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1. Introduction

Quark-antiquark systems with excited gluons are called hybrid mesons. Hybrid mesons are
not limited to quark model quantum numbers JPC with P = (−1)L+1 and C = (−1)L+S, where
L ∈ {0,1,2, . . .} is the orbital angular momentum and S ∈ {0,1} is the quark spin. Hybrid mesons
are and will be investigated by ongoing and future experiments, e.g. the GlueX and the PANDA
experiments (for a review cf. [1]. Also on the theoretical side there is currently a lot of activity, to
improve our understanding of hybrid mesons and other exotic hadrons (for a review cf. [2]).

A common approach in lattice gauge theory to study hybrid mesons is to compute hybrid static
potentials and related quantities, e.g. the gluonic distribution around a static quark-antiquark pair
with non-trivial quantum numbers. For existing lattice work on hybrid static potentials cf. e.g.
[3, 4, 5, 6, 7, 8, 9, 10]. Very recently also hybrid static potential flux tubes have been computed
[11, 12, 13]. Lattice gauge theory results on hybrid static potentials are often used as input in
effective field theory or phenomenological approaches, e.g. to predict the spectrum of heavy hybrid
mesons in the Born-Oppenheimer approximation (cf. e.g. [14, 15, 16, 17, 18]).

2. Theoretical basics of the computation of hybrid static potentials and flux tubes

We study hybrid mesons with a static quark Q and a static antiquark Q̄, which are treated
as spinless color charges. Since their positions are frozen, symmetries and quantum numbers are
different from the usual classification via JPC . There are three quantum numbers (for a more
detailed discussion cf. e.g. [19, 20]).

• The absolute value of total angular momentum with respect to the QQ̄ separation axis (in this
work the z axis): Λ ∈ {Σ .

= 0,Π .
= 1,∆ .

= 2, . . .}.

• The eigenvalue of parity combined with charge conjugation P ◦C : η ∈ {g .
=+,u .

=−}.

• The eigenvalue of the spatial reflection along an axis perpendicular to the QQ̄ separation axis
Px (in this work the x axis): ε ∈ {+,−}.

After computing ordinary rectangular Wilson loops W (r, t) with spatial extents r (correspond-
ing to the QQ̄ separation) and temporal extents t on an ensemble of gauge link configurations, the
ordinary static potential with quantum numbers Λε

η = Σ+
g can be extracted using

V
Σ
+
g
(r) = lim

t→∞
V

Σ
+
g ,eff(r, t) , V

Σ
+
g ,eff(r, t) =

1
a

ln
( 〈W (r, t)〉

W (r, t +a)

)
. (2.1)

In practice one typically fits a constant in a plateau-like region at larger values of t for given r to
obtain V

Σ
+
g
(r).

The computation of hybrid static potentials VΛε
η
(r) is quite similar. One has to replace the

spatial parts of an ordinary Wilson loop, which are straight lines of gauge links, by more complex
structures, which generate quantum numbers Λε

η different from Σ+
g . A general prescription to

construct a trial state with quantum numbers Λ
η

ε is given by

|Ψhybrid,Λε
η
〉= 1

4

(
1+η(P ◦C )+ εPx +ηε(P ◦C )Px

) 3

∑
k=0

exp
(

iπΛk
2

)
R
(

πk
2

)
OS |Ω〉 .

(2.2)
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R denotes a rotation around the QQ̄ separation axis and OS is a non-straight path of spatial gauge
links connecting the quark and the antiquark. Example operators OS, which we use to compute
the flux tubes, are shown in Figure 1. The computation of the potentials is done with a highly
optimized and very large set of different operators, which is discussed in detail in a very recent
publication [21].

Σ−g , Σ+
u ∆g , Πu

Σ−u Πg ∆u

Figure 1: Operators OS used to construct hybrid static potential trial states with quantum numbers
Λε

η via eq. (2.2) for the flux tube computations.

