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Currents in supersymmetric field theories Jean-Pierre Derendinger

1. Introduction: relativistic field theories

Currents are in direct relation with the algebras of transformations acting on fields and on
the action. For on-shell fields, currents verify a conservation equation giving their divergence in
terms of the variation of the Lagrangian . under the associated field and coordinate variations.
For exact symmetries, currents are then conserved, but significant information also arises from
variations which are not symmetries, if the lagrangian variation is understood. Familiar examples
are chiral and scale transformations which could be classical symmetries of massless field theories

but are violated by calculable quantum anomalies.

Relativistic field theories have Poincaré symmetry. Fields transform linearly in a representa-

tion characterized by generators
P* = —id"* (translations), M"Y =3HY 1ix"9Y —ix"o* (Lorentz), (1.1)

verifying the Poincaré algebra

[MMY MPO] = —i(N*PMY® + VO MHP — nHOMVP — VP MHO)
(1.2)
[MEY PP] = —i(nHPPY —nVPPL), [P*,PY] = 0.
Hence, the Poincaré properties of fields are encoded in the choice of Lorentz generators X;,. There
are ten conserved currents: four translation currents assembled in the in general non-symmetric
energy-momentum tensor #y, d*y, = 0 and six Lorentz currents ju vp = —jupv. 0" juvp = 0.
But Lorentz symmetry can be used to eliminate the six antisymmetric components of the energy-

momentum tensor, to obtain the symmetric Belinfante tensor 7. Lorentz currents read then
jphuv — —x'quv "‘XVTP# (13)

and the generators X, only appear in the construction of 7}, . If the theory is coupled with diffeo-
morphism invariance to a background metric g,y or to a vierbein e}, the Belinfante tensor is also

obtained as

20 1[0% 0%

uv = Eiagﬂv = 2—6 @eva+ Texeua 1.4

There are two relevant extensions of Poincaré space-time symmetry: firstly scale transforma-

tions (or dilatations) of fields and coordinates with algebra
Myv,D] =0, [D,P,] = iPH. (1.5)

The second relation indicates that we count scale dimensions in energy units (P, has scale dimen-

sion +1). Variations are

Oxt = —AxH, 8¢ =iAD9, D=—ix"d,—i9. (1.6)
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They are defined by assigning scale dimensions in matrix & (or its eigenvalues w) to fields or

operators. The scale or dilatation current depends on these scale dimensions:
jﬁz%i‘i‘vauw (1.7)

in terms of the Belinfante energy-momentum tensor, with virial current

07

Tu= aa,,cp(

Nup D +iZpy D). (1.8)

Once Lorentz generators X, and scale dimensions & have been assigned to fields, conformal boost

variations with generators
K* = —i(2x*x¥ —n*Vx*)dy — 2ixH 9 — 25V x, (1.9)
follow. The conformal algebra SO(2,4) ~ SU(2,2) is completed by
MY KP] = —i(nHPKY P KH), K"KY] = 0,
[P, KY] = —2i(n"YD+MMY), ID,KH] = —iKH, o

Since the four currents of conformal boosts (or special conformal transformations) can be expressed
as
D_ 2
Ky =2xH j2 — X Tp*, (1.11)

the conservation equations for the dilatation and conformal currents are
:D D
Mg ="V +TH,, dPKy =2xH9P j+2 /M. (1.12)
In the second equation, ¥, is the virial current (1.8) associated with the Belinfante energy-momen-
tum tensor 7,y .

Invariance under special conformal transformations generated by (1.9) requires scale invari-
ance. This follows already from the third commutator (1.10). Scale invariance implies full confor-
mal symmetry if the virial current is a derivative, ¥}, = 8"0'“v [1, 2, 3, 4]. In this case, one can

replace the currents K;f by
K§ =K§ —20",  with  9PKh =2x"0P 5. (1.13)

Or one can improve the Belinfante energy-momentum tensor to the Callan-Coleman-Jackiw (CCJ)

tensor @y, to eliminate the virial current and obtain
jp=x"0Oy, IPKh = 21" @F . (1.14)

Tracelessness of the CCJ tensor implies then conformal symmetry. In general, the first equation
(1.14) defines the CCJ energy-momentum tensor. It exists if ¥, = d"oyy. The violation or con-
servation of scale symmetry is measured by the trace of the energy-momentum tensor in this case

only.
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2. Supersymmetric field theories

Supersymmetry! extends the Poincaré algebra with spin 1/2 generators Qg and Q,, = Q(Tx:

i
MV, al] = — 77\/ [04) P7 o 207
My, Qul 4([GMG]Q) [Pu, Qal @1

{QOH@GC} = 26“06('XP[17 {Q(x,Qﬁ} = 0.

The corresponding conserved supercurrent Sy 4, 8“Sua = 0 has 16y — 4 = 12F operator com-
ponents. Since currents are themselves local fields, they transform under Poincaré (7),y is a two-
tensor, Sy, is a spinor-vector) and also under supersymmetry. It is natural to expect that currents
assemble in supermultiplets, requiring however an equal number of bosonic and fermionic compo-
nents. This cannot be achieved with the 6 components of the symmetric energy-momentum tensor

characterizing Poincaré symmetry.

