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Leptonic and semileptonic kaon decays represent till now the golden modes for the extraction
of the Cabibbo angle from experiments, provided the relevant hadronic quantities, namely the
ratio of the kaon and pion leptonic decay constants, fx/fz, and the semileptonic vector form
factor at zero four-momentum transfer, f; (0), are computed accurately from QCD. In the last
years, using large-scale lattice QCD simulations, the determination of both fx/fz and f (0) has
reached an impressive level of precision (= 0.3%), which is expected to be further improved in
the near future. However, at a permille level of precision both electromagnetic and strong isospin-
breaking effects cannot be neglected anymore. In this contribution a new lattice strategy aiming
at determining QCD+QED effects in the inclusive leptonic decay rates of charged pseudoscalar
mesons is briefly illustrated, and the preliminary results obtained in the case of 7y, and Ky, decays
are presented. As for the semileptonic K;3 decays, it is pointed out that the determination of the
relevant form factors in the full kinematical range covered by the experiments is necessary for
a more stringent test of the Standard Model. In this respect the perspectives based on the only
existing results from the European Twisted Mass Collaboration (ETMC) are quite encouraging.
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1. Introduction

Since several decades the leptonic and semileptonic decays of kaons represent the golden
modes for the determination of the Cabibbo-Kobayashi-Maskawa (CKM) matrix element V. Ac-
cording to the V — A structure of the weak current in the Standard Model (SM) the decay rate of

the above processes should provide the same result for |V,;|, once the relevant hadronic quantities,
namely the ratio of the kaon and pion leptonic decay constants, fx/ fr, and the semileptonic vector
form factor at zero four-momentum transfer, /. (0), are determined starting from our fundamental
theory of the strong interactions, i.e. from QCD.

As it is well known, such a task can be properly carried out by large-scale lattice QCD simu-
lations. The history of the efforts in predicting both fx/fr and £, (0) is nicely summarised in the
recent reviews [1, 2] of the Flavor Lattice Averaging Group (FLAG), showing that the determina-
tion of fx/fx and £ (0) has reached an impressive degree of precision (= 0.3% [2]), such that both
electromagnetic (e.m.) and strong isospin-breaking (IB) effects cannot be neglected anymore.

In the past few years accurate lattice results including e.m. effects have been obtained for the
hadron spectrum, as in the case of the neutral-charged mass splittings of light pseudoscalar (PS)
mesons and baryons (see, e.g., Refs. [3, 4]). However, while in the calculation of e.m. effects in the
hadron spectrum no infrared (IR) divergencies can appear, in the case of other hadronic quantities,
like the decay amplitudes, IR divergencies are present and can be cancelled out in the physical
observable only by summing up diagrams containing both real and virtual photons [5]. This is the
case of the leptonic 7y, and Ky, and of the semileptonic Ky3 decay rates, which play a crucial role
for an accurate determination of the CKM entries |V, /V,4| and |V].

In this contribution we discuss two novelties:

e anew strategy has been proposed recently [6] in order to determine on the lattice the inclusive
decay rate of a charged PS-meson into either a final /* ¥, pair or a final /= v, state. In Section
2 the new approach will be briefly presented together with the preliminary results obtained
in the case of 7wy, and Ky, decays [7].

e the momentum dependence of the semileptonic form factors in the full kinematical range
covered in the K3 experiments has been determined only recently by ETMC [8]. The results
obtained at the physical pion point will be presented in Section 3, showing that they are very
encouraging for obtaining in the next future a more stringent test of the SM from K3 decays.

2. |Vius/Vua| from 7y, and Ky, decays

In the PDG review [9] the inclusive decay rate ['(PS™ — £7vy[y]) is written as

G2 2\ 2
L(PST — 0vly]) = 87i|vqlq2 2> <1 — Mj) FrgiMps(14 8., + 8557, (2.1)
PS

where 6, is a universal short-distance electroweak correction (0., ~ 0.0232), 5,5 ;Ef represents
the e.m. corrections, estimated through the Chiral Perturbation Theory (ChPT) with low-energy
constants (LECs) parameterizing structure-dependent hadronic contributions, fpg+ is the decay



|Vis| from K decays in theory

constant of the charged PS-meson including the IB effects generated in QCD by the u- and d-
quark mass difference, and Mpy is the charged PS-meson mass including both e.m. and strong 1B
corrections. Adopting LECs motivated by large-N, methods one has X, — 8% = —0.0069(17)
[10], so that the experimental value of the ratio of the Ky, and 7, decay rates translates into [2, 9]

DK vl Wl fie
Dz = frulr) Vil fo

=0.2760(4) . 2.2)