To get insights on the gluonic distribution inside hybrid mesons we compute the squares of
the chromoelectric and chromomagnetic field strength components in presence of a static quark-
antiquark pair with quantum numbers Λε

η and subtract the corresponding vacuum expectation val-
ues,

∆E2
j ≡ 〈E j(x)2〉QQ̄−〈E2

j 〉vac ∝

(〈W ·P0 j(t/2,x)〉
〈W 〉 −〈P0 j〉

)
(2.3)

∆B2
j ≡ 〈B j(x)2〉QQ̄−〈B2

j〉vac ∝

(
〈Pkl〉−

〈W ·Pkl(t/2,x)〉
〈W 〉

)
, (2.4)

where j,k, l ∈ {1,2,3}, W denotes a generalized Wilson loop (i.e. spatial parts replaced by linear
combinations of OS according to eq. (2.2)) and Pµν the plaquette.

3. Numerical results for hybrid static potentials

Computations have been performed on 5500 SU(3) gauge link configurations generated with
the Wilson plaquette action using the Chroma QCD library [22]. The lattice volume is 48× 243.
We have used gauge coupling β = 6.0, which corresponds to lattice spacing a ≈ 0.093fm, when
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identifying r0 with 0.5fm. To improve the quality of the signal, temporal links are HYP2 smeared,
while spatial links are APE smeared with parameters tuned to optimize the ground state overlaps.

The resulting ordinary static potential (Σ+
g ) and its first excitation (Σ′+g ) as well as the hybrid

static potentials with quantum numbers Σ−g , Σ+
u , Σ−u , Πg, Πu, ∆g, ∆u are shown in Figure 2. They

are plotted in units of r0 to allow a straightforward comparison to results from the literature, in
particular to [3, 6], which are frequently used in recent publications (cf. e.g. [15, 16]) and seem
to be the most accurate lattice results for hybrid static potentials, which are currently available.
A detailed discussion is given in a very recent publication [21], where we also provide numerical
values for all data points.
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        Σ+
g , Σ′+

g Σ−
g Σ+

u Σ−
u Πg Πu ∆g ∆u

r/r0

r 0
(V

(r
)
−

V
Σ

+ g
(2

r 0
))

Figure 2: The ordinary static potential (Σ+
g ) and its first excitation (Σ′+g ) as well as the hybrid static

potentials with quantum numbers Σ−g , Σ+
u , Σ−u , Πg, Πu, ∆g, ∆u in units of r0 = 0.5fm.

4. Numerical results for hybrid static potential flux tubes

Computations have been performed on 13000 SU(2) gauge link configurations generated with
the Wilson plaquette action. The lattice volume is 184. We have used gauge coupling β = 2.5,
which corresponds to lattice spacing a ≈ 0.073fm, when identifying r0 with 0.5fm. The dis-
cretization of E2

j and B2
j at a given spacetime point is done by averaging over the four adjacent
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and correspondingly oriented plaquettes, i.e. by clover leaf-like combinations of gauge links. As
before, spatial links are APE smeared with parameters tuned to optimize the ground state overlaps.

In the following results a rather small temporal separation of t = 2 was used to get a favorable
signal-to-noise ratio. This leads to results that contain contributions from the first excited states in
addition to the ground state. Results using larger separations t do not show discrepancies within
their errors, confirming shown results qualitatively.
In Figure 3 we show the squared field strength components ∆E2 and ∆B2 (eqs. (2.3) and (2.4))
for the ordinary static potential (Λε

η = Σ+
g ) on the QQ̄ separation axis and the mediator axis, i.e.

an axis perpendicular to the separation axis centered between the quark and the antiquark. The
results on the separation axis are generated without HYP2 smeared temporal links, because such a
smearing enhances lattice discretization errors in the vicinity of the static quarks. For the results
on the mediator axis HYP2 smeared temporal links are used.
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Figure 3: ∆E2
j and ∆B2

j for the ordinary static potential (Λε
η = Σ+

g ) on the separation axis and the
mediator axis.

As already observed in [12], the field strength components of the ordinary and of hybrid static
potentials are essentially the same in the vicinity of the static quarks. Therefore, we focus on results
on the mediator axis. In Figure 4 we compare the squared field strength components of the ordinary
static potential (Λε

η = Σ+
g ) and the hybrid static potentials with Λε

η = Σ−g ,Σ
+
u ,Σ

−
u ,Πg,Πu,∆g,∆u.

