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1. Introduction

In recent year, one of interests for physics governed by the quantum chromodynamics (QCD)
may be to clarify the phase structure with respect to temperature, quark and/or isospin chemical
potential, external magnetic field and so @h [n the region with low temperature and high baryon
density, various phases are expected in quark matter, such as inhomogeneous chiral condensed
phasell], quarkyonic phasd€], color superconducting pha$#l fnd so forth. Recently, it has been
shown that there is a possibility of the existence of spin polarized phase by using the Nambu-Jona-
Lasinio (NJL) model[], which is regarded as an effective model of Q@] [§], with a tensor-
type four-point interaction between quarks at zero temperature and finite baryon daE{ifl].

Also, under the external magnetic field, a possible QCD ground state has been investigated at zero
and finite temperature in the case of one flalid.[

The investigation of a possible phase structure under the magnetic field is one of interesting
subjects about QCD phase structi@[ The existence of a strong magnetic field is found in cer-
tain kinds of compact stars such as neutron star and magfdfaFurther, in the ultrarelativistic
heavy-ion collision experiments, it is indicated that a strong magnetic field may be created in the
early stage of nucleus-nucleus collisiofig][

In this paper, we show that the spin polarized phase may be exist even at finite temperature
in the region of high baryon density in quark matter due to the tensor-type four-point interaction
between quark§Ilg]. Further, it is shown that a spontaneous magnetization appears by introducing
an external magnetic field, only if spin polarization occurs and the effect of an anomalous magnetic
moment of quark is taken into accouli].

2. Spin polarized phase originated from the tensor-type four-point interaction

Let us start from the following two-flavor NJL model Lagrangian density with a tensor-type
four-point interaction between quarks:

L = GiyP oo+ Gs{ (Py)* + (GiyTY)?}
_%{(@WVGW’) (@pYeTW) + (TP ) BV ypyew) | 2.1)

where represents the quark field with the two-flavor. Here, the first line represents the original
NJL model Lagrangian density and the second line represents the tensor-type interaction introduced
in this model. Under a mean field approximation, the above Lagrangian density is recast into

M2 FZ

Here, we define the dynamical quark massvith the chiral condensatepy) and the spin polar-
ized condensatE, respectively, as

M=-2Gs(), F=-Gr(diZsy), Iz=-iy'y’= (%3 23) ,(23)
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whereags is the third component of the Pauli spin matrix. We can easily derive the Hamiltonian
density under the mean field approximation and by diagonalizing the Hamiltonian density, we can
also derive the energy eigenvalues or single-particle energies of quark easily as

2
Eé’”:\/p§+<\/m+m:> . ==y 2.4

wherep = (p1, P2, P3) is momentum.
The thermodynamic potenti&l at finite temperatur& and quark chemical potentiglcan be
expressed as

Q = Jura — U(Ap — NaP) + Hacuum— TS, (2.5)
where
R E(n)< (n) %n)) M? F?
MFA = Np" +Np" | + -+ 5=,
p,,zw L 4Gs ' 2Gy
Hyacuum= — Eé”) 5 N)p= z n<pn) R Nap = Z I’_lépn) ,
pAT.a p.AT.a pAT.a
g = ! A — 1
1+exp<(E£,’7) — u) /T) 1+ exp((Eé”) + u) /T)
S=- Y [ng,m InnGY 4+ (1—ng)In(1—ng”) + Ay InAgY + (1—Ay)In(1—Ay) | . (2.6)
PN, T,

Here, 7 anda are indices for isospin and color of quark, respectively. Then, the thermodynamic
potential can be reexpressed as

n _ (n)
ESV+TIn <1+exp<—EpTu)) +Tln (l+exp<—EpT+u>)]

. 2.7)

Q=-
p.n,t,a

When the sum with respect to three-momentpiis replaced to the integration, we have to intro-
duce the three-momentum cutdff Also, the isospin and color degrees of freedom give factor 2
and 3, respectively. As a result, the sum is replaced as following way:

3 (A VNP7
> — dpr/ dps pr,
= Jo 0

p,T,a

wherepr = |/ p? + p3.

