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1. Introduction

In the last 40 year, transverse single-spin asymmetries (SSAs) have arisen in a variety of reactions.
Some of these are collinear observables, like p↑p→{h,γ, jet}X [1, 2, 3, 4, 5, 7, 8, 9, 6, 10, 11, 12,
13], pp→ h↑X [14], `N↑→ hX [15, 16], `N↑→ `′X [17, 18], and e+e−→ h↑X [19]; and others
are transverse-momentum-dependent (TMD) processes, like `N→ `′ hX [20, 22, 23, 24], h1 h2→
{` ¯̀,W±,Z}X [25, 26], and e+e− → h1 h2 X [19, 27, 28, 29, 30]. The former are studied within
collinear twist-3 factorization [31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43] (since there is only
one large scale PT � ΛQCD) while the latter are analyzed within TMD factorization (since there
are two scales ΛQCD ∼ PT � Q) using either the generalized parton model approach [44, 45, 46,
47, 48, 49] or the Collins-Soper-Sterman (CSS) formalism [50, 51, 52, 53, 54, 55]. Both collinear
and TMD SSAs provide valuable insight into the internal structure of hadrons, including quark-
gluon correlations and spin-orbit effects. In Sec. 2 we review the twist-3 formalism and its current
description of collinear SSAs, while in Sec. 3 we do the same for TMD SSAs, focusing on the CSS
formalism. Moreover, we discuss how both collinear and TMD SSAs are driven by multi-parton
correlations, which ultimately will allow for a global analysis of both types of measurements. We
also briefly discuss some recent modifications to the original CSS framework. Because of these
improvements, we can derive rigorous relations between collinear twist-3 and TMD functions,
which we do in Sec. 4. We conclude in Sec. 5.

2. SSAs within Collinear Factorization

Here we will focus on single-inclusive reactions where an unpolarized proton collides with a trans-
versely polarized one. We refer the reader to Ref. [56] for a more comprehensive review of this
topic. In the collinear twist-3 approach, one writes the differential cross section for p↑p→C X as

dσ(ST ) = H⊗ fa/p↑(3)⊗ fb/p(2)⊗DC/c(2)

+ H ′⊗ fa/p↑(2)⊗ fb/p(3)⊗DC/c(2)

+ H ′′⊗ fa/p↑(2)⊗ fb/p(2)⊗DC/c(3) . (2.1)

In Eq. (2.1), fa/p↑(t) is the parton distribution function (PDF) associated with parton a in the trans-
versely polarized proton p↑ (and similarly for fb/p(t)), while DC/c(t) is the fragmentation function
(FF) associated with hadron C in parton c. The twist of the functions is indicated by t. The factors
H, H ′, and H ′′ are the hard parts for each term, and the symbol ⊗ denotes convolutions in the ap-
propriate momentum fractions. The hard scale for the reaction is set by the transverse momentum
of the outgoing particle, PCT � ΛQCD, and ST is the transverse spin vector of p↑.

We would like to extract the twist-3 functions in Eq. (2.1) because, as we will see, these func-
tions give us access to multi-parton correlations in hadrons. However, since the individual terms
in (2.1) add together and cannot be “projected out”, one must try to isolate certain pieces through
experiments that are only mainly sensitive to a specific function or functions. For example, if
one looks at direct photon production, which eliminates the third term in (2.1) since there is no
fragmentation, we find such a process is dominated by a quark-gluon-quark PDF, the Qiu-Sterman
(QS) function FFT (x,x) [59, 60]. The QS function has an important, model-independent rela-
tion to the TMD Sivers function [57] f⊥1T (x,k2

T ) that enters SSAs in processes like semi-inclusive
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deep-inelastic scattering (SIDIS) and Drell-Yan (DY), which we will cover in Sec. 3. The identity
reads [58]

πFFT (x,x) =
∫

d2kT
k2

T

2M2
P

f⊥1T (x,kT )
∣∣
SIDIS ≡ f⊥(1)

1T (x)
∣∣
SIDIS =− f⊥(1)

1T (x)
∣∣
DY . (2.2)

We note that this relation is derived using the naïve definitions of the operators for these functions
(without any soft-gluon radiation effects), and we will see in Sec. 4 how to approximately recover
this form within “full QCD” via the CSS formalism.

