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Electron-capture rates in nuclei at stellar environments are evaluated by using new shell-model Hamil-

tonians. A new Hamiltonian for pf-shell, GXPF1J, can describe Gamow-Teller (GT) strengths in Ni 

isotopes very accurately. In particular, large spreading in the GT strength in 
56

Ni and 
55

Co obtained for 

GXPF1J has been confirmed by a recent experiment .The updated e-capture rates as well as beta-decay 

rates obtained in a large region of pf-shell nuclei are applied to study nucleosynthesis in Type-Ia superno-

va explosions and core-collapse supernova explosions. The e-capture rates with GXPF1J, which are gen-

erally smaller than those with conventional shell-model Hamiltonians such as KB3G and lead to less pro-

duction of neutron-rich nuclei such as 
58

Ni and 
54

Cr, can thus solve the problem of over-production of 

neutron-rich isotopes in the Fe region compared to the solar abundance. For more neutron-rich isotopes 

such as 
78

Ni, extension of the configuration space outside the pf-shell is essential. Here, GT strength and 

spin-dipole strengths in 
78

Ni are evaluated within  pf+g9/2+d5/2 shells. Core-collapse supernova explosions 

are sensitive to the e-capture rates for nuclei around this region . Electron-capture rates in 
78

Ni are dis-

cussed with shell-model as well as with RPA calculations.   
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1.      Introduction 

Electron-capture rates in pf-shell nuclei at stellar environments are evaluated with new 

shell-model Hamiltonians, and applied to study nucleosynthesis of iron-group nuclei in Type Ia 

supernova explosions (SNe). Over-production of neutron-rich iron-group nuclei compared to the 

solar abundances obtained for the Fuller-Fowler-Newman (FFN) e-capture rates [1] is found to 

be reduced to within a factor of around 2 by using the new Hamiltonian, GXPF1J [2], which 

gives Gamow-Teller (GT) strengths consistent with experimental data in Ni and Fe isotopes 

[3,4]. Electron-capture rates in a pfg-shell nucleus, 
78

Ni, are also investigated by shell-model 

and RPA calculations as the capture rates for isotones with N=50 are expected to affect 

nucleosynthesis in core-collapse SNe considerably [5].  

In sect. 2, GT strengths in Ni isotopes obtained with GXPF1J are shown to explain the 

experimental data very well, and electron-capture rates at stellar environments are obtained and 

compared with other calculations. In sect. 3, nucleosynthesis of iron-group elements in Type Ia 

SNe is discussed comparing the results of the present rates and other shell-model rates. In sect. 3, 

electron-capture rates in 
78

Ni are evaluated by shell-model calculations within pf-g9/2d5/2 

configurations and compared with RPA calculations as well as an approximate capture formula 

in Ref. [5]. A summary is given in sect. 4.     

 

2.    GT strengths in Ni isotopes and e-capture rates at stellar environments 

GT strengths in pf-shell nuclei are evaluated by GXPF1J and KB3G [6] Hamiltonians with 

the universal quenching factor of gA
eff

/gA =0.74 [7]. GXPF1J is modified from GXPF1A [8] to 

reproduce the peak energy of the main M1 strength in 
48

Ca.   These shell-model Hamiltonians 

can describe spin degree’s freedom of pf-shell nuclei quite well, and considerable improvements 

over FFN [1] have been achieved for the GT transition strengths. While the sum of B(GT-) 

values for Fe amd Ni isotopes are similar for GXPF1J and KB3G, there is a clear difference in 

the distribution of the GT strength between the two Hamiltonians. Here, B(GT±) is defined to 

be |< f||σ
→

t±||i >|
2
/(2Ji+1), where Ji is the spin of the initial state, t- |n>=|p> and t+ |p>=|n>. The 

GXPF1J generally gives the strengths more spread compared to KB3G. For examle, GXPF1J 

explains the experimental distribution of the B(GT-) in 
58

Ni  better than KB3G [2,9]. It is also 

true for B(GT+) in 
58

Ni and 
60

Ni [3]. Electron-capture rates obtained with GXPF1A and KB3G 

as well as RPA calculations are compared with experimental values for 13 pf-shell nuclei, and 

GXPF1A proves to be the best one among them [10]. 

