the sub-Compton case, (ii) model-filtering conditions consistent with ACDM cosmology
preferentially select the negative sign of am at lower redshifts z < 1, indicating that the observed
amplitude of a GW is relatively enhanced.

Summarizing the above results, the future GW observations can constrain v or equivalently
awm in the Horndeski theory at the precision of O(0.01), which is comparable with the local
measurements such as the binary pulsars and the lunar laser ranging. Therefore, the GW obser-
vation combined with the local and cosmological measurements play a significant role to check
the consistency of a gravity theory at cosmological distance.
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