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Thermal effective potential for the Polyakov Hiromichi Nishimura

1. Introduction

Our goal is to compute the effective potential for the Polyakov loop in pure SU(N) Yang-Mills
theory beyond two-loop order. The Polyakov loop is the order parameter for the deconfinement
phase transition, for a review see [1]. At two-loop order, the minimum of the potential corresponds
to completely broken Z(N) center symmetry. The pressure up to two loops is thus given by pertur-
bative Yang-Mills theory without the holonomy (the Wilson line). At three loop order and beyond,
the effective potential is not known.

The Polyakov loop is defined as a Wilson loop that winds in the temporal direction:

B
trP(x) = tr Zexp [ig/ dr&(x,r)} , (1.1)
0

where 8 = 1/T is the inverse temperature. One way to construct the effective potential V for the
Polyakov loop is to compute the path integral with the constraints [2, 3]:

N—1 1 1
*ﬁWV(L,l) — _ 3 /11 7SYM(A)
e /DA m|:|15 (Lm 7//61 xtrP (x))] e , (1.2)

where ¥ is the three volume. The delta functions set the spatial average of the m-th winding of the

Polyakov loop to be some value L,,. For SU(N), N — 1 independent constraints are required. The
effective potential then consists of two parts:

V' = Viree + Vinsert- (1.3)

Viree 1s the usual free energy in the presence of the background field A, = §,4A4. We choose the
background field to be constant and diagonal:

gBA;=0,=6,;,=06,—0,, (1.4)

where a,b=1...N>—1and i, j=1...N are the indices for the adjoint and fundamental representa-
tions in SU (N), respectively. The other term in the effective potential, Vipsert, comes from the delta
function constraints. It is known that Vg, depends on the gauge fixing parameter & at two-loop
order [4]. The full combined effective potential, Viee + Vinsert> 1S gauge invariant by construction.
The gauge invariance at order g> was explicitly shown in [2, 3]'.

The leading order V is the Gross-Pisarski-Yaffe-Weiss potential [6, 7]. The next-to-leading
order turns out to be proportional to the GPY-Weiss potential [2, 3, 5]. The effective potential up
to order g2 modulo loop-independent terms can be written as

N2T# 5¢°N L,L_,
V== 2 (1_167t2>Z nt (1.5)
n#0
where
1Y .
Ly= Y " (1.6)
i=1

with ny 6; = 0. It is remarkable that there are only two traces up to order g>. A naive power
counting predicts three-trace terms at g order. Because the order of phase transition at large N
depends on the structure of the potential in terms of the Polyakov loops [8], computing at the
three-loop order has some theoretical interests as well.

IThere is an alternative approach to obtain the gauge invariant result at order g2 as done in [5].
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2. Evaluation of sum-integrals with the holonomy

In this section, we establish a new technique to compute sum-integrals with the holonomy. In
the calculation of the Polyakov loop effective potential at higher loop order, there are many sum-
integrals which we find difficult to compute using the standard methods, such as performing the
Matsubara sum directly or an analytic continuation of the momentum in the temporal direction p4
[9]. We show that the new method is more suited for our purpose using some examples, which are
relevant for the three-loop calculations.

2.1 Poisson resummation

Consider a periodic function, f(6 +2x) = f(8), of the form

f(6)=) F(2an+9), .1

nez

where 6 is real. The Fourier series of f(0) is

f(8)="Y Fne™®. (2.2)
mez
The Fourier coefficients are given by
. 27 de imd
m = —e 2.
[ e (®) 3
= do —im6
= - i F . 24
| 5g¢ F(8) (2.4)

This is a version of the Poisson resummation, which was used e.g. in [10, 11].

In perturbative finite-temperature field theory with the nontrivial holonomy, f(6) arises nat-
urally from Feynman diagrams, where F(p4/T) is obtained after the spatial momentum integral.
The Poisson duality in this context is the duality between the Matsubara mode n in p4 and the A4
charge m in the m-th winding of the Polyakov loop. This duality provides a mathematical connec-
tion between the effective potential in terms of the Polyakov loops L,, and the one in terms of the
eigenvalues 6. The other advantage of this method is that the sum is replaced by the integral as
shown in Eq. (2.4), and this makes it more analytically tractable as we show below.

The zero winding term m = 0 is nothing but the zero-temperature contribution. As in the
method of analytic continuation of py4, the Poisson resummation can naturally separate the zero-
temperature and finite-temperature contributions. Another advantage of the Poisson resummation
is that the order of the Matsubara sum and the spatial momentum integral can be interchanged,
while the method of analytic continuation requires to perform the Matsubara sum first. At higher
loop order, computing the spatial momentum before the Matsubara sum is essential in order to use
the configuration space for the spatial dimensions as done in [12].

2.2 Examples

We compute a sum-integral in D = d + 1 dimensions of the form

1
N0 = | —m—s, (2.5)
i /p(p“)z”(pfi)v
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where u, v are real numbers and

The four-momentum is defined as
pi= (2nn,+06“)T and (p")? = (P +p°.
We use the Poisson resummation formula to get

FU0) =T Y Fan,+6%) =T Y fulem*".

HPGZ m],GZ

We evaluate ﬁ%’v) to compute the sum-integral.
First we perform the momentum integral using the dimensional regularization,

2¢ ddp 1 _ 26 F(” — %) a\d—2u
u d u u d |p4‘
@n) (p%) 2474 (u)

where d = 3 —2€. u is the scale in the dimensional regularization. We thus have

d—2u

Cd.u |6‘
F(0)= T/V o

where J
F(I/t — f) T3_2” (E)Z&‘

Cd7 =
R ZE0) T

Second we compute fn({f,’v) using Eq. (2.4):

Cdau ) @ |9 ‘d72u

Fuy) _ —im,6

I = | e ]
Cdu [*dO u2uv( _imo | inv im0

— s ““9 U—v (e imy, +el7rvezml, )
TV Jo 21
For m,, # 0 we use the identity
~ T s ()

/0 do e e = 7

where 0 < Re(ar) < 1 and z is real and nonzero. This gives

frﬁfj;v) _ Cdgrgi_fftz;_‘:: 1) (efig(d72ufv+1) +ei%(d72u+v+1)) _
nT"mé

Performing small-€ expansion foru =1 and v =0, 1,2, we get

N - - T i 1 é+log(m?)
o027} - |  Ctloelm) |

4mam?’ dm,n>’ 8mTe 8m2T

(2.6)

2.7)

(2.8)

2.9

(2.10)

2.11)

2.12)

(2.13)

(2.14)

(2.15)

(2.16)

In this equation, m, # 0 and & = 2+ y+log(wu?/T?). For the sake of brevity we will not discuss

the zero-temperature contributions m, = 0 in these proceedings.



Thermal effective potential for the Polyakov Hiromichi Nishimura

3. One-loop self-energy with the holonomy

The one-loop self-energy with the incoming momentum p,, in the Feynman gauge (§ = 1) can
be written as

Hg;(Pa) = ngabcfl}c‘d_nuv(pm 0y, ec) (3.1)

where

1
H“v(paa 0, 96) = /

D
—— 3 [(D-2)g; —2p7] g"" —2(D-2)ghqy+ ( 1+ = | pkpy ¢ (32)
2 2
q49p’c

with r. = —p, —qp. Here D = d + 1 is the space-time dimension. In the case of the trivial holonomy,
this reduces to the result of [13].

We note that the structure constant that appears in the self-energy fyscfjz7 1S invariant under
the exchange of b <+ c¢. We can therefore use the following manipulation:

fabcf[}zj/qh(qwrc) :fabcf[yaa’ qrs(p+CI+r)h(Qbarc) :fabcfiyaj/qh(’"me)a (3.3)

where we have used the change of variables g, <> r.. Using Eq. (3.3), the following identity can be

proven
u u
qdp 1 / Pa

By | N S 3.4

fab fbcd/q q}%rg Zfab fbcd g q}z)rg ( )

This identity was used to obtain the expression given in Eq. (3.1).
Eq. (3.4) can be also used to express the self-energy in another form:

D—-2_ 1
H#v(ptheb?ec) == Tnﬂv(ptueb?eC)_2(p(21guv_pgpz\;) /Tz (35)
‘qurC
where p ,
_ 1 2 2
H“V(pa,eb,ec)zzgw/—/( 9+ pa) (240 Pa) (3.6)
q1? q Clbr%

This particular decomposition was used by Arnold and Zhai to compute the g* contribution to the
pressure in the case of trivial holonomy. Without the holonomy both IT# and IT*V are transverse.