Moreover, a main experimental focus has been on the case where C = π , which was initially
thought to be caused by the QS function [36, 61]. However, several works in the literature showed
later that this cannot be the case [62, 63, 64]. What is currently understood as the cause of SSAs
in pion production is the third term in (2.1) involving twist-3 fragmentation effects [65, 66]. The
functions we are sensitive to from this mechanism are H̃(z) and H⊥(1)

1 (z) [41, 67]. The former is
an integrated twist-3 TMD FF, while the latter in the first-moment of the Collins function,

H⊥(1)
1 (z) = z2

∫
d2 p⊥

~p2
⊥

2M2
h

H⊥1 (z,z2 p2
⊥) . (2.3)

Again we will see in Sec. 4 how to approximately recover this relation in the CSS formalism. Both
H̃(z,z2 p2

⊥) and H⊥1 (z,z2 p2
⊥) enter asymmetries in SIDIS and e+e−→ h1 h2 X [68, 69]. We empha-

size that both H̃(z) and H⊥(1)
1 (z) can be written as integrals of a quark-gluon-quark FF Ĥℑ

FU(z,z1)
by using QCD equation of motion relations (EOMRs) and so-called Lorentz invariance relations
(LIRs) [67]. That is, multi-parton correlators are what underlie SSAs in collinear observables.
Since H̃(z) and H⊥(1)

1 (z) couple to transversity h1(x) at larger x values, where the function is cur-
rently unconstrained, we can extract h1(x) in this region through SSAs in pion production [65, 66].

3. SSAs within TMD Factorization

Here we will focus on the Sivers and Collins TMD functions that lead to different azimuthal mod-
ulations in SIDIS, Drell-Yan, and e+e−→ h1 h2 X . Within the CSS formalism, these functions can
be written in “b-space” as (at leading-order) [52, 53, 54, 55]

f̃⊥(1)
1T (x,bT ;Q2,µQ)∼ FFT (x,x; µb∗)exp

[
−Spert(b∗(bT ); µb∗ ,Q,µQ)−S f⊥1T

NP(bT ,Q)
]
, (3.1)

H̃⊥(1)
1 (z,bT ;Q2,µQ)∼ H⊥(1)

1 (z; µb∗)exp
[
−Spert(b∗(bT ); µb∗ ,Q,µQ)−SH⊥1

NP (bT ,Q)
]
, (3.2)

where

b∗(bT )≡

√
b2

T

1+b2
T /b2

max
, µb∗ ≡

C1

b∗(bT )
, (3.3)

The quantities Spert and SNP are the perturbative and non-perturbative Sudakov factors, where for-
mer is universal and the latter is different for each TMD [52, 53, 54, 55]. The collinear twist-3
functions FFT (x,x; µb∗) and H⊥(1)

1 (z; µb∗) arise from the Operator Product Expansion (OPE) at
small bT . The functions [bT f̃⊥(1)

1T (x,bT ;Q2,µQ)] and [bT H̃⊥(1)
1 (z,bT ;Q2,µQ)] are proportional to

3
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the derivative of the Fourier transforms (FT) of the TMD Sivers and Collins functions, respec-
tively [53, 70]. The FT-TMDs have two scale arguments: µ , which is the renormalization scale,
and ζ , which parameterizes how the effects of soft-gluon radiation are partitioned between the FT-
TMDs, where ζAζB = Q4. We use the freedom from the renormalization group to set ζA = ζB = Q2

and µ = C2Q≡ µQ. The constant C2 is chosen to optimize the accuracy of the perturbation theory
for the hard scattering coefficients.

We see immediately from Eqs. (3.1), (3.2) that the TMDs and their associated observables are
also driven by multi-parton correlators just like the collinear SSAs discussed in Sec. 2. That is,
extractions of TMD functions from the aforementioned observables actually fit collinear twist-3
functions (along with the non-perturbative Sudakov factor) [54, 55]. Therefore, one can include
collinear SSA data along with data on the Sivers and Collins asymmetries in a global analysis in
order to obtain information on FFT (x,x), Ĥℑ

FU(z,z1) (via H̃(z) and H⊥(1)
1 (z)), and h1(x). In general,

one can say that all transverse spin effects are caused by multi-parton correlations in hadrons.

4. Relations between Collinear and TMD Functions

In Eqs. (2.2), (2.3) we discussed two important relations between TMD and collinear twist-3 func-
tions that result from their naïve operator definitions. These identities have not only been routinely
used in phenomenology (see, e.g., Refs. [59, 60, 63, 64, 65]), but also give important physical in-
terpretations of these functions as being connected to average parton transverse momentum [71].
However, these important connections actually break down within the original CSS formalism dis-
cussed in Sec. 3. For example, one finds [72, 73]

∫
d2kT

k2
T

2M2
P

f⊥1T (x,kT ;Q2,µQ) = f̃⊥(1)
1T (x,bT → 0;Q2,µQ) = 0+O(αs(Q)) . (4.1)

The source of this behavior is that b∗(bT → 0) = 0 so that µb∗ → ∞ in this limit, which leads to
a large logarithm in the perturbative Sudakov factor. To cure this issue, the authors of Ref. [72]
suggested to modify the so-called W -term of the b-space cross section by bT → bc(bT ), where

bc(bT ) =

√
b2

T +
(

b0

C5Q

)2

=
√

b2
T +b′2min , (4.2)

with b0 ≡ 2exp(−γE), C5 a constant, and b′min ≡ b0/(C5Q), which cuts bT off at O(1/Q). However,
for polarized observables (like the Sivers and Collins effects) this modification should be imple-
mented by only replacing bT with bc(bT ) in the scalar functions that undergo CSS evolution and
not to any kinematic, bT -dependent prefactors [73].

For example, in

W̃ (bT,Q,S) = W̃UU(bT ,Q)− iMP ε
i jbi

T S j
T W̃ Sivers

UT (bT ,Q)+ . . . , (4.3)

the bT → bc(bT ) replacement only takes place in W̃UU(bT ,Q) and W̃ Sivers
UT (bT ,Q) (the ellipsis is for

other azimuthal modulations, like the Collins effect), and not, e.g., in the bi
T of the prefactor of the
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second term [73]. This implies the functions in (3.1), (3.2) become [73]

f̃⊥(1)
1T (x,bc(bT );Q2,µQ)∼ FFT (x,x; µ̄)exp

[
−Spert(b∗(bc(bT )); µ̄,Q,µQ)−S f⊥1T

NP(bc(bT ),Q)
]
,

(4.4)

H̃⊥(1)
1 (z,bc(bT );Q2,µQ)∼ H⊥(1)

1 (z; µ̄)exp
[
−Spert(b∗(bc(bT )); µ̄,Q,µQ)−SH⊥1

NP (bc(bT ),Q)
]
,

(4.5)

where

b∗(bc(bT )) =

√
b2

T +b′2min

1+b2
T /b2

max +b′2min/b2
max

, µ̄ ≡ C1

b∗(bc(bT ))
, (4.6)

with b′min defined after (4.2). With these modifications, we now find [73]

∫
d2kT

k2
T

2M2
P

f⊥1T (x,kT ;Q2,µQ) = f̃⊥(1)
1T (x,b′min;Q2,µQ)

= π FFT (x,x; µc)+O(αs(Q))+O((m/Q)p) , (4.7)

z2
∫

d2 p⊥
p2
⊥

2M2
h

H⊥1 (z,z2 p2
⊥;Q2,µQ) = H̃⊥(1)

1 (z,b′min;Q2,µQ)

= H⊥(1)
1 (z; µc)+O(αs(Q))+O((m/Q)p) , (4.8)

where µc ≡ limbT→0 µ̄ with µ̄ given in (4.6). We see that the parton model (or naïve operator
definition) interpretation of TMDs is approximately restored (i.e., to leading order).

5. Summary and Outlook

We have reviewed the current theoretical status of transverse SSAs in both collinear and TMD
observables. Collinear SSAs are described using collinear twist-3 functions, while the current for-
mulation of TMD evolution through the CSS formalism also introduces collinear twist-3 functions
through the OPE. Therefore, experimental data from both collinear and TMD SSAs can be used in
a global analysis of both observables. Moreover, the combination of EOMRs and LIRs allows all
twist-3 functions to be written as multi-parton correlators. These multi-parton correlations, there-
fore, are what drive all SSAs. We have also discussed how improvements to the original CSS
formalism allow one (at leading-order) to rederive the naïve operator relations between TMD and
collinear functions, which, thus, approximately restore their parton-model physical interpretation.
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