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Electron g-2

An electron of mass and spins has a magnetic momept

eh
o= gms (1)

whereg is the gyromagnetic ratio. According to the Dirac’s thediythe electron hag = 2. The
interaction with photons shifts slightty; we define the anomalge = (g—2)/2 .
Experimental measurements

The current measurementsafare based on the Penning trap method, developed at the Uni-
versity of Washington. The anomaly is expressed as the oétiwo frequencies which can mea-
sured to a very high precision. For the development of thdkrigue, the Noble prize in Physics
1989 was awarded to H. Dehmelt. Their final results were [2]:

agP=1159 652 1884(4.3) x 10 ** (4.3 ppb) , 2)
aoP=1159 652 18M(4.3) x 10 % (4.3 ppb) . (3)

The most recent value obtained with the same technique hiydheard group is [3, 4]:
agP=1159 652 1803(.28) x 1072 (0.24 pph . (4)

Theoretical expression

In the standard model

agM _ aSED-i— aéveak_i_ aehadr (5)
The QED contribution can be split up in mass-independentnaask-dependent parts:
QED _ Me Me Me Me
ag A1+A2<mu>+A2<mr>+A3<mu,mr : (6)

The functionsA() can be expanded in power series

A () A (B A () A G A (G o

The mass-independent coefficients at 1, 2 and 3 loop are kitoamalytical form [5, 6, 7].

1

A2 _ L. .
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A(l4) A(l 6)

A(l 8) A(l 10)

—2.973... [26] 1.49(20) [27]

—0.328478965579 ... [6] 1.19526) [28]
1.1761142) [29]
1.18125940) [30]

1.181241456587... [7]

—1.434(138) [20] 7.795(336) [25]
—1.5098384) [31] 6.599223) [25]
~1.728335) [21]

~1.914435) [22]

~1.910620) [24]

—1.9129§84) [25]

—1.912245764926. .. [8]

Table 1: Numerical results of various evaluationsAﬁf}), A(f), A(l8> andA(ll()).

contribution

value in units of 102

A (a/n)

(a/n)

1 (a/rr)

A (a/m)*

A (a/m)°
A (me/my ) (a/m)?
AP (me/my)(a /1)
AP (me/my) (a/m)’

1161 409 73%531(720)
— 1772 305065(3)

14804203

— 55667

0.446(15)

2.804

—0.092

0.026
—.0002

0.010

—0.0008
1.866(11)

—0.223(1)
0.028(1)
0.03510)
0.02975)

Table 2: Contributions toae.

whered(n) =524 " an= 302"~
the two, three and four loop coefficients.

ii—N. In table 1 we list some older theoretical evaluations of

| have evaluated the 4-loop contributidx‘ig) up to 1100 digits of precision [8], finalizing
a twenty-year effort [9, 10, 11, 12, 13, 14, 15] begun after tompletion of the calculation of

6 [7]. The first digits of the result are

A;(f) = —1.91224576492644557415264716743983005

(11)

The full-precision result is shown in table 3. The result)(Elin excellent agreement @)

with the numerical value

A® (Ref. [25]) = —1.9129§84)

12)

latest result of a really impressive pluridecennial eff@&, 17, 18, 19, 20, 21, 22, 23, 24, 25], and

with the independent value

A (Ref. [32]) = —1.87(12) .

(13)
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-1.91224576492644557415264716743983005406087339065872534517132984800603844398065170614
27608927000036315837558415331473270056378514912854539190280432705027382230434557895704
55627293099412966997602777822115784720339064151908166527097970867438115012155147972274
32216427343192797595860740500578373849607018743283140248380251922494607422985589304635
06140492252663431094424000235635688128062064549401322497759430042928883676174889923691
51808780869897052635785337537769641170245361960134975744943612684861751626068323871867
47303831505962741878015305514879400536977798369464278684326918431175889581159743566950
43304834907361342658649953116387811743475385423488364085584441882237217456706871041823
30743051744305573945961171550858961148995261266061246994073118403927472340023464969531
73548258481799822409737371077365740464513521123091242528111137215302154453721014811121
15984897088422327987972048420144512282845151658523656178659459260099173303172130286546
72123453405003491047007289244872006160442613254490690004319151982300474881814943110384
953782994062967586787538524978194698979313216219797575067670114290489796208505078. .

Table 3: First 1100 digits oﬁ(ls).