According to the last FLAG review [2] the lattice average for fx+/fz+ is equal to fx+/fr+ =
1.193(3) with Ny = 241+ 1 dynamical quarks. The precision is at the level of ~ 0.3%, which is
already comparable with the uncertainty of the model-dependent ChPT prediction for 55,; — 53;,
(=~ 0.2%). Thus, a lattice evaluation of the leptonic decay rates including both QCD and QED is
mandatory and in this respect a new strategy has been proposed in Ref. [6]. There the inclusive rate

[(PST — £7vy[y]) is expressed as
D(PS* = C ) = limpe[TolL) — T (D] + iy oL (1) + T (B )], (23)

where the subscripts 0 and 1 indicate the number of photons in the final state, while the superscript
“pt” denotes the point-like treatment of the decaying PS-meson. In the r.h.s. of Eq. (2.3) the terms
['o(L) and T)' (L) can be evaluated on the lattice using the lattice size L as an IR regulator. Their
difference is free from IR divergencies and therefore the limit L — oo can be performed obtaining
a result independent on the specific IR regularization [6]. In a similar way the terms th(,uy) and
ry "(AE7, My) can be calculated perturbatively using a photon mass fy as an IR regulator. Their
sum is free from IR divergencies thanks to the Bloch-Nordsieck mechanism [5], so that the limit
ty — 0 can be performed obtaining again a result independent on the specific IR regularization.
Thus, the correction to the tree-level decay rate is given by

Aps(L) —Apg(L)

0
AT

SRps+ = 8ou+ 805, +88 ) = aem%mg (;‘f) +28 +8TP(AE,) | (2.4)

w

where T (AE,) can be read off from Eq. (51) of Ref. [6] and A = (0|g2%0¥5q1|PS) = f5 Mps
is the QCD axial amplitude, with f}(,g) being the PS meson decay constant known in pure QCD (i.e.,
without e.m. and strong IB corrections).

Adopting the quenched QED approximation, which neglects the sea-quark electric charges,
the quantity Apg(L) has been evaluated in Ref. [7], adopting the ETMC gauge ensembles with
Ny =2+ 1+ 1 dynamical quarks and considering the connected diagrams shown in Fig. 1 and the
one corresponding to the insertion of the isovector scalar density [3].

In Eq. (2.4) the term AﬁtS(L) corresponds to the virtual photon emissions from a point-like
meson using the lattice size L as the IR regulator. Such a quantity has been calculated in Ref. [11],
obtaining the result

AP (L) by by by
S| ZPs = br log(MpsL) + b O(e~MrsL 5 s
! AEJOS) 1r log(MpsL) + bo + MpsL + ENE + M;SL3 +0(e ), 2.5)

where the coefficients b; (j =IR,0,1,2,3) depend on the mass ratio my/Mps. The relevant point is
that structure-dependent finite size effects (FSEs) start only at order O(1/L?), i.e. all the terms up
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Figure 1: Connected diagrams con-
tributing at O(Qlem) to the axial ampli-
tude 8A+ for the decay n+ — (T v.

to O(1/L) in Eq. (2.5) are “universal” [11]. The FSE subtraction (2.5) is illustrated in Fig. 2 in the
case of the decay 7+ — u*v[y] for AE, = AEJ“ = My (1 —my, /M3)/2 ~ 30 MeV. It can be seen
that residual FSEs are still visible in the subtracted lattice data.
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Figure 2: Results for the correction SRz (AEy™) to the decay
nt — utvy] (see Eq. (2.4)) for the ETMC gauge ensembles
A40.20, A40.24 and A40.32 corresponding to the same lattice
spacing (a ~0.089 fim) and pion mass (Mp ~ 300 MeV), but dif-
ferent lattice sizes (see Ref. [12]). The red points correspond to
the subtraction of the universal FSEs, i.e. up to order O(1/L) in
Eq. (2.5), while the blue squares include also the subtraction of
the “point-like” term by /(MzL)?. The solid lines are the results
of the simple fit a + b/L2 with a and b being free parameters.
Note that the two fits agree with each other for L — oo.