Supermultiplets of .#” = 1 Poincaré supersymmetry are also representations of the supercon-
formal .#” = 1 superalgebra SU (2, 2|1), with bosonic sector SU(2,2) x U(1)g ~ SO(2,4) x U(1)g.
One simply needs to assign a scale dimension w (as in the conformal case) and a U(1)g charge ¢
to each component field in the theory to fully define the superconformal variations. Normalizing
U(1)g with?

3 _ 3 _
[Ra QOC] - _EiQOh [Ran] - EiQaa (22)

there are three simple rules: a chiral superfield has w = ¢, a real linear superfield® has w = 2,
g = 0 and of course a real superfield has g = 0. It follows that the chiral superfield of gauge field
strengths % has R—charge g = 3/2. Notice that U (1) charge assignments can always be applied
in Poincaré supersymmetry since chiral multiplet scalars live on a Kéhler manifold. But U(1)g is

not a symmetry in general, and it is not uniquely defined.

The structure of currents is as follows. Firstly, conformal invariance can be summarized in
the existence of a conserved, symmetric, traceless (CCJ) energy-momentum tensor @, with 5p
fields. Secondly, U (1)g symmetry implies the existence of a conserved current _#,, with 35 fields.
Thirdly, SU(2,2|1) has eight supersymmetry generators. The supplementary (with respect to the
Poincaré case) special supersymmetry allows to remove the “y-trace" of the supercurrent Sy q:
(c"s “)a = 0, and 8 fields remain in the supercurrent.* Hence, the energy-momentum tensor, the

R—current and the supercurrent include a total of 85 + 85 operators.

In 1975, Ferrara and Zumino [5] showed that in conformal Wess-Zumino and in super-Yang-

Mills (classical) theories, the currents ®y, and S, belong to a supermultiplet with an appropriate

'We consider here .4 = 1 supersymmetry only.

2 Another convention exists in the literature, with 3 /2 replaced by 1.

3See below.

“4This is somewhat similar to Lorentz symmetry, used to symmetrize the energy-momentum tensor.
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Poincaré: 6+ 12p M Tyy = 0*Suq =0 Tyy =Ty,

Conformal: 8+ 8r MOy =Sy =" 7, =0 Ouy = 0By

O, = (6"Su)* =0

Table 1: Current structure of .4~ = 1 theories

R—-symmetry current _#,,. The supermultiplet is cast in the real superfield

; 1
submitted for on-shell fields to the supercurrent superfield equation
D“Jau =0 (2.4)

which includes all conservation laws and trace conditions. They also showed that breaking confor-
mal symmetry with superpotential terms in the Wess-Zumino model introduces a specific source
term in the superfield equation, D¢ = Ay, generates values for O ws O 7y, (G*Sy)% and also
adds 4p + 4F fields in the supercurrent superfield structure, to obtain 125 4 12¢ fields.>

In the superconformal case, the assignments of R—charges and scale dimensions are con-
strained by superconformal symmetry. In contrast, in Poincaré supersymmetry, these numbers are
mostly arbitrary if no choice leads to scale or R invariance. The R and dilatation currents depend
on these numbers and, since their supersymmetry partners 7, and Sy, do not depend on g or w,

the corresponding supermultiplet of currents will include a U (1)g current with specific R—charges.

3. Supercurrent structures

This section discusses the supercurrent superfields and equations relevant for arbitrary two-
derivative .#” = 1 lagrangian field theories, following refs. [6, 7] and also borrowing several results
from ref. [8].

3.1 The supercurrent superfield equation

As originally shown by Ferrara and Zumino [5], the conserved supercurrent 0" S, = 0 can be
embedded in a real Lorentz vector superfield J,¢ submitted to a differential superfield supercurrent
equation when fields solve field equations. At this point, Jy¢ includes 325 + 32F components,

or 85 + 8 currents. One needs to impose a superfield differential equation to impose current

3 As in the off-shell supermultiplet of minimal .#" = 1 supergravity.
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conservation and reduce the number of components. The supercurrent equation is actually of the

form®

D% Jos = Aq D% Jyg = —Aqg, 3.1)

which implies

DDAy =0, DAy + DA = —2i9"J,, . (3.2)

The complex linear spinor superfield Ay is the source of the non-conservation of (some of) the
currents in Jy,. But Aq is not an arbitrary linear superfield: it should be such that J;, submitted to
the supercurrent equation (3.1) includes the conserved energy-momentum tensor and supercurrent

required by super-Poincaré invariance of the theory.

For all supersymmetric field theories considered here, the source or anomaly superfield Ay

verifying this condition is of the form’

AOC:DOCX+%063 ZOC:_E(ZY_FZ(X’ EOCXZO’
- B (3.3)
Xa = —3DDDq U, %o = $DDDy U, U=U",
which is certainly linear, DDA, = 0. Then,
{D* D*}Jge = D*Aq + DgA” = DDX — DDX, (3.4)

since X, which has the same structure as the Maxwell field strength superfield #, verifies Bianchi

identity D%y = —Dg . Hence, xq does not contribute to oHIy.

In total, superfields Jy4, X and  include 40p 4 40F real (or hermitian) components. Since
the supercurrent superfield equation is complex linear, it imposes 2 x (125 + 12F) conditions on

the 40p +40F components to leave a solution expressed in terms of 165 + 16F fields.

For a given supersymmetric lagrangian, one can derive superfields Jy 4, X and ) (or U) veri-
fying the supercurrent equation (3.1). These superfields are not unique, there exists supersymmetric
improvement transformations acting on the conserved currents 7}, and S, and transforming all
other components of the superfields. We use the terminology supercurrent structure for each triplet

of superfields Jyu4, X and ) submitted to the supercurrent equation Ealaa =DoX + Xo.

The supercurrent equation (3.1) holds for solutions of the field equations only. This is simi-
lar to Noether currents associated with continuous symmetries: their expression follows from the
lagrangian (they can be expressed in terms of off-shell fields) but their conservation holds for solu-

tions of the field equations.

The conjugate of D%J g is —D%J g

"These sources in the supercurrent equation are not the most general allowing conserved energy-momentum tensor
and supercurrent. See also refs. [9, 10, 11]. For a long time, the literature propagated an unfortunate claim that the
coexistence of yo and X is forbidden. The ban has been removed by Komargodski and Seiberg [8].



Currents in supersymmetric field theories Jean-Pierre Derendinger

3.2 Component expansion

To display the content of the supercurrent equation
D%Jus = DaX + Xa, DeX =0, o= —%ﬁDa U, (3.5)
its component form is needed. We use the following expansion of the chiral superfields X and y:
X(,0) = x+V20yx — 00 fx,
Xo(3,0) = —ido + 04D+ 5(061G") g Fyuy — 00 (61 IuA) g

(3.6)

in chiral coordinates or
X = x+V20yy — 00 fx —i06"0dux— 7560654y yx — 1000601,
Xa = —idg+ 04D+ 5(064GY)uFuy — 00+ 0IyAe — 00(6H Iyl ) (3.7
~100(6"0) (9" Fyy —idyD) + £00600A,
in ordinary coordinates (x, 8, 8). For the real superfield U, the last eq. (3.5) implies
U:eaﬂéUu+ieeﬁ+iﬁex+%99%D+... (3.8)
where the dots denote components of U absent from xq and Fy,y = dyUy — 9y Uy,.
With these component expansions, the resulting supercurrent superfield is®
Ju(%,0,8) = § ju(x)+60(Sy +2v20,¥y) + 0(Sy —2V2G, yx)
—2i6609,x+2i660d,x

— 1 8
1050 (8 Ty 4Ty Re fi = S€uvpa (5 9° 17 —FP"))
P 3.9
—%999(8\,5'“6‘/ +2V26,6%9,Vy) G
+5006(0" 9,5, +2v20,5" 9, yx)
2 v .
~56008 (20u0"jv =D )
with T,y = Ty, This expression solves the supercurrent equation (3.5) if 7,y and Sy, are conserved,

Hence, T,y and S;; will be (proportional to) the conserved energy-momentum tensor and the super-

current. In addition, the supercurrent equation (3.5) implies the following conditions:
4TH, =D+ 6Refy, oM ju =—3Imfy,
(O'Mgu)oc = 6\/§‘VX0¢ +2iAg.

8In the expansion, the normalizations of j, and T}, have been selected to correspond to well-defined currents, see
below. This has not been done for the supercurrent Sy, which is not explicitly used here. This expansion, originally
given in ref. [8] with slightly different conventions, is not unique, see conditions (3.11).

(3.11)
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The first condition indicates that both superfields X and ), are sources for the trace of the energy-
momentum tensor. Its precise significance depends on the specific energy-momentum tensor in-
cluded in Jy;: since the energy-momentum tensor 7,y is defined up to improvements, the relation
between the trace T#, and scale invariance or violation in the theory depends on the choice of 7,y.
The second condition (3.11) indicates that X only induces the nonconservation of j,, which is re-
lated in general to a R transformation acting in the theory. The third condition controls the violation
of conformal supersymmetry. Hence, the presence of the source y,, breaks the correlation between
TH, and 9" j,.

The scale dimensions of the component fields are:

3: Joa, X Jus X, U
7/2: Xos Suas  Wxa, Aas (3.12)
4: TIJV7 fX, D, F'uv.

To see for instance how the conservation of the energy-momentum tensor follows from the

supercurrent equation, write
Ju=5%j.+860"01,,+06000d,+...
tyy = Ty + NMuvt + Ty, Tyy =Ty, Tuv = —Tvu-
The 6, component of the supercurrent equation, after separation of the symmetric and antisym-
metric parts
6{6”76‘/}@:2””‘/9@, 9[0’“,6‘/]@,
and of real and imaginary parts, provides three equations:°
TH, = —4t+1D—IRefy,
M ju = —3Imfx,
uvpo T’ = §(Fujv — vju) — § Fuv-
The (complex) 8664 component gives two (real) equations:
0¥Tyy = 59u(2t+TY, — 1D —1Refy).
Since then 0V T,y = —dy (¢ + %Re fx), Tuy is conserved if one defines

1
t = ——=Re fx.
) efx

9The real (or imaginary) antisymmetric part is removed using

[0#,5"] = 36""7°[0). T
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The five equations provide then the conservation of 7y, the expressions of components 7,y and d,

of Jy, and the two bosonic constraints (3.11).

The supercurrent superfield J,; includes a conserved symmetric energy-momentum tensor 7y
(10p —4p = 6p), the conserved supercurrent Sy, (4 < (4—1)p = 12F) and a vector current Ju Which
is not in general conserved (4p). Since conditions (3.11) eliminate 25 4 4, the source superfields

X and y add 6 + 4 fields, for a total of 165 + 16 fields, as earlier mentioned.

Some remarks are in order. Firstly, notice that the components of the anomaly superfields X
and xq appear in Jy,. Hence, the symmetric part of the 606"6 component of Ju can only be iden-
tified with an energy-momentum tensor of the theory after subtraction of an anomaly contribution
generated by Re fx, or by D, or by both, since we may as well use the first eq. (3.11) to modify the

component expansion (3.9).

Secondly, even if, for a given theory, one expects to find expressions for Jy4, X and Y in terms
of superfields, i.e. in terms of off-shell fields, equations (3.9)—(3.11) only hold for on-shell fields.
The interpretation of the components of J; in terms of currents may require the field equations.

This is in particular true for the auxiliary field contributions.

3.3 Superfield improvement transformation

The identity
2D%Dy,Ds]|¥ = Dy DDY +3DD Do ¥, (3.13)

which holds for any superfield ¢, is clearly a solution of the supercurrent superfield equation (3.5)
with Jys = 2[Dg,De|¥, X = DDY and x4 = 3DD Dy % (with ¢ real). Hence, given superfields

Jag, X and ) verifying the supercurrent equation, the transformation

Jau — Jae = Jas+2[Da, Da) Y,
X — X =X+DD¥, (3.14)

Xa — Xa = Xa+3DDDq¥9,

is an ambiguity in the realization of the supercurrent superfield. The transformation necessarily
involves improvement terms for 7,y and Sgy,: the transformed supercurrent superfield verifies again
equation (3.5) and identity (3.13) holds without using any field equation. The transformed energy-
momentum tensor and supercurrent are then conserved and the modifications are improvements.
On the other hand, the lowest component j, and the trace 7#, in particular, are non-trivially

transformed.

Hence, each theory admits in principle a (continuous) family of supercurrent structures. Notice
that if ¢ is linear (DD¥ = 0), X = X. Similarly, if ¥ = W+ P, Do W = 0, then 7, = X«. But the
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use of transformations (3.14) may face various obstructions if conditions like gauge invariance or

global definition are imposed on the supercurrent structure Jeg, X, Xo.'°

If the real superfield ¢ of the transformation (3.14) has the expansion

G = Cy+i0x, — 07, + 06" Ovgy + 500 (M, +iN,) — 560 (M, —iN,)

o . L . L (3.15)
+i0600(Ag+ Ly x,0") —i000(Ag — Lo Iy x,) +10000(D, — 10IC,),
then the components of the transformed superfields j; X and Xo read
Vx = Vx +2V2iA, +2v26" 9,7, X = x+2i(M, —iNy),
Tuy = Tuy + (3u0y — NuyD)Ce, fx = fx +2Dg —20C, + 2idy v, (3.16)
D = D—12D,,

using the expansions (3.6) and (3.9) of Jy, X and xq. As expected, the transformations of the

energy-momentum tensor 7y and of the supercurrent S, are improvements.

For a given theory, each supercurrent structure is characterized either by the lowest component

Ju of Jaa, which is a U(1)g current, or by the type of energy-momentum tensor it contains.

3.4 Reductions, coupling to supergavity

There are three simple reductions of the supercurrent structure with superfields Jy 4, X and .

Firstly, the Ferrara-Zumino (FZ) structure [5] with 12p + 12 component fields (or operators):
FZ structure: Yo =0, D%Jas = DaX #0. (3.17)

Since X # 0, the U(1)g current j, is not conserved and the trace of the energy-momentum tensor
in Jq is correlated by supersymmetry with 9 j,, see eqgs. (3.11). Since xo = —%ﬁDaU ina
generic supercurrent stucture, it can be in principle eliminated using the superfield improvement
transformation (3.14) with ¥ = %U , to obtain a FZ structure. Problems could arise if for instance U
would not respect symmetries of the underlying theory. The simplest example would be a symmetry
acting on U with U = .# + .7, where .Z is a chiral function (leaving ), unchanged).!! The FZ
structure is not unique: it is preserved by improvement transformations (3.14) with 4 = ¥ + P,
Dg¥ =0.

10 Although these superfields are not strictly speaking physical quantities. These conditions have been discussed in
ref. [8] for some specific theories. See also ref. [6].
"'Theories with Fayet-Tliopoulos terms are not problematic [6].

10
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Secondly, the R—invariant structure with 12 + 12 component fields or operators:
R—invariant structure: X =0, BaJaa = Yo # 0. (3.18)

Since X = 0, the supercurrent superfield Jq¢ includes the current j,; of an exact R—symmetry in
its lowest component and the traces 7", and (E“S#)O‘ are not zero in general. This structure
can be obtained whenever X = DD %/ for some real superfield %/. In this case Im fx is itself the
divergence of a vector field V), (off-shell)!? and 9*(j, —V,,) = 0. The source superfield X can
then be eliminated by the superfield improvement (3.14) with ¢ = —%/. The transformed J4 has
lowest component j,;, — V. An obstruction can exist if %/ is not invariant under symmetries of
the underlying symmetry. The R—invariant structure is preserved by improvement transformations
(3.14) with ¢ real linear (DD¥% = 0).

Thirdly, the superconformal structure with 8 + 87 component fields or operators:
Superconformal structure: X =Xa=0, Ealaa =0. (3.19)

It can be obtained whenever the source superfields in a generic structure are generated by a single
real superfield 4: X = DD% and ), = 3DDDy%. A superfield improvement (3.14) leads then to a
superconformal structure with X = y, = 0. In this case, the theory admits a conserved, symmetric
and traceless symmetric energy-momentum tensor: it is conformal. In addition, it has an exact
R-symmetry and a conserved supercurrent S, with zero y-trace, (E“Su)‘j‘ = 0: the theory is
superconformal. If the supersymmetric theory is coupled to conformal .4 = 1 supergravity, the

conserved currents jy, Tyy and Sy (85 + 8F) couple to gauge fields of the superconformal algebra
Tyv  <—  guv, Spa < Yua, Ju > Ay, (3.20)

where Yy, is the gravitino and A, the U(1)g gauge field.

A theory with a FZ or a R—invariant supercurrent structure is not superconformal. It couples
to Poincaré supergravity which can be obtained by gauge-fixing a superconformal theory, using
various sets of compensating fields: this procedure leads to various formulations of Poincaré su-

pergravity characterized by their auxiliary field content [12, 13, 14].

The chiral source multiplet X of the FZ structure corresponds to the chiral compensating mul-
tiplet Sp (with nonzero Weyl weight, usually w = 1 and R—charge ¢ = w) used in old minimal
supergravity [15], with 125 + 12 component fields in the off-shell Poincaré supergravity multiplet
(and auxiliary fields Ay, with 43 fields, and a complex scalar (2) fo).

The source supermultiplet ¥, of the R—invariant structure naturally couples to the real linear

compensating multiplet Ly (w = 2) used in new minimal supergravity [16], with 125 4 12F fields

12The condition that a vector field Vy, exists with Im fy = 0V}, is equivalent to the existence condition of %, with
X=DD%.

11
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in the off-shell Poincaré supermultiplet. The auxiliary fields are an antisymmetric tensor By with

gauge invariance (3p) and the gauge field A, (3p).

The generic structure with X # 0 # ), and 16p + 16 components couples finally to a con-
formal supergravity with both chiral and linear supermultiplets with nonzero Weyl weight. These
multiplets provide the compensating fields for Poincaré gauge-fixing, supergravity auxiliary fields

and 4p + 4 propagating fields of the globally supersymmetric theory.

4. Supercurrent structures of supersymmetric
gauge theories

In general, the construction of currents and of their (non-)conservation equations begins with
an identity which, in essence, does not carry information. It acquires significance when field equa-

tions of a given theory are applied. In the following, we apply this method to derive supercurrent

structures of generic (two-derivative) .4 = 1 supersymmetric theories.'?

4.1 Identities

This subsection is purely technical. We use the following superfields:

e A set of chiral superfields @, D ® = 0 and their conjugate antichiral superfields ®, Do ® = 0.

These fields are in a representation r, in general reducible, of the gauge group.'#

e Gauge superfields: the real superfield of gauge fields <7 and the chiral superfield of gauge

curvatures (field strengths)15

1 1 _
Weo (o) = —ZDDe*” Dgye? Wy = ZDDe” Dge . 4.1

They are Lie algebra-valued, with &/ = &7/“T* and generators 7,* for representation r, nor-
malized with Tr(T,*T?) = T(r)3%. We will also use the real Chern-Simons superfield Q
defined by

DDQ=Tr# ¥, DDQ=TiA W, 4.2)

using the notation

T W =T(r) " Teww.

13This section mostly follows refs. [6, 7].

14Component fields: complex scalars z, Weyl spinors y, complex auxiliary scalars f.

1SComponent fields in Wess-Zumino gauge: gauge fields <, with field strengths F,y, gauginos A, real auxiliary
scalars D.

12
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The gauge variation of Q is linear, DDSQ = DD 5Q = 0. Closed expressions for Q are

easily obtained in the abelian case:

Q= 2 [WoDyer + Duler )| =~ L[ D" + D114

1
4
. | 4.3)
- [yﬂpaw + 7 oD" el + 5./ D" W +BQW‘”]].
The first two expresssions manifestly verify one of the two conditions (4.2), the third ex-
pression is manifestly hermitian, the equalities follow from the abelian Bianchi identity

DWWy = EQWQ. The non-abelian Q is much more subtle [17].

e A linear superfield L, '® which will be used as the gauge coupling superfield. It is real with
DDL = DDL = 0, hence the terminology linear. It will be coupled to the Chern-Simons

superfield to form the gauge-invariant and real
L=L-2Q (4.4)

with the postulate that the gauge variations of L and Q cancel in L: §L =28Q."7

The first identity applies to an arbitrary real function .7 of the gauge-invariant superfields £ and
Y = ®e” ®. (4.5)
By direct calculation of, for instance, DDD,, (A — Z%’i), one obtains'®
01 2D%((Z6®) Hop(Zu®) — #ir(Dal) (Dal)]
= —LDDDy.#; — (DD.%) Dq® — DDDo(H# — L1) (4.6)

2Tt W W Dot — 45 P Wy ®,

where subscripts indicate derivatives of .7 with respect to either ®, ®@, L or Y. Gauge transforma-

tions are - o B
d — Ao, d — P, e’ — e*Ae”e*A,
o L 4.7)
Yo — MWye ™, Ve — e Wget,
with A = AT“ and Dy A = 0. Gauge-covariant superspace derivatives read
Dog® = e (Dye” D), D ® = (DyPe” e (4.8)

16Component fields: real scalar C, antisymmetric tensor Byy in the gauge-invariant curl Hyyp =3 a[,Jva, spinor .

171f the gauge group has several simple or U (1) factors, we could introduce one Chern-Simons superfield €; and one
linear superfield L; for each factor, or define a gauge-invariant L = L — 2 ¥, ¢;Q;.

181n general, the gauge invariant function .7 can depend on variables Y; if the representation of the chiral superfields
is reducible, r = @;r;. This generalization is straightforward. It may also depend on other gauge invariant quantities,
such as holomorphic invariants, which we do not consider here.
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and
(26®)e” (2q®) = (Ds®Pe” Ve (Dye” D)

is gauge invariant. Removing the linear superfield with .77 = 0 leads to
2D (76 ®)Kys(Pa®) | = —DDDoK — 4K W ® — (DDKop) (P ®). (4.9)

for an arbitrary function % (®,®e” ). Gauge invariance reads #gT,*® = ®T %5 for all genera-

tors.

We also need identities for gauge superfields. The tool is the non-abelian Bianchi identity:
e/ DY (e Wye ?)e” = 5(1(6*‘%7&6%). (4.10)
Multiplying (left) by #4, and taking the trace gives
Id 2: Eafr[Wa e TW ye” | = Trle” Wye ? DP (e“‘{”//ﬁe_ﬂ)]. (4.11)
Then, for an arbitrary (gauge-invariant) holomorphic function F (®),

1d3: D” [(F L F)TH[y e‘”Wae"{]] — (F+F)Tr[e” Woe™? DB (7 Wy )]
. (4.12)
+(D*F)Te[Wye "W ye”).

For given superspace lagrangians and the corresponding superfield dynamical equations, these

identities “automatically" produce supercurrent structures.

4.2 The natural supercurrent structure

Let us consider theory
L= / d*0d*0 2 (L,Y) + / d>OW () + / d*oW (). (4.13)

Gauge invariance of the holomorphic superpotential W (®), i.e. Wy (T%)' j®/ = 0, implies We Zo P
= DgW. The JZ term in the lagrangian has in general several chiral symmetries. In particular,
since J¢ satisfies

Ho® = dHg = H7Y, (4.14)

it is always invariant under the non-R U (1) symmetry rotating all chiral superfields ® by the same
phase.!® TIts chiral symmetries also include the R symmetry (that we call R) which transforms
Grassmann coordinates and leaves superfields £ and &® inert. These chiral symmetries are in general

broken by the superpotential.

191f the representation of the matter superfields is reducible, each irreducible component has an associated U (1)
global symmetry. It extends to U (n) factors if the matter superfields include n copies of an irreducible component.
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The component expansion of theory (4.13) is?"
L = —Lc [%(%C)(&“C) + %H;WPHWP} +<%Z[(Duz)(l)“z) +ff
A [—%frFqu“V + %frDD] + LDz —W.f — FW- (4.15)
+Ti28#VPGH uve [%”CZDGZ — %@DGZ} + fermion terms,
with covariant derivative (Dyz)" = duz’ 4 $A% (T) jz/ and with
in terms of the Chern—Simons form ® with normalization such that dH = —TrF A F. The kinetic
metrics are then 777z, —%%g and J7¢ for the components of superfields ®, L and %, respectively.
The field equations for theory (4.13) are?!
L: ﬁl)a% — 0,
P DDy = 4Ws, (4.17)
o D" [e}ﬁe*”/Wae“J — WD A — T (r) Hy DB,

with index Tr(T4T?) = T(r)8%. To derive the field equation for the gauge superfield <7, it is

indeed easier to use the dual chiral version of the theory,?

L = /d26d2§%(5+§,Y)
(4.18)
+ / a0 [W(@)+ STy | + / &6 [W(®)+ \STTT |,

where % is the Legendre transform of .7, and to transform the resulting field equation back into
the linear version. Variation of eq. (4.18) and use of the Bianchi identity (4.10) gives then the field
equation

7Y N A < 5,7

D [(S+S)e T e }_D (S+35) Wo — 2T (r) Hy DB . (4.19)

Multiplying by #j and taking the trace gives
DY[(S+3) Te(Whe T ue™)| = Dy(S+3) Te# W +2T(r) Ay Be” Wy 4.20
[(5+3)Te(#pe ae)}_iﬁ(+)r 2T (r) Hy e WD, (4.20)

The Legendre transformation indicates then that .#y = % and S+ S = 2547, which in turn implies
the field equation (4.17) for 7 and the relation

—4 __ 1 _
D* [%L Tr(w,;e—”waeﬂ)} = SDg AL TN W +T () 5. Be” V. 4.21)

20Gauge invariance of . implies #2Dz = ZDI.
21We use the convention # ¢ = %DDe*‘yﬁae_d, with # o = — (W)
22To avoid dealing with the complicated non-Abelian Chern-Simons superfield [17].
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With field equations (4.17) and relation (4.21), identity (4.6) immediately leads to the supercurrent

structure
Ea-’aa = DoX + Xa,

Jaa = ~2[(Fa®) A 7a9) = A Bl Pl + 20T W e T )],

X = 4W,

This supercurrent structure can be considered as natural for theory (4.13). It actually also applies

if /7 is simply a gauge-invariant function of L, ® and ®e*, instead of a function of L and Y.

Using expansion (3.9) of the superfield J,, = (G;)**Jq¢ and also
L=C+i0y—i0x+..., @®=z+V20y—00f+..., Wo=—idg+...,

the lowest component of the supercurrent superfield (4.22) is

— G 3 _ 3 _ 3 ~ -
(Gu)aajaa‘ezoz—E%%WGMJJFZ%”ccxonyrE%Trloyl.

i (4.23)

J

oo W

It is the Noether current of R—transformations with chiral charges —3/2, —3/2 and 3/2 for x, ¥
and A respectively. The chiral charges of superfields ®, L and %, for this U(1)y are then g =0,
0, 3/2 in this supercurrent structure and U (1) only acts on the Grassmann coordinates.?? Tt is an
automatic symmetry of D—term lagrangians and, according to the second eq. (3.11), the R current

is conserved if the superpotential vanishes, o* jﬁ = —% Im fy.

The supercurrent superfield Jy ¢ of eqs. (4.22) also contains the Belinfante (symmetric, gauge-
invariant) energy-momentum tensor 7y, for theory (4.13). Omitting fermions and gauge fields, its

expression is
Tyy = —3Hec(9uC)(9vC) — § Hechupohy®® + H[(942)(9v7) + (9v2)(92)]
—MNuv (—%%”cc@pc)(c?”C) — e Hechpor hPO* + A (9p2) (9PZ) + f. f]) (4.24)
+ 30y A Tr(D?) + Sy Re fx,

with auxiliary fields?*

_ 1 1
fx=AaW.f, A=W, D= S AT = =S A AT

23 The charge g = 3/2 of #4 is due to the derivatives in # = —%ﬁe**f Dye? .
24The auxiliary field contribution to Tyuv is NuvV, where V is the usual scalar potential

1 ~ _
V(C,2,7) = EchTrDz + e ff.
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Notice that terms depending on .7/¢, or ¢z present in the lagrangian do not appear in the Belin-

fante tensor 7y, . If the superpotential vanishes, f = fx = 0.

Hence, the Belinfante tensor and the R current with zero charge chiral superfields are partners

in the natural supercurrent structure.

4.3 The improved supercurrent structure

Suppose that we assign scale dimensions w and R—charges ¢ to the chiral superfields ®.%> The

behaviour of theory (4.13) under dilatations is controlled by two superfields:

Ay = wDHG +wD A+ 2L -2 (real),

A(w) = W(I)W¢> - 3w (chiral).

(4.25)

Scale invariance is obtained if A,y = Z(W) = 0 for some w. Similarly, the variation under R is

controlled by o
E(q) = iq(@%q) - CP%E) (real),
(4.26)

E(q) = qq)Wq) —3W = A(q) (chiral).
The R—current (4.23) indicates that chiral superfields in the natural structure (4.22) have zero

charge, =) = 0, and the source superfields of this structure are then
~ 1
X = _*A(O) = _§ =(0)> Xo = _EDDDOC A(O)- 4.27)

From theory (4.13), one easily deduces the dilatation current, expressed in terms of the Belinfante
tensor, and its divergence (using field equations). There is of course a virial current for the scalar
fields,

ac™

and it is not a derivative in general: the linear superfield coupled to chiral fields opposes the exis-

_ 174
15:_2{ A ‘_anc} X" Ty, (4.28)

tence of the CCJ tensor. But the virial current also cancels with scale invariance condition Ay = 0.
For the natural structure, R—charges and scale dimensions of ® vanish. We now wish to obtain

supercurrent structures for nonzero weights of ®.

Applying to the natural structure (4.22) the superfield improvement transformation (3.14) with
w .
Y = —g(%¢®+¢%5), (4.29)

the chiral source superfield X becomes

~ 4~ 4 [ — —
X = —3Au) + 3y wWa® —  DD(H® + DH5) (4.30)
Z5We suppress indices. The introduction of independent w; and ¢; for each irreducible component ®; is straightfor-
ward. The scale dimension of L is always w = 2: the dimension of Q is canonical. The linear L contains a dimension-
three vector field €,yp50"bP® which is transverse, o#v, =0.
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or
~ 4~ | — — 4~ I
X = _§A(W) + EDD(%CD — CD%@) = —gA(W) — EDD Z(w) 4.31)
using the field equation of ®. The resulting improved supercurrent structure is then
bdj:xoc = Daj(v“‘loc,

Jae = —2|(D6®) Hos(Za®) — H11.(Dal)(Dol) + 2 A Tx(Wae™ W 4e”)
—¥[Dy Do) (Ho®+BHp), (432
X = —3A) + ¥DD(Ho® — DAz),
Xa = —3DDDgA).
In the canonical Wess-Zumino model, .77 = ®®, the supercurrent superfield reduces to

Jog = g KW ;) (De®@)(D®) — iw (M) e, @ 5,1 @ (4.33)

with R—current
3 — .Y
two results often used in the literature with canonical scale dimension or R—charge w = 1.

As required for superconformal invariance, the source superfields in structure (4.32) vanish if
two conditions are fulfilled. Firstly, scale invariance A, = Z(W) = 0 and secondly that the theory
has a U(1) R—symmetry rotating ® with charges ¢ = w: w(#p® — ®57%) = 0. This second
condition is certainly fulfilled if .7 is a fonction of L and Y. If it is not verified, scale invariance
may not imply conformal invariance. A simple example is the Kihler potential K = %(q>26+62cp)
for a single chiral superfield: the CCJ energy-momentum tensor does not exist and scale invariance
with w = 2/3 does not imply conformal invariance. In ]Aaa, the energy-momentum tensor ©y is
related to the Belinfante tensor by the improvement

Ouy = Ty — %(au8v - n,uvD)W(%Z"‘Z%%) 435)
= Tuv — 3(udy — nuvO)witsy, y=1zz .
The virial current derived from the difference between the divergence of the dilatation current,

which is not in the supercurrent structure, and ®*; is

~ 1 8A(W)
Tu==3 50" %C. (4.36)

It vanishes if A(,,) = 0, i.e. if 7 has scale dimension two for scale dimensions w. Requiring the
existence of the CCJ energy-momentum tensor selects a particular class of functions # where

8£A(W) is a function of L only, for a choice of w:

H(LY)=F1(L)+F(Y)+ I (L,Y), wY Sy +LI = 7. (4.37)
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The second equation indicates that the coupling of chiral to matter multiplets should have scale

dimension two, and the corresponding interaction terms should be scale invariant. For instance,

~ ~

F(L,Y)=L.7(X), X=YL" (4.38)

allows to find an energy-momentum tensor such that g* jﬁ =0H,.

The supercurrent superfield Jug includes in its lowest component the current of the R trans-
formation with R charges 0 and w for L and ® respectively. Gauginos, fermions y in ® and ¥ in
L have chiral weights 3/2, w—3/2 and —3/2 respectively. Notice that w has been originally intro-
duced as the scale dimension of @ and it here also plays the role of an R charge. This is reminiscent
of the chirality condition in a superconformal theory, in which the scale dimension and the U (1)g
charge are identified. This R transformation combines R and a U (1) # non—R transformation acting

on ® with charge w. The non-conservation equation for the vector superfield 2 of U(1) 4 is

— 1— — 1 —
DD% = dwWep® — EDD(W%QD —wd ), Z = 3 (WD +wd ). (4.39)

Acting with D, using identity (3.13) and the field equations immediately leads to the improvement

transformation (4.29) applied to the natural structure.

We may further improve the structure (4.32) to a Ferrara-Zumino supercurrent with o = 0.

This second improvement would lead to a supercurrent depending on the superfield A,,),
~ ~ 1 —
Joo — Jaa+ 3 [Do; D] Ay (4.40)

The content of the supercurrent structure (4.32) is however more intuitive, with the lagrangian
superfield 7 defining the supercurrent superfield Jus and the scale- and R-breaking superfields
Ay Z(W) and E(,,) defining the source superfields X and Xo-

5. Anomalies and super-Yang-Mills theory

Consider now super-Yang-Mills theory described by an effective Wilson lagrangian Ly ;.
This local lagrangian is obtained schematically by functional integration of the super-Yang-Mills
lagrangian Zsyy, with a low-energy cutoff u kept in the perturbative regime.?® With the linear
superfield used as gauge-coupling field, we have rwo gauge-invariant superfields, L. and Tt/ W . In

principle, at two-derivative level,

Ly = / 20476 (1) + / LOW(TeH W) +he. 5.1)

20The lagrangian Ly is then used to calculate amplitudes with p as UV cutoff.
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Omitting fermionic terms?’ generated by higher-order terms in Te# W, the superpotential reduces

to

A - A .

Z/dQOTrV/V/: E/dZGdQOL (5.2)
up to a derivative dy(...) and it can be absorbed in .77°. At two derivatives then, .7 only depends
on L.

We next identify the scalar C = L|g_( with the gauge coupling defined at some arbitrary scale
M:
C=m’g (M), (5.3)

where the irrelevant mass scale m keeps track of the mass dimension two of C.2® As a consequence,

W€ use

— L
Ly :mz/dzedzejf (2) =m* e Loym+ - . (5.4)
m
and the natural supercurrent structure (4.22) reduces to
Ea-]adc = Do X + Xa,

Jao = —4m2 G Te(Wge "W g ) +2m* H4 (De L) (Del), (5.5)

It includes the Belinfante energy-momentum tensor and the U (1) current (4.23).

A perturbative expansion of the Wilson gauge coupling

2
=m"—— =m" I 5.6
& ac T 60
would indicate
. e [E1F
H—nb+ kk[mz] (5.7)
k>1

where the numbers ¢y are the k-loop corrections which depend on pt/M and on the physical cou-
pling g>(M). Notice that with this expansion, the quantum corrections to y, appear at two loops.
This however holds under the assumption that the quantum correction in .77 admits a power ex-
pansion around g> = 0 and this is not what we will find. We are interested in a derivation of .7 to
all orders using two arguments. Firstly, it is known that the u—dependence of the Wilson coupling

stops at one-loop [18, 19]:
d 1 by

- - Y 5.8
vl (5.8)

27Supersymmetric contributions which vanish in a bosonic backgound.
28Scale transformations act on C and not on m. But y and M are actually energy or momentum scales on which scale
transformations act.
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where by = 3C(G) is the coefficient of the one-loop 8 function.?® This indicates that

. 3C(G), u L .
H = InL+ 87([2)1nMn’l2+%ert'(L/m2)’
1 1 3C(G), u 1 2 d 62
m S
= + In—, = 7+m27%er. L m2 )
gw(n) gy(M) 8z M gy(M) € T aCT” ()

where the quantum correction .7,,,;, does not depend on (. Secondly anomaly-matching in the
Wilson effective lagrangian. The outcome will be an algebraic derivation, from anomalies, of
the all-order B function for super-Yang-Mills theory originally obtained by Novikov, Shifman,
Vainshtein and Zakharