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recent progresses, we have iearned that quantum information theoretic properties such as quantum

entanglement play crucial role in this basic mechanism. This leads to the idea of emergent gravity
from quantum entanglement. In this talk, we would like to review these recent developments in
subjects related to the AdS/CFT as one important highlight in formal theory.
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i. Iniroduciion

One of the most remarkable highlights in recent formal theory developments is advanced un-
derstandings of string theory as a theory of quantum gravity. In theoretical physics, constructing
theory of quantum gravity is one of the most important unsolved problems. String theory has been
expected to be a complete theory of quantum gravity. However, the original approach to string

theory, based on its world-sheet theory, is essentially limited to very special setups such as a flat

i.e. the basic mechanism of AdS/CFT. This has always posed us the fundamental problem of ex-
plaining the principle of AdS/CFT and this is the main reason why so many surprising progresses
have been constantly produced in this subject of AdS/CFT, even after 20 years of its discovery. In
particular, there have been remarkable developments on the mechanism of AdS/CFT and how the
spacetrme emerges from holography durrng these few years Therefore we would like to talk on

gravity. Actually the progresses during these twenty years tell us that a powerful microscope in

string theory is the idea of holography or the AdS/CFT as its special example. Even though we
cannot make actual experiments with this microscope, but it provides us with a wonderful tool
when we perform thought experiments.

2. Black Hole Entropy and String Theory

The simplest but non-trivial laboratory for thought experiments in string theory is black holes.
Indeed, black holes are a sort of condensations of the essence of gravitational theories, which is
missing in any theories without gravity. One important such property of black holes is that they
have entropy given by the Bekenstein-Hawking formula [4, 5]

This is a surprising formula because its shows that even classical theory can have non-zero entropy
in grav1ty and also because it has a mysterlous feature that the entropy is proportronal not the

motivation for recent studies of AdS/CFT and black hole information paradox The explanation of



oarded as an application of AdS;/CFT, correspondence. However, it is fair to say that the origin
of black hole entropy is still not well-understood directly from the viewpoint of quantum gravity.
At least this suggests us that the structure of Hilbert space for quantum gravity is so different
from what we expect for local quantum field theories as is important in the arguments of firewall
paradox [7, 8]. This issue of origin of non-zero entropy in gravity gets sharper in the holographic
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is given by the spacetrme spanned by (x°,x o xd ) at z= 0. Since the metric at z =0 1is dlvergent
we introduce the cut off as z > a, where an 1nﬁn1tesrmally small constant a. This cut off in the AdS
space is equivalent to the UV cut off (or lattice spacing) a in CFT up to an order one constant. The
important fact is that this new coordinate z describes the length scale (or inverse of energy scale)

of the dual CFT in the sense of its RG-flow.
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tries of many D-branes [13] in string theory [1] This consrderatron gives the microscopic iden-
trﬁcatron of CFT
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which is dual to string theory AdS backgrounds The dual CFTs are typically
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to N D-branes. In the most famous setup: AdS5>< 85 we find that the raito R / ly and R/I, is
proportronal to kl/ 4 and N4 where Ly and l pi are the strrng length and Planck length Therefore
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approaches to that of the pure AdS (3.1). Such spacetimes are called asymptotically AdS.



shear viscosity 17, which showed that the ratio 1 /s of shear viscosity versus entropy density takes
a universal value

1
g = (3.2)

This esiimaiion expiained the smaliness of shear viscosiiy 1n

matter systems. More recently, another universal aspect of holographic CFTs has been uncovered:

holographic CFTs are maximally chaotic in the sense of quantum chaos. A useful quantitative mea-
sure of chaos is the Lyapunov exponent A; and it was proved that in holographic CFTs, Lyapunov
exponent takes the maximal value:

where T is the temperature of the quantum system.

4. Emergent Spacetime from Quantum Entanglement

Even though we have plenty of examples where the AdS/CFT have been successfully applied,
we still do not fully understand the fundamental mechanism of AdS/CFT. To get into this deep
problem, it looks very important to study how the information in the CFT is encoded in that in the
gravity theory. Especially, we can consider the amount of information included in a certain region

In quantum mechanics, physical quantities are computed as expectation values of operators:
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called a pure state as it is described by a unique wave function




time. Since the chorce of Ais unrquely deﬁned in terms of the boundary aA there are obvrously
mﬁmtely different deﬁmtrons of the entanglement entropy Sa dependrng on the choices of A.
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into four subsystems A, B, C and D so that there are no overlap between each of them i.e. =
Ty Q@ g R Hy Q g, the following 1nequalrty is always satisfied:

where 7y is a numerical constant; a is the ultra-violet(UV) cut off or equally the lattice constant.
Thrs property is called the area law. We should note that there is an 1mportant exceptron of area law

a COGIMNCHSIONn we surifacl {1.C.

in addrtron we require that X4 is homologous to A. The minimum in (4 6) should be taken for all
surfaces X4 which satisfy this condition. This formula (4.6) can be applied to any static setups.
The minimal area surface is well-defined in the static case because we can equivalently consider a
Euclidean AdS space.

When a given background is time-dependent, we need to use instead the covariant holo-
graphic entanglement entropy [10], which is given by replacing ¥4 with the extremal surface in
the Lorentzian asymptotic AdS space which satisfies the previous condition.

The derivation of [l()l(_)HI'dD[llL en[anglemem CD[TODV has been HIVCH in i" 10, 1Y, 2UI.. based on

the bulk-boundary relation of AdS/CFT [11, 12]. It is intriguing to note that we can derive quantum



ogous to the first law of thennodynamrcs It is the property that when w llghtly excite a quantum

system, the entanglement entropy is increased such that it is proportional to a certain energy. This
was first found in [23] for holographic systems. The energy is called modular Hamiltonian, given
by Hy = —logp,s and the first law is written as AS4 ~ AH, [23]. Interestingly it have turned our

that this first law is equivalent to the linearized part of the Einstein equation [24, 25]. This suggests
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Iemernt Cnuropy 10r171 nuia Srongly suggests that the Tf:gl()fl
pa. This speculation has been justified with more rigorous arguments in [28, 29] using a quantity
called relative entropy.

This entanglement wedge provided us a new interesting geometric object in AdS/CFT. We
expect that its cross section area is an important quantity. Indeed, it was conjectured that this
entanglement wedge cross section, divided by 4Gy, is dual to a quantity called entanglement of
purification, which is a usefui measure of correiations between two systems {30, 31].
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quantum entanglement. One way to realize this idea is to ernploy SO called tensor networks which
is a network description of a quantum state in a many-body system, first proposed in [32] (see also
other approaches [33, 34]). One well-known class of tensor network which are dual to CFTs is
called MERA (Multi-scale Entanglement Renormalization Ansatz) [35]. Recently, it was pointed
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In these connection between the tensor networks and AdS/CFT, the quantum state is described
by a network of tensors. This network describes how the system is entangled and adds an extra di-
mension, eventually leads to a time slice of AdS spacetime. This nicely reproduces the holographic
entanglement entropy formula (4.6). However, the presence of time direction is not manifest in such
a tensor network descrrptron Nevertheless we can describe how the network geometry changes

itke siice ) 1s duai to a quantum circuit defined by a path-integraiion on the siice with the Lagrangian

given by an appropriate coarse-graining of the CFT [40]. The latter property is explained by the



In this talk, we have reviewed recent developments in formal theory by focusing on the sub-
jects related to the AdS/CFT. Even though we still do not have clear understandings of the basic
mechanism of AdS/CFT, we have made remarkable progresses in particular, using the quantum
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(e.g. the dlrect product state) into a state which we want (e.g. the ground state of CFT). Recently
an interesting holographic formula which estimates the complexity for CFT states was proposed
[42]. In the tensor network description, we can estimate the complexity by counting the number
of tensors. Therefore, it is natural to expect that we may have a direct connection between gravity
and tensor networks through studles of complexity. The first step for this approach was taken in the
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