The results obtained in Ref. [7] for the corrections 0R; and 0Rg; = ORx — O R are shown in
Fig. 3, where all photon energies are included (i.e. AEy = AEY™ = Mps(1 — mi /M3¢)/2), since the
experimental data on 7y, and Ky, decays are fully inclusive. The combined chiral, continuum and
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Figure 3: Results for the corrections S8Ry (left panel) and SRy = SRk — ORy (right panel) obtained after the sub-
traction of the “universal” FSE terms of Eq. (2.5) (open markers). The full markers correspond to the lattice data of
Ref. [7] corrected also for the residual FSEs obtained in the fitting procedure. The dashed lines represent the results in
the infinite volume limit at each value of the lattice spacing, while the solid lines are the results in the continuum limit.
The crosses represent the values 5R1,;hy * and 5R%’$S at the physical point. The shaded areas correspond respectively to
the values 0.0176(21) and —0.0112(21) at 1-sigma level, obtained using ChPT [10, 13].

infinite volume extrapolations are performed using different fitting functions and FSE subtractions
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in order to estimate the systematic errors. After averaging all the results one finally gets at the

physical pion point
SRE™ = 40.0169 (8)ars it (11 enirar (7)rse (2)2 = +0.0169 (15) (2.6)
SREY = —0.0137 (1) gars it (6)epirar ()rsz (1) = —0.0137 (13) .7)

where the errors do not include the QED quenching effects. The results (2.6)-(2.7) can be compared
with the corresponding ChPT predictions 0.0176(21) and —0.0112(21) [10, 13].

A crucial condition for the strategy of Ref. [6] is that the maximum energy of the emitted
photon, AEy, has to be small enough in order not to resolve the internal structure of the decaying
PS-meson. Note that the corresponding form factors would describe a process which is not related
directly to the one the CKM entry can be extracted from. Thus, the experimental determination of
the photon spectrum in Ky, decays is required.

3. |Vys| from K3 decays

The semileptonic decay rate [(K™* — 7%~ ¢*v,[y]) can be written as [9]

2 g5

B GL M. 0 0 0
DK+ = 20 vi[) = 555" oV £ ()Pl (1 ess + 85, +85cp™) . B.D)

where Cg+o is a Clebsh-Gordan coefficient, Ik, is the phase-space integral sensitive to the momen-
. . (e .
tum dependence of the semileptonic vector and scalar form factors, ff ™ (0) is the vector form

0 0
8K and 35&)” represent the e.m. and strong IB correc-

factor at zero four-momentum transfer,
tions, respectively. The latter have been estimated for the various charged and neutral kaon decay
modes by means of ChPT [14]. The nice consistency among the various decay modes allow to

translate the experimental value of the inclusive decay rates into [15, 16]
DK = 2% rvly) = |VilfX" (0) =0.2165(4) . (3.2)

In the case of Ny =2+ 141 dynamical quarks the lattice average for ffoﬂ* (0) isequal to f fo’r (0)=
0.9706(27) [2]. The precision is at the level of ~ 0.3%, which is already comparable with the uncer-
tainties of the ChPT predictions [14, 15] for 55,;:% and 6528” (~0.1% and ~ 0.4%, respectively).
Thus, a lattice evaluation of the Ky3 decay rate including both QCD and QED effects is called
for. While the application of the strategy of Ref. [6] to K3 decays is still in progress, we want to
point out the importance of the lattice evaluation of the phase-space integral Ix,, which requires
the determination of the semileptonic vector and scalar form factors, f (¢*) and fy(¢?), in the full
kinematical range covered by experiments. Till now the momentum dependence of the K3 form
factors has been determined only by ETMC [8].

The results obtained at the physical pion point in Ref. [8] are shown in Fig. 4 and compared
with the outcome of the analysis of the experimental data [16] based on the dispersive representa-
tion of Ref. [17]. The latter depends on two parameters, A and C, which represent respectively
the slope of the vector form factor f, (¢?) at ¢ = 0 (in units of M2) and the scalar form factor
fo(q?) at the (unphysical) Callan-Treiman point [18] > = q%T =M — M2 divided by £, (0). It can
be seen that the precision of the lattice results is not far from those of each separate experiments.
Thanks to improvements foreseeable in the next future, the perspectives are quite encouraging for
obtaining from lattice QCD a more stringent test of the SM in Ky3 decays.
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Figure 4: Left panel: results for the vector (blue area) and scalar (red area) form factors, obtained in Ref. [8] at the
physical pion point including both statistical and systematic uncertainties, and multiplied by |V,s| = 0.2230, versus 7
in the range between ¢* = 0 and the physical kinematical end-point ¢* = q,z,w ~0.129 GeV2. The black solid lines
represent the results of the dispersive fit of the experimental data performed in Ref. [16]. Right panel: comparison of
the information for the dispersive parameters Ay and 1og(C) obtained in Ref. [8] (solid ellipse) with the corresponding
results of the Ky3 experiments KTeV, KLOE, NA48/2 and ISTRA+ (dashed ellipses), taken from Refs. [15, 16], and with
the updated FlaviaNet average [16] (full ellipse). All the ellipses represent contours corresponding to a 68% likelihood.
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