We discuss especially the GT strength in 
56

Ni. Two-peak structure with large fragmentation 

of the strength is obtained with GXPF1J while it is not the case for other Hamiltonians such as 

KB3G and KBF [11] as shown in Fig. 1. The two-peak structure has been confirmed by recent 

(p, n) reaction experiment [12]. This leads to smaller e-capture rates for GXPF1J compared to 

KB3G as shown in Fig. 2 due to less strength at low excitation energy (Ex) region. In case of 

KBF, as the strength is smaller for GXPF1J at Ex = 3-4.5 MeV but larger at Ex = 2-3 MeV  and 

Ex >4.5 MeV (see Fig. 1), order of the magnitude of calculated e-capture rates depends on the 

density and temperature. Note that electron chemical potential is 5.1 (2.4 ) MeV atρYe.= 10
9
 

(10
8
) g cm

-3
.  The capture rates of GXPF1J are smaller (larger) than those of KBF at ρYe.= 10

7
 

and 10
9
 g cm

-3 
(10

8
 g cm

-3
) at T9 <3, where Ye is the lepton to baryon ratio or proton fraction and 
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T9 =T/10
9 
(see Fig. 2). Similar larger spreading for GXPF1J is also found in the GT- strength in 

55
Co (GT+ strength in 

55
Ni) [12]. 

 

Fig. 1   (a) B(GT-) and (b) cumulative sum of B(GT-) for 
56

Ni obtained with GXPF1J, KB3G 

and KBF Hamiltonians as well as the experimental data 

 

Fig. 2   (a) Electron-capture rates for 56Ni obtained with GXPF1J, KB3G and KBF 

Hamiltonians. (b) Ratios of the-capture rates of GXPF1J and KB3G over the KBF rates.  

 

3.         Nucleosynthesis of iron-group elements in type Ia supernova explosions 

 Accretion of matter to white-dwarfs from their binary stars ignites Type-Ia SNe when 

the white-dwarf mass approaches the Chandrasekhar limit. A plenty amount of 
56

Ni is produced 

in Type-Ia supernova explosions. As e-capture process on 
56

Ni proceeds, neutron-rich nuclei are 

produced and Ye gets smaller. If e-capture rates on
 56

Ni are smaller, production yields of neu-

tron-rich isotopes such as 
58

Ni decreases and Ye remains to be a higher value in statistical equi-

librium calculations. The ratio of the production yields of 
58

Ni over 
56

Ni can be reduced nearly 

by half for GXPF1J compared to KB3G.   

 The problem of over-production of 
58

Ni, 
54

Cr and 
54

Fe compared to the solar abundance 
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was discussed [13] with the use of the capture rates of FFN [1]. A possible solution of the prob-

lem with slower e-capture rates was discussed in Ref. [14,15]. The problem could be solved by 

using further slower e-capture rates of GXPF1J. Here, we use the W7 model [13] as an explo-

sion model of Type-Ia SNe starting from C-O white dwarf with the mass of 1.38 solar mass. 

This model proceeds by a fast deflagration. Electron-capture rates of GXPF1J are used for pf-

shell nuclei with 21≦Z≦32 and those of KBF otherwise. The results of final element abun-

dances are shown in Fig. 3. We find that over-production of neutron-rich Cr, Fe and Ni isotopes 

is suppressed within a factor of 2-3 compared with the solar abundances. This is much smaller 

than the case of FFN weak rates, where the over-production factor becomes as large as up to 4-5.  

 The over-production of 
54

Fe which remained in the W7 model can be improved when 

we use an explosion model such as WDD2 [13] with slow deflagration and delayed detonation 

(see right panel of Fig. 3). In this case, the over-production factor is suppressed within twice for 

all neutron-excess Cr, Fe and Ni isotopes [16]. Under-production of 
28

Si, 
32

S, 
36

Ar and 
40

Ca is 

also improved. Thus, the over-production problem of neutron-excess iron-group elements com-

pared with the solar abundances is almost solved though there remains some dependence on the 

explosion model. The proton-fraction Ye is found to be slightly larger for the present rates than 

the KBF case, but the difference of the element abundances between the present rates and KBF 

rates is not large; as small as up to 4%.  This is due to a cancellation of the difference of the con-

tributions at different densities.  

  

 
 

Fig. 3   Ratio of the element abundances compared to the solar abundances obtained with 

GXPF1J for the W7 explosion model with fast deflagration (left panel) and WDD2 explosion 

model with slow deflagration and delayed detonation (right panel).  (Figures taken from Ref. 

[16].) 

 

4.      Electron-capture rates in 
78

Ni  

We discuss e-capture rates of 
78

Ni as one of pf-g shell nuclei which are important for 

core-collapse SNe. Which nuclei affect the change of Ye most in the core-collapse process?  

Nuclei with A = 65-105, especially those along or near the N=50 line, are found to have the 

steepest change of Ye [5]. Evaluation of weak rates in these neutron-rich nuclei is very important, 

but many of them have not been studied well thus far as extended configurations beyond pf-

shell are need to be included. For such nuclei, an approximate formula for e-capture rates has 

been proposed [5].    
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where K = 6146 s、χ=(Q-ΔE)/T、and η=χ+μ/T with μthe electron chemical potential 

and T the temperature.  Here, Q is the Q-value for the reaction. Two parameters, effective 

transition strength B and shift energy ΔE is chosen to be B = 4.6 and ΔE = 2.5 MeV by fitting 

to calculated rates obtained by shell-model and RPA [17].   

          Now, we evaluate electron-capture rates for 
78

Ni by shell-model and RPA calculations as 

well as with the approximate formula of Eq. (1), and compare them. Shell-model calculations 

are performed with the modified A3DA interaction within pf-g9/2d5/2 configurations including up 

to 5p-5h excitations outside the filling configuration of 
78

Ni [18]. This shell-model calculation 

gives EX = 2.8 MeV for the first 2
+ 

state. The GT, electric-dipole (E1) and spin-dipole (SD) 

transitions with multipolarities λP
= 0

-
, 1

-
 and 2

-
 are included in the shell-model calculations. 

RPA calculations are done with SGII interaction [19] including all the multipoles up to λ = 4. 

Dominant contributions come from SD transitions with λP
 = 1

- 
and 2

-
 in both cases.     

First, GT strength of the inverse transition (
78

Ni → 
78

Cu) is studied to compare the various 

approaches. Cumulative sums of the B(GT) are shown for shell-model (SM) and RPA 

calculations in Fig. 4 (left panel). The case of RPA with a truncated configuration including 

excitations up to pf-g9/2d5/2 orbits is also shown. The quenching factor of fq=gA
eff/

gA =0.74 is 

adopted. The SM exhausts about 54% of the GT sum-rule value in the present configuration 

while the RPA exhausts about 80% of the sum-rule value up to Ex = 40 MeV. Though the 

truncated case of RPA exhausts similar amount of GT sum-rule value as the SM, the distribution 

of the strength is different. The GT strength distribution for the SM calculation is shown in Fig. 

4 (right panel), which is spread over several MeV in contrast to the RPA calculations.  

 
Fig. 4  (Left panel) Cumulative sums of B(GT) obtained for shell-model (SM), RPA and 

truncated-RPA calculations. The quenching factor fq =0.74.  (Right panel) The GT strength 

distribution for the SM calculation with fq = 1.0.  Blue curve is obtained by folding over the 

Lorenzian with the width of Γ = 1 MeV. Red curve shows the cumulative sum of B(GT).  

   

          Electron-capture rates obtained by RPA, SM and the approximate formula are compared 

in Fig. 5. Here, Q-value is taken to be a common value of Q = -18.88 MeV [20]. The quenching 

factor is adopted to be fq = 0.74 for the GT transition and fq = 1 for other multipole transitions.  

The RPA result is found to be rather close to that of the formula Eq. (1). This suggests that Eq. 

(1) can be considered as a good approximation as long as we use an appropriate Q-value. 

However, if we use fq = 0.74 also for other multipoles such as spin-dipole transitions, the 

difference between RPA and the approximate formula becomes notable. The SM result is found 

to be much smaller than that of the approximate one, but close to the RPA result with the same 

truncation (see right panel of Fig. 5). We also find that an RPA result with configurations 
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including excitations up to full gds-shell is a very good approximation to the RPA with the full-

space. This suggests that we need to extend the configuration space of SM up to full gds-shell, 

and also that this extension is good enough.  

 

 
Fig. 5   (Left panel) Electron-capture rates in 

78
Ni obtained for RPA and the approximate 

Sullivan’s formula Eq. (1).  (Right panel)  Comparison of calculated electron-capture rates in 
78

Ni between SM, RPA with the truncated space and Sullivan’s formula.  