In the presence of a nontrivial holonomy, IT*" is no longer transverse. Using Eq. (3.5), we can
compute the non-transversity of the self-energy explicitly:

qV
PATL (pa) = —&°2(D=2) fuvefrca / =2 (3.7)
q 49
¥ 4 0
— 27 3 _ " b v4
=8 3 T (D 2)fabcfbch3 <27t> 0 (38)

_Am 53 O\ Ojk vd
= 3gTZk‘,{Ba(2ﬂ) 33(271_ 5 (3.9)

where we completed the square and used Egs. (3.3) and (3.4) to get the first line. B3(x) is the third
Bernoulli polynomial. In the last line, we used a = ij and D = 4. This identity was first derived in
[2] using the BRS symmetry; see also [14] where this identity was discussed in a different context.
The non-transversity of the self-energy makes higher-loop calculations more complicated but plays
an important role for the gauge invariance of the effective potential.
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3.1 Static limit

The self-energy in the static limit (p4 = 0 and p — 0) is required for the g> computation in the
next section. From Eq. (3.5), we obtain

1 245 + 6°T)?
T*(6,,6,,6.) =2 [ — - /(q““) (3.10)
Jaq q¢ q 9,4z
I (6,, 6, 6,) 2/1 4/ 0 2(9“T)2/ ! G.11)
as Yb, Uc) — 5 - 5 5 .
qq% qngg qCIﬁ‘I%

and Hs ; (6%) =0 when pu # v. For the trivial holonomy 6 = 0, we obtain the usual expression:
1
144 = gNgZTzaad = mH S (3.12)

where mp is the Debye mass. In general we can evaluate the eigenvalues of the self-energy with the
nontrivial holonomy in the static limit by computing Eqgs. (3.10) and (3.11) and then diagonalizing
the matrix in Eq. (3.1).

The self-energies for the charged (off-diagonal) gluons with 6, = 6;;, i # j, do not mix with
other states. Therefore the diagonalization is not required for the charged gluons:

I = O"VAY. (3.13)
Using the identity (3.9), we obtain
Ok Ok
. Am N B3 (T) — B3 (T)
A = 84— g*T? T * (3.14)
3 k=1 0

The self-energies for the neutral (diagonal) gluons with 8, = 0, on the other hand, can mix
with other diagonal gluons. In this case we have gz = g,. The self-energies for the neutral gluons

are
(0, 6,,6.) = 4/i — 2728, <9b> (3.15)
) b (6 q q[27 27r
IT(0,6,,6,) = 0 (3.16)

where we have used the following identity:

2
/d P(p2+m2)k T 2I(k) /d p(p2+m2)"*l' (3.17)

The mass matrix for the neutral gluons then becomes

0
1% = 28°T fupe fr0aB2 <2;> . (3.18)

Because of the off-diagonal elements, it is usually not straightforward to diagonalize the mass
matrix analytically except for N =2 or N = 3. Nevertheless as any symmetric matrix, it can be
diagonalized to yield N — 1 mass eigenvalues

IT;} (0) — II3(0) = diag (A}, AZ,..., A} ") (3.19)

for the N — 1 neutral gluons in this new basis. We use the same indices a, b for the new basis below.
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4. Free energy at order g>

As well known in perturbative Yang-Mills theory without the holonomy, due to resummation
of the infrared divergencies present beyond the two-loop order g in ring diagrams, the next order
is not g* but g> [9]. Similar divergence can be expected with the holonomy. Consider

. 1 | k
V<““g>:—2tr/pkzzk[ % (p)D?} (p)| - 4.1)

The potential infrared divergence comes from the zero mode. In order to perform the trace opera-
tion, we need to diagonalize the N? — 1 matrices I1,;, in the static limit, which are 4 x 4 matrices.
The neutral gluon propagator mixes with other neutral gluon propagator, while the charged gluons
do not mix as argued in the previous section.

We first consider the neutral gluons. In this case, 6, in the propagator is zero, so it gives a
usual resummation of ring diagrams. The only modification is that we have to use the new basis
where the self-energies are diagonal. We therefore have

. N 1 d d
v o / [ ( ;)—;} (42)

where Aﬂ is the eigenvalue of the self-energy for the neutral gluons H;‘Z‘ (3.19). Performing the

momentum integral, we obtain the g> contribution from the neutral gluons

T4 N=1 / Ad 3/2
V) = e (4.3)
12 =\ T?

A more explicit form of Vn(_3g)_ for SU(3) is given in [4, 15].
For the charged gluons, the self-energies are already diagonal. Taking only the zero mode,

3 ij i

(ring) 1 d’p Ag Ag
Veg:o ~ 2T ), /7 nf 1+ - (4.4)

2 d7) (eny 6312 +p? | 6FT>+ p?
and performing the momentum integral, we get

1 1

v = -1 Z (92T2 +A”> — |6y} — =A% |6,T]| . 4.5)
12n &
The total g* contribution to the free energy is the sum of the two terms
3 3 3

Vies = Vo - Veiz- (4.6)
If 6 =0, A% = m3, and we have Vf(rei — (N*—1) Tmj,/(127), which is the known perturbative

result without the holonomy. All N? — 1 gluons contribute to the g3 order. On the other hand, when
0 ~ (1), only the first term Vn(,?é), accounting for N — 1 neutral gluons contributes, as the remaining
N(N — 1) gluons do not display an IR divergence owing to an effective mass proportional to 7'6.
In [4] it was noticed that the eigenvalues of the self-energy become negative for sufficiently large
0 near the confined phase. The window of this instability becomes narrower as N becomes larger
[15].
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(a) 1539 (b) 1030) (c) 139 (@) 169 (e) 13 ) 165 (g) 109

Figure 1: Three-loop free energy diagrams. The solid and dashed lines are the gluon and ghost
propagators, respectively. I1 is the one-loop self-energy.

5. Free energy at order g*

The three-loop free energy is given by the sum of all the Feynman diagrams shown in Fig. 1.
Including the symmetry factor and the negative sign due to the ghost loop, we have
@ _ L ea  Lien  Lieo _Liea _Lieo_Lian 16

Ve =—I =1 — [ — VY — [ — ] =18, 5.1

e =g Tyl T g 3 4 2T G-

We now take the large-N limit so that we can reduce the sum-integrals as follows. Using the

momentum and color conservation, each Feynman diagram can be written as the sum-integral in

terms of three momenta, p, g, and r.. We use the double line notation and define a = ij, b =

kl, ¢ = mn. Using
i

Jijktmn = \ﬁ (5il5kn5mj — 8in Ok j5m1) 5.2)

we can sum over the other color indices. We then complete the square, p, - g, = % P2+ %q% —
% (pa— q;,)z, and take into account the symmetry of the diagrams to simplify the numerators.

It turns out that we can reduce the Feynman diagrams (3a)-(3f) into a linear combination of
two master integrals. We summarize the results of the reduction for the diagrams / (3a) _ J3S).

{1<3“>,1<3”>,1(36),1@“),1(36),1(3f>} = {9D(D—1)1,,(D—1)(D—16)1, —2(D—1) (2D —5) L,

27 3.1 1.1
— (D—-1)L+312D—-5)1,—-15,-, — =15, -1 5.3
2( )1 +3( )3743742 23,42} (5.3)
where the master integrals, /; and /3, are given by
=Y [ : (54)
2 = .
ikt I par (pij — Qik)zq,'zk (pij— ”il)z i
ik “ Til
gzz/ . (5.5)
S var p% (pij — qi)> 4% (pij — 1) 12

Our task is now to compute these master integrals, as well as (3¢,

The sum-integral I, without the holonomy is called Iy, in the literature. Unlike the case of
trivial holonomy, the Feynman diagrams (3b)-(3e) cannot be reduced to a single sum-integral /5.
This is because, in a theory with a nontrivial holonomy, the color flow is not fully correlated with
the momentum flow. If the holonomy is trivial 8 = 0, /5 can be reduced to I, and the results above
agree with those obtained in [12].
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6. Conclusions and Outlook

We partially computed the effective potential for the Polyakov 100p Vi at order g* and g* in
the Feynman gauge. To proceed further, the results of this paper have to be complemented by Vipgert
(1.3), which originates from the delta function constraints of the Polyakov loop. Then the gauge
invariance has to be checked explicitly as a test of the consistency of the calculation. We were able
to compute most sum-integrals for Viyset at three-loop order using the Poisson summation formula.

Computing the spatial momentum integral of the master integrals at g* is most efficient in
configuration space, see [12]. We were able to evaluate I, using the configuration-space technique
for spatial momentum and the Poisson resummation formula for the Matsubara sum. To compute
L5 and 1) a more elaborated approach might be required. This is work in progress.
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