There are 12672 diagrams which contribute at 5-loop levheeyThave been computed through a
gigantic effort [25]; the most recent value is

A" (Ref. [25]) = 6.599(223) . (14)

We also note the MonteCarlo approach of Ref. [36] which migfititure provide an independent
value. Concerning the mass-dependent pg(t), Ag‘)(r) is known in analytical form [37], as well
asA(zs)(r) [38, 39, 40, 41, 42]; the first terms of the expansion for smalfithe 4-loop coefficient
A(ZB)(r) are known analytically [43, 44] A(210>(me/mp) and Aélo)(me/mr) have been calculated
numerically [25]; the first terms of the expansion for smalis® ratios oﬁé@(me/mp,rrb/mr)
andAéB)(me/ m,,me/m;) are known analytically [44]. The values of the hadronic arehkvcon-
tributions [45, 46, 47, 48] are shown in table 2, where thetmoscise determination of the fine
structure constant [49, 50]

a1 =137035998 99685) (0.62 ppb)
is used. Inserting all the contributions (see Eq.s(8-14d)tahle 2) into Eq.s(5-7) one finds
al' = 1 159 652 18D31(15)(15)(720) x 10712 | (15)

where the first error comes froﬁtﬁlo), the second one from the hadronic and electroweak correc-
tions, the last one fromw. Conversely, assuming the validity of the theory and usihegexperi-
mental measurement (4), one finds

a~Y(ae) = 137.035 999 150018)(18)(330) (0.25 ppb),

where the errors come respectively fraﬁ‘ﬁo), hadronic and electroweak corrections, and the ex-
perimental measurement. This determinatiormdé more precise than the experimental one and
is that used in the periodic least-squares adjustmentsndbimental constants[48].

Gauge-invariant sets

The contributions ta@-2 of single Feynman diagrams may be I.R. or U.V. divergend, de-
pends on the gauge chosen. Therefore, it is convenient toueghe diagrams in gauge invariant
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sets, whose contributions are finite. The number of diagi@ris 3 and 4 loops are respectively 7,
72 and 891; they can be arranged in, respectively 3, 9 (sed33¢f and 25 gauge invariant sets.
Typical elements of the sets at four loops are shown in Fthelyalues of the contributions of each
gauge set are shown in Ref. [8] with 40 digits of precision.

1.971? 148 01424? 148 0.621? 40 1.0866i 50 10405? 108 0.5124: 24 06904j 60 005633z 60 0.4092i 12
(1) 2) (3) (4) (5 (6) (7) (8) (9)
0.37432 18 0,09130T 8 00178? 4 0.03417j 4 o.oossoé 2 05724; 24 0.1519; 12 0,000876j 1 OOlSSi 6
(10) (11) (12) (13 (14) (15) (16) (17) (18)
001113% 3 004951? 15 1.1§j8 0.55%@ 0,822&@60 0.872? 12 0.1179? 6
19 (20 (V) (22 (23 (249 (29

21 24

Figure 1: Typical representative diagrams of gauge-invariant $&tseach set only one diagrams is shown.
Top left: contribution of the set tg-2; top right: number of diagrams of the set

The numerical fit

By using the integration-by-parts identities[52, 53, ¢ ttontributions of all 4-loop vertex di-
agrams can be reduced to a linear combination of 334 mastgrais belonging to 220 topologies.
Due to the expected analytical complexity of the result, mgletely analytical calculation of all
the master integrals (for example similar to that at thoege) has seemed out of reach. So | have
used a different approach: compute very high-precisionerigal values of a sufficient number
of terms of the expansions of the master integrals in Lawsenes ofe = (4— D)/2 dimensions;
make the right analytical ansatz on the analytical formh#ttational coefficients of the ansatz by
using the PSLQ algorithm [54, 55].

As aresult, one finds that the analytical expressions ofdkéficients of thee —expansions of
the master integrals contain values of harmonic polylolgars [S7] with argument 1, e, %
andez, a family of one-dimensional integrals of products of ¢itipntegrals, and the finite terms
of the e—expansions of six master integrals. Work is still in prograsfit analytically these six
unknown elliptical constants. The result of the analytfasbr A(lg) can be written as follows:

A® =T 4 V/3Va+Vo+Wo+ V3Ea+Ep+U (16)
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541 629 49 327 49

30082~ o Bt g 16022 35

U=- 3 8" 160

37
Cgap + Ecssc . (22)

Caxy are thee? coefficients of thee—expansion of six master integrals (segf’, f”,9,9',9" of
Fig.2); they appear only in the gauge-invariant sets 24 d&nd I8 the above expressioitg =

Ho00011(3), b7 =Ho000011(3), d7 =Ho001-1-1(1), Cln(8) = ImLin(€°). Hi i, (x) are
the harmonic polylogarithms. The integrdisare defined as follows:

9
(i, j,K) = / ds Dy(s)Re( V3™ 1Dn(s)) <s— g) I (9—s)Ini (s—1)Ink(s),  (23)
1

) 2 i (/-3 (ys+ 1P |
On9 = e (eI ) @

K(x) is the complete elliptic integral of the first kind. The cargsBz andCs, defined in Ref. [14],
admit the hypergeometric representations:

ame [ T2(L)(3) 1111 N P2()r(-1) 1225
B: 6 3 F 6332;1 6 3 2336;1 , 25
3773 <r2(§)r(g)43<%%% ) r2(Hrd) w77 (29)
A86T7 7_112433
C 4 333322;1 , 26
ST UICP L ot (0)

Fig.2 shows the fundamental elliptic master integrals Witontain irreducible combinations of
B3, Cz and fm(i, j,k)

600V P A

Figure 2: Minimal set of master integrals which contain all the elptonstants. The double dot {@')
means that denominator is raised to the power thied.’, f”) and(g,q’,g”) have numerators respectively
equal to(1, p.k, (p.k)?).

g//

More in detail, thee-expansions of the master integrals were first calculatéld avprecision
of 200-300 digits, then recalculated with a precision of@l08 (1233 digits). A first run of PSLQ
on the coefficients with a trial basis identified which coédiits are linearly independent (that is,
which contain new analytical terms). For each of these “omkmconstants”, the simplest master
integral which contains it was identified; these special teramtegral were recalculated with a
precision of 8,16 or 32 kbits (2464, 4932 or 9864 digits). Elrecture the master integrals was
analysed to guess the analytical form of the new elemenisraleruns of PSLQ with basis con-
taining (all or selections of) these new elements were peidd until the PSLQ fit was successful
and the correct basis was found.
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To give an example, the PSLQ basis needed td faf Eq.17 containd=1o— 1 = 54 terms
(F are the Fibonacci numbers; = F, = 1). Due to the presence of harmonic polylogarithms of
complex argument, the general basis needed to perform tfafitandV,, containg=; — 1 = 1596
terms. The practical maximum size of basis usable in PSLQuiiteed out to be- 500, so some
guessing has been necessary to identify which elementgalhg needed in the fits (for example,
only 93 elements fo¥, andV,). The precision of the calculation of elements of the basisp
to 9864 digits. We note that the multi-pair parallel versjbB] of the PSLQ algorithm has been
essential to work out these difficult analytical fits in rezeole times.

Method of calculation

All the 104 4-loop self-mass diagrams are generated wilpeogram; for each self-mass di-
agram, the corresponding vertex diagrams are generatetésting a photon in all possible ways.
For the sake of subsequent checks, one keeps also the deagtdah give no contribution because
of Furry’s theorem. The contribution @2 of the diagram is extracted from the unrenormalized
amplitude of each vertex diagram using suitable projectoitt a FORM[56] program. The results
are expressions which typically contain 100-30000 difiefeeynman integrals. The total number
of topologically distinct master integrals is 334. There 8@ topologies which have more than
one master integral. For these topologies, products oasgabducts are chosen as numerators,
the choice depending on the momentum flow of the diagram. Heosake of subsequent checks,
one processeseparatelythe contributions from each one of the 104 self-mass diagrdiine mas-
ter integrals are calculated separately for each self-rd@ggam; therefore the total number of
the master integrals actually calculated is 4607. Becatddéferences in momentum routing and
therefore in the numerators, topologies with more than oasten integral will have a slightly dif-
ferent set of master integrals in different self-mass @iagg. This provides dot of useful checks.
The reduction is exact iD, and is performed by generating large systems of integrdiyeparts
identities and solving them with the algorithm [9] implenteah in SYS. These large systems con-
tain 4- 10° —50- 1(P identities, with physical disk space ranging from 4GB toG®0 The reduction
to master integrals has been repeated with 32 and 64 bibwersifSYS. In addition, the principal
self-mass diagrams were reprocessed using a different mamedlow, checking that reduction to
master integrals remained the same (after convertingreiffesets of master integrals).

For the numerical calculation of master integrals | havelesenbinations of the the difference
equation method [9, 10] and the differential equation mefs®, 60, 61]. An approach consists in
calculating with difference equations (inserting the exgratn of the first electron propagator) the
integral obtained putting the photon massqual to the electron mass and integrating a differen-
tial equation inA fromA = mto A = 0. A second approach consists in calculating with diffeeenc
equations the diagram obtained by putting the the extermmh@mtump = 0, and integrating a
differential equation irp? from p? = 0 to p> = —?. The systems of difference and differential
equations for master integrals are obtained by buildingesys of integration-by-parts identities
and solving them by using the algorithm [9, 10] using ratlaaréthmetic inD. The sizes of the
systems of difference or differential equations to be nucadly solved are in the range 1MB-3GB.
Difference equations are solved using the Laplace tramsfoon method (integral representation
of solutions and differential equation of the integrandjffddential equations are solved numeri-
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cally, by using series expansion with truncated expansiors= (4— D)/2 as coefficients. The
minimum number of terms of the expansiondris 9 (¢~*... €%). There are cancellations &f
terms in intermediate steps; no care is used to avoid catiogls, as the corresponding numerical
zeroes provide extremely useful checks. In the worst cager8¥% of expansions are needed. The
standard precision of calculations is 4 kbit (1233 digitshout 130 digits are lost due to cancella-
tions, so that the result has 1100 digits exact. Note thaatiadytical fit of some selected master
integrals required a precision much higher, up to 16 kbi6@8igits).

The renormalization counterterms are generated with twogatures written i€ and FORM.
Their expressions are reduced to master integrals alreaalyrkin analytical form. | have chosen
the Feynman gauge. | checked explicitly the (internal) gamgariance of the contributions for

arbitrary gauge of the photon line going into 1- ,2- or 3-la@guum polarization diagrams.

In order to perform this calculation, in 1995 | begun writiingm scratch a comprehensi@
program,SYS [9], now 24000 lines long, containing all the parts necessathe calculations,
like a simplified fast algebraic symbolic manipulator, a muiwal solver of systems of difference
and differential equations, and a library of arbitrary g mathematical routines, for integer
and floating point numbers, independent of any other exjstirihe literature.. Another important
feature is the thorough protection of large buffers and i@ whecksums. Throughout the
calculation, | have discovered several subtle corruptidaos to different causes, like marginal
coupling of non-ECC RAM modules (error-rate: 1 bit per wed&jling RAID systems
(error-rate: one corrupted 64KB block every 100GB of dattq, . .. The prompt identification
and elimination of the source of errors has resulted in ahlyigeliable result.

References

[1] P. A. M. Dirac, Proc. Roy. Soc. Lond. A17(1928) 610.
[2] R. S. Van Dyck, P. B. Schwinberg and H. G. Dehmelt, Phys. Rett. 59 (1987) 26.
[3] D. Hanneke, S. Fogwell and G. Gabrielse, Phys. Rev. 160.(2008) 120801.
[4] D. Hanneke, S. F. Hoogerheide and G. Gabrielse, Phys.AR88 (2011) 052122.
[5] J. Schwinger, Phys. Rev3(1948) 416.
[6] A. PetermannfHelv. Phys. Act80(1957) 407; C.M. Sommerfielt’hys. Rev107(1957) 328.
[7] S. Laporta and E. Remiddi, Phys. Lett389(1996) 283.
[8] S. Laporta, Phys. Lett. B72(2017) 232.
[9] S. Laporta, Int. J. Mod. Phys. A5(2000) 5087.

[10] S. Laporta, Phys. Lett. BO4(2001) 188.

[11] S. Laporta, Phys. Lett. B23(2001) 95.

[12] S. Laporta, Acta Phys. Polon.381(2003) 5323.

[13] S. Laporta, P. Mastrolia and E. Remiddi, Nucl. Phy&88(2004) 165.

[14] S. Laporta, Int. J. Mod. Phys. 23 (2008) 5007.

[15] S. Laporta, Subnucl. Set5(2009) 409.

[16] T. Kinoshita and W. B. Lindquist, Phys. Rev.27 (1983) 867.



High-precision calculation of the 4-loop contribution toet electron 2 in QED Stefano Laporta

[17] T. Kinoshita and W. B. Lindquist, Phys. Rev.27 (1983) 877.

[18] T. Kinoshita and W. B. Lindquist, Phys. Rev.27 (1983) 886.

[19] T. Kinoshita and W. B. Lindquist, Phys. Rev.39(1989) 2407.

[20] T. Kinoshita and W. B. Lindquist, Phys. Rev.42 (1990) 636.

[21] T. Kinoshita and M. Nio, Phys. Rev. 23 (2006) 013003.

[22] T. Aoyama, M. Hayakawa, T. Kinoshita and M. Nio, PhysvReett. 99 (2007) 110406.
[23] T. Aoyama, M. Hayakawa, T. Kinoshita and M. Nio, PhysvRe 77, (2008) 053012.
[24] T. Aoyama, M. Hayakawa, T. Kinoshita and M. Nio, PhysvReett. 109(2012) 111807.

[25] T. Aoyama, M. Hayakawa, T. Kinoshita and M. Nio, PhysvRe 91 033006 (2015) ; Erratum: Phys.
Rev. D96(2017) 019901.

[26] R. Karplus and N. M. Kroll, Phys. ReV.7 (1950) 536.
[27] M. J. Levine and J. Wright, Phys. Rev. Le26 (1971) 1351.
[28] P. Cvitanovic and T. Kinoshita, Phys. Rev1D (1974) 4007.

[29] T. Kinoshita, inQuantum Electrodynamicedited by T. Kinoshita (World Scientific,
Singapore,1990), pp. 218-321.

[30] T. Kinoshita, Phys. Rev. Let?5(1995) 4728.

[31] V. W. Hughes and T. Kinoshita, Rev. Mod. Phy4.(1999) S133.

[32] P. Marquard, A. V. Smirnov, V. A. Smirnov, M. Steinhaused D. Wellmann, arXiv:1708.07138
[hep-ph]

[33] T. Kinoshita and M. Nio, Phys. Rev. 3 (2006) 053007

[34] T.Kinoshita, T. Aoyama, M. Hayakawa and M. Nio, Nucl.yBhProc. Suppll60(2006) 235.

[35] M. Nio, T. Aoyama, M. Hayakawa and T. Kinoshita, Nucl.yBhProc. Suppll69(2007) 238.

[36] S. A.\Volkov, J. Exp. Theor. Phys. 122 (2016) 1008; ZhsgKTeor. Fiz. 149 (2016) 1164.

[37] H. H. Elend, Phys. LetR0(1966) 682.

[38] M. A. Samuel and G. w. Li, Phys. Rev.814(1991) 3935 ; Erratum: Phys. Rev.48 (1993) 1879.

[39] G. Li, R. Mendel and M. A. Samuel, Phys. Rev43(1993) 1723.

[40] S. Laporta and E. Remiddi, Phys. Lett3B1(1993) 440.

[41] S. Laporta, Nuovo Cim. A06(1993) 675.

[42] M. Passera, Phys. Rev.T5(2007) 013002.

[43] A. L. Kataev, Phys. Rev. B6(2012) 013010.

[44] A.Kurz, T. Liu, P. Marquard and M. Steinhauser, NuclyRhB879(2014) 1.

[45] D. Nomura and T. Teubner, Nucl. Phys887(2013) 236.

[46] A.Kurz, T. Liu, P. Marquard and M. Steinhauser, Phydtl® 734(2014) 144.

[47] J. Prades, E. de Rafael, and A Vainshtein, @pton Dipole Momentsdited by B. L. Roberts and
W. J. Marciano (World Scientific, Singapore, 2009), 303.



High-precision calculation of the 4-loop contribution toet electron 2 in QED Stefano Laporta

[48] P. J. Mohr, B. N. Taylor and D. B. Newell, Rev. Mod. Phg4.(2012) 1527.

[49] R. Bouchendira, P. Clade, S. Guellati-Khelifa, F. Ned &. Biraben, Phys. Rev. Left06(2011)
080801.

[50] P. J. Mohr, D. B. Newell and B. N. Taylor, Rev. Mod. Phg8.(2016) 035009.
[51] P. Cvitanovic, Nucl. Phys. B27(1977) 176.

[52] K. G. Chetyrkin and F. V. Tkachov, Nucl. Phys.1®2(1981) 159.

[53] F. V. Tkachov, Phys. Letl00B(1981) 65.

[54] H. R. P. Ferguson and D. H. Bailey, RNR Technical RepdR=01-032.
[55] D. H. Bailey and D. J. Broadhurst, Math. Compt®.(2001) 1719.

[56] J. A. M. Vermaseren, math-ph/0010025

[57] E. Remiddi and J. A. M. Vermaserenj}. J. Mod. PhysA15 (2000) 725.
[58] S. Laporta and E. Remiddi, Nucl. Phys7B4(2005) 349.

[59] A. V. Kotikov, Phys. Lett. B254(1991) 158.

[60] E. Remiddi, Nuovo Cim. AL10(1997) 1435.

[61] T. Gehrmann and E. Remiddi, Nucl. Phys580(2000) 485.

10