NGeV GgGeV?2 Gr/GeV?
0.631 5.5 11.0

Table 1: Parameters used here.
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Figure 1: The contour map of the thermodynamic potential is depicted. The horizontal and vertical axes
represent the dynamical quark m&ésnd the spin polarizatioR, respectively, with various quark chemical
potentialy and temperatur@. The darker color represents the lower value of the thermodynamic potential.

We use the parameters in Table 1. The coupling con§&amind the three-momentum cutoff
N are determined by the quark condensate and the pion decay constant in vacuum. However, the
coupling strength of the tensor-type interaction cannot be determined by the physical quantity in
vacuum. In this paper, we rega@ as a free parametet It is shown in Figure 1 that chiral
symmetry is broken for small chemical potential and low temperature, namely the minimum point
of the thermodynamic potential h&$ = 0 andF = 0. However, if the chemical potential or
temperature becomes high, chiral symmetry is restored, naMely,0 andF = 0. In the large
chemical potential and low temperature region, the spin polarized condénsgigears without
M. However, for higher temperature, it disappears. In Figure 2, the phase diagram in this model
is presented on thE-u plane, where the horizontal and vertical axes represent the quark chemical
potential u and temperaturd@, respectively. It is indicated that, for the boundary of the chiral

Lif the termG(()? is Fierz-transformed alone, we obtdiG/4) (@)% — (G/8)(PyPy°TYw)2 +--- [@. Thus, if
we rewrite the above expression ir@g((W)2 — (Gt /4)(PyPy° )2 + -- -, thenGt = 2Gg is derived.
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Figure 2: The phase diagram is shown. The horizontal and vertical axes represent quark chemical potential
and temperature, respectively.

condensed and the normal phases, there is a critical endpoint for the phase transitjoa-1ieat
GeV andT = 0.046 GeV. On the other hand, the phase transition from the normal quark phase to
the spin polarized phase is always of second order.

3. Spontaneous magnetization

In this section, a possibility of spontaneous magnetization of quark matter is investigated by
using the NJL model with the tensor-type four-point interaction between quarks. For this purpose,
from beginning, the effect of the anomalous magnetic moment of quarkis introduced at the
level of the mean field approximation. Here, we use a fact that the anomalous magnetic moment is
expresses af§

Hu O Hu=1.85un, e —17
1= , =—=315x10""GeV/T. (3.1
Ha ( 0 g ) g = —0.97 iy . Hn 2mp /T. (3.1)

We introduce the effects of the anomalous magnetic moment in the Lagrangian density within the
mean field approximation. As a result, we obtain the following Lagrangian density :

fAZXMFA—IE(l_JHAVpVGFpo(I’, (3.2)

whereF,s = 0pAq — 05Ap andFi2 = —B, = —B. Here,.Zyea is nothing but EqZ.2) with M =0
because we consider the large chemical potential region. We onlyptakelo asp =1, 0 =2
andp = 2, o0 = 1 because the magnetic field has omlgomponent. Then, in the mean field
approximation, Eq3.2) is recast into

2 2

e — F e —~ F
Zn=1Py’Dpy — Y(FaTa+ UaBL) T3y — ZH.UVprl.U—l.UFZsl.U—ﬁ : (3.3)

2Gt
Here, sincd—313 = F1 wherel is the 2x 2 identity matrix for the isospin space, which are denoted
in Eq.Z3), then we introduced the flavor-dependent variableas

Fi=F+uB, namely RR=F+uB, Fy=F+pugB. (3.4)
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Thus, we can derive the thermodynamic potential in the same way developed in the section 2,
except for the existence of the external magnetic fieldhe energy eigenvalues are obtained as

2
f _ w2 = v=0,12- ..-forn=1,
Epz,v,n—\/pg+(Ff+l‘l 2|Qf!Bv> ; {v:lz-.- for n— -1, (3.5)

) Y

with Q, = 2e/3 andQy = —e/3. Further, because the Landau quantization is carried out with
respect topr, the integration with respect tor is replaced to the sum with respect to integers
As a result, the thermodynamic potentiaht zero temperature witkl = 0 can be expressed as

fn
Qf|B & 1 F2
°=3 Ep.vn —H|+ 55" t 3.6
/pp 21 ¢, n . 2 Z [ Pz,Vi1 IJ}—FZGTJr(vacuum erm, (3.6)

_yfn
~ Ymin

wherepg, v rfq?n andv are determined by the cond|t|¢‘tb v.n < M. Keeping in mind that we
take B — 0 finally in order to derive the spontaneous magnetization through the thermodynamic
relation, the sum with respect to the Landau levehn be replaced into the integration with respect

to the continuum variablav with a small quantitya. A detailed derivation is found in R€LY].