Clearly, there are significant qualitative differences between these flux tube profiles. For example,
the Πu sector exhibits zero crossings for all six field strength components, while in the other sectors
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such zero crossings are not present. Another example is the Πg sector, where ∆E2
x is dominating,

while in many other sectors ∆E2
z is dominating. Note that ∆E2

x = ∆E2
y and ∆E2

x = ∆E2
y only for

Λ = Σ, as one can show analytically.
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Figure 4: ∆E2
j and ∆B2

j for the ordinary static potential (Λε
η = Σ+

g )and the hybrid static potentials
with Λε

η = Σ−g ,Σ
+
u ,Σ

−
u ,Πg,Πu,∆g,∆u on the mediator axis.

To exhibit the difference of the hybrid static potential flux tubes to that of the ordinary static
potential, we show ∆E2

j,Λε
η
−∆E2

j,Σ+
g

and ∆B2
j,Λε

η
−∆B2

j,Σ+
g

in Figure 5. One can see that the domi-

nance of ∆E2
z is much weaker for the hybrid static potentials than for the ordinary static potential.

Moreover, the chromomagnetic field strength components are enhanced for the hybrid static po-
tentials. We interpret this localization of chromomagnetic flux as gluons generating the hybrid
quantum numbers.

While we have found that it is numerically advantageous to use spatially extended creation
operators (cf. e.g. Figure 1), it is also possible and common to consider local operators, which are
inserted at the center of a straight parallel transporter connecting the static quark and the static
antiquark. An example is the pNRQCD investigation [15], where these local insertions are listed
in Table I (they are also included in Figure 5 of this work). It is interesting to note that the field
strength components we have computed show similarities to these local operators, in particular for
Λε

η = Σ−u ,Πg,Πu. For example for Λε
η = Σ−u the local operator is r̂ ·B = Bz, which is consistent

with our Figure 5, where the dominating squared field strength component is ∆B2
z
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Figure 5: ∆E2
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η
− ∆E2

j,Σ+
g

and ∆B2
j,Λε

η
− ∆B2
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for the hybrid static potentials with Λε
η =

Σ−g ,Σ
+
u ,Σ

−
u ,Πg,Πu,∆g,∆u on the mediator axis.

Acknowledgements

L.M. thanks M. Faber and all organizers of the “XIIIth Quark Confinement and the Hadron
Spectrum” conference for the invitation to give this talk.

We acknowledge useful discussions with P. Bicudo.
C.R. acknowledges support by a Karin and Carlo Giersch Scholarship of the Giersch founda-

tion. O.P. and M.W. acknowledge support by the DFG (German Research Foundation), grants PH
158/4-1 and WA 3000/2-1. M.W. acknowledges support by the Emmy Noether Programme of the
DFG, grant WA 3000/1-1.

This work was supported in part by the Helmholtz International Center for FAIR within the
framework of the LOEWE program launched by the State of Hesse.

Calculations on the LOEWE-CSC and on the on the FUCHS-CSC high-performance computer
of the Frankfurt University were conducted for this research. We would like to thank HPC-Hessen,
funded by the State Ministry of Higher Education, Research and the Arts, for programming advice.

References

[1] S. L. Olsen, T. Skwarnicki and D. Zieminska, Nonstandard heavy mesons and baryons: experimental
evidence, Rev. Mod. Phys. 90, 015003 (2018) [arXiv:1708.04012 [hep-ph]].

6



P
o
S
(
C
o
n
f
i
n
e
m
e
n
t
2
0
1
8
)
0
5
3

Structure of hybrid static potential flux tubes Lasse Mueller

[2] C. A. Meyer and E. S. Swanson, Hybrid mesons, Prog. Part. Nucl. Phys. 82, 21 (2015)
[arXiv:1502.07276 [hep-ph]].

[3] K. J. Juge, J. Kuti and C. J. Morningstar, Nucl. Phys. Proc. Suppl. 63, 326 (1998)
doi:10.1016/S0920-5632(97)00759-7 [hep-lat/9709131].

[4] C. Michael, Hadronic spectroscopy from the lattice: glueballs and hybrid mesons, Nucl. Phys. A 655,
12 (1999) [hep-ph/9810415].

[5] G. S. Bali et al. [SESAM and TχL Collaborations], Static potentials and glueball masses from QCD
simulations with Wilson sea quarks, Phys. Rev. D 62, 054503 (2000) [hep-lat/0003012].

[6] K. J. Juge, J. Kuti and C. Morningstar, Fine structure of the QCD string spectrum, Phys. Rev. Lett. 90,
161601 (2003) [hep-lat/0207004].

[7] C. Michael, Exotics, Int. Rev. Nucl. Phys. 9, 103 (2004) [hep-lat/0302001].

[8] G. S. Bali and A. Pineda, QCD phenomenology of static sources and gluonic excitations at short
distances, Phys. Rev. D 69, 094001 (2004) [hep-ph/0310130].

[9] P. Wolf and M. Wagner, Lattice study of hybrid static potentials, J. Phys. Conf. Ser. 599, 012005 (2015)
[arXiv:1410.7578 [hep-lat]].

[10] C. Reisinger, S. Capitani, O. Philipsen and M. Wagner, Computation of hybrid static potentials in
SU(3) lattice gauge theory, EPJ Web Conf. 175, 05012 (2018) [arXiv:1708.05562 [hep-lat]].

[11] P. Bicudo, M. Cardoso and N. Cardoso, Colour fields of the quark-antiquark excited flux tube, EPJ
Web Conf. 175, 14009 (2018) [arXiv:1803.04569 [hep-lat]].

[12] L. Müller and M. Wagner, Structure of hybrid static potential flux tubes in SU(2) lattice Yang-Mills
theory, Acta Phys. Polon. Supp. 11, 551 (2018) [arXiv:1803.11124 [hep-lat]].

[13] P. Bicudo, N. Cardoso and M. Cardoso, Colour field densities of the quark-antiquark excited flux
tubes in SU(3) lattice QCD, arXiv:1808.08815 [hep-lat].

[14] E. Braaten, C. Langmack and D. H. Smith, Born-Oppenheimer approximation for the XY Z Mesons,
Phys. Rev. D 90, 014044 (2014) [arXiv:1402.0438 [hep-ph]].

[15] M. Berwein, N. Brambilla, J. Tarrus Castella and A. Vairo, Quarkonium hybrids with nonrelativistic
effective field theories, Phys. Rev. D 92, 114019 (2015) [arXiv:1510.04299 [hep-ph]].

[16] R. Oncala and J. Soto, Heavy quarkonium hybrids: spectrum, decay and mixing, Phys. Rev. D 96,
014004 (2017) [arXiv:1702.03900 [hep-ph]].

[17] N. Brambilla, G. Krein, J. Tarrus Castella and A. Vairo, Born-Oppenheimer approximation in an
effective field theory language, Phys. Rev. D 97, 016016 (2018) [arXiv:1707.09647 [hep-ph]].

[18] N. Brambilla, W. K. Lai, J. Segovia, J. Tarrus Castella and A. Vairo, Spin structure of heavy-quark
hybrids, arXiv:1805.07713 [hep-ph].

[19] G. S. Bali et al. [SESAM Collaboration], Observation of string breaking in QCD, Phys. Rev. D 71,
114513 (2005) [hep-lat/0505012].

[20] P. Bicudo, K. Cichy, A. Peters and M. Wagner, BB interactions with static bottom quarks from Lattice
QCD, Phys. Rev. D 93, 034501 (2016) [arXiv:1510.03441 [hep-lat]].

[21] C. Reisinger, S. Capitani, L. Müller, O. Philipsen and M. Wagner, Computation of hybrid static
potentials from optimized trial states in SU(3) lattice gauge theory, arXiv:1810.13284 [hep-lat].

[22] R. G. Edwards et al. [SciDAC and LHPC and UKQCD Collaborations], The Chroma software system
for lattice QCD, Nucl. Phys. Proc. Suppl. 140, 832 (2005) [hep-lat/0409003].

7