 

          Although SM wave functions are obtained within pf-g9/2d5/2 shell, sum of the strengths of 

transitions to states with full pf-gds configurations can be obtained.  Sum of the strengths of GT, 

E1 and spin-dipole (SD) transitions, 

              .s.g|O|nn|O|.s.gS
n

                                                                      (2) 

for  t)GT(O

、  trY)1E(O )1(

m 、 
 t]rY[)SD(O )(

m
)1(

m


 with t+|p>=|n> are 

given in Table I.  For the SM case denoted by SM (pf-gds), the ground state (g.s.) in 
78

Ni is 

obtained within the pf-g9/2d5/2 shell but the intermediate states |n> in Eq. (2) are made by 

operating the operator O to the g.s. without any restriction to the pf-g9/2d5/2 shell.  In this way, 

the final states |n> of the transitions can have extended pf-gds configurations. We see from Table 

I that the sums of the strengths of SM (pf-gds) are close to the RPA values except for the GT 

transitions. The inclusion of full gds-shell is necessary for the SM calculation. SM studies with 

pf-gds shells are now in progress.  

 

  O  SM (pf-g9/2d5/2) SM (pf-gds) RPA (full) 

GT  0.0078  0.0804  0.3711 

E1  3.202  4.368  4.231 

  SD0  0.046 12.083 12.378 

  SD1  1.603 20.241 20.683 

  SD2  2.616 14.098 15.995 

 

Table I    Sums of the strengths of the GT, E1 and SDλ transitions (in units of fm
2
 for E1 and 

SD transitions) for SM (pf-g9/2d5/2) and RPA calculations as well as for SM (pf-gds)  case.  
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          We finally comment on the choice of Q-value and the quenching factor fq for spin-dipole 

transitions.  Calculated Q-values in 
78

Ni are rather scattered, that is, Q = -18.1 MeV with a 

Coulomb correction for the SM [18], Q = -16.29 MeV and -18.88 MeV for RPA with SGII [19] 

and HFB21 [20], respectively, and Q = -21.19 MeV for FRDM [21].  As the capture rates 

depend sensitively on the Q-value, it is important to choose a reliable one. The shell-model 

calculations are promising to obtain reliable Q-values. We have not enough information on the 

quenching factor in spin-dipole transitions. This problem is left to future investigations.  

 

5.       Summary 

GT strengths in Ni and Fe isotopes have been studied with a new shell-model 

Hamiltonian in pf-shell, GXPF1J. They are found to be more spread compared to those of 

KB3G and KBF, and consistent with recent experimental data, especially in 
56

Ni. Electron-

capture rates in Ni isotopes, iron-group nuclei and pf-shell nuclei are evaluated with GXPF1J at 

stellar environments, and applied to nucleosynthesis in Type Ia SNe. GXPF1J gives smaller e-

capture rates compared with KB3G, FFN and KBF (in case of KBF it depends on the density if 

the rates are smaller or larger), and leads to larger Ye with less production of neutron-rich 

isotopes. The over-production problem of neutron-excess iron-group elements with the FFN 

rates can thus be solved by using the present accurate capture rates.  

Electron-capture rates for 
78

Ni are evaluated by shell-model and RPA calculations, and 

compared with the approximate Sullivan’s formula. The capture rates obtained by RPA are 

found to be close to those of Sullivan’s if the quenching factor fq = gA
eff

/gA is taken to be 1.0 for 

the spin-dipole transitions. The shell-model calculations with the present pf-g9/2d5/2 shell is not 

good enough for the spin-dipole transitions, and the extension of the space to fp-gds 

configurations is necessary.  Studies with extension of the shell-model space are now under way. 

Precise Q-value in the transition is important for reliable evaluations of the capture rates, and 

shell-model would be promising to obtain more accurate energies of low-lying states.     

 

This work has been supported in part by Grants-in-Aid for Scientific Research (C) 15K05090 

and JSPS (26105517 and 24340060) of the MEXT of Japan, as well as by NSF grant PHY-

1430152 and PHY-1204486, and by an NAOJ Visiting Research Professorship. It was supported 

also in part by Priority Isuue on post-K computer (hp160211) and CNS-RIKEN joint project for 
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