After the calculation, the results are summarized as follows:

1 < Fu®  F? 2
P=p.=—> Y = 4 __+0O(B for F
> 2 4 27_[ + ZG + ( ) ) or > IJ )
ls 3 = (13 FR) Rl Fi

FA e+ /u2—Ff7 po2
f Nf} PP LoB), for 0<F<u, (@37

Thus, the spontaneous magnetization per unit volumecan be derived thorough the thermody-
namic relation, namelyZ = — 0®/0B|g_g = — Y t—ud 0CD/de’ - 0F¢ /dB. From B, we
can derive the spontaneous magnetization originated form the anomalous magnetic pnpment
and the spin polarizatioR:

3

B 00, e
dD_ oFf F
M= — = : = ~=(Mu+ M) , (3.9)
144 OFr |5, B 26

where the gap equatia?®/oF =5 ;_ 4 d®/0F; +3(F2/(2G))/dF = 0is used when ER is
derived. It should be noted thatkf = 0, the spontaneous magnetization disappears be€aude

in Eq.3.9. In Figurdd the spin polarizatio and the spontaneous magnetizatighare depicted
as a function of the quark chemical potengial For u < e ~ 0.407 GeV, the magnetization does
not occur because the spin polarization does not appear(Q. It is shown that, at1 = L, the
spontaneous magnetization appears connected with the spin polarization
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Figure 3: (a) The spin polarizatioR and (b) the spontaneous magnetization per unit voluthare depicted
as functions with respect to the quark chemical potemptial

Finally, let us roughly estimate the strength of the magnetic field due to the spontaneous mag-
netization. If the spontaneous magnetization per unit volumean be regarded as the magnetic
dipole moment, we can simply calculate the strength of the magnetic filed yielded by the sponta-
neous magnetization. As is well known in the classical electromagnetism, the magnetic flux density
B(r) created by the magnetic dipole momemtan be expressed as

_ Mo [ m  3r(m:-r)
B_4n[ r3+7r5 ] , (3.10)

whereL represents the vacuum permeability. In our case; (0,0,.# x V), whereV represents

a volume. Here, let us consider the hybrid star with quark matter in the core of neutron star. Let
us assume that the hybrid (neutron) star has radigs10 km. If there exists quark matter in the
inner core of star from the centertgkm, the strength of the magnetic flux density on the surface

at the north or south pole of hybrid star is roughly estimated. Fid(a¢ and (b) shows the surface
magnetic flux density as a function of the quark chemical poteptialthe case (a)q = 1 km and

(b) rq = 2.15 km where quark matter occupies (a) 0.1 % and (b) 1 % of the total volume of star.
It is known that the strength of the magnetic field at the surface of magnetar is €& .10hus,

in our calculation, if quark matter exists and the spin polarization occurs, a strong magnetic field
about 162 or 10 Gauss may be created.
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5.0X10" 5.0x10M
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Figure 4: Thez-component of the magnetic flux density is shown in a logarithmic scale as a function with
respect to the quark chemical potential (a) The case that the quark matter occupies 0.1 % in the hybrid
compact star and (b) the case that the quark matter occupies 1%. .
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4. Summary

In this paper, it has been shown that a possibility of the spin polarized phase in quark matter at
finite temperature and density is indicated by using the NJL model with the tensor-type four-point
interaction between quarks as an effective model of QCD. When there exists the spin polarization,
the spontaneous magnetization may appear if the effect of the anomalous magnetic moment of
quark is taken into account. It is interesting to investigate what phase is realized under the external
strong magnetic field created by the ultrarelativistic heavy-ion collision experiments and expected
in the inner core of the compact stars such as neutron star and magnetar. The results of this subject
will be reported elsewherf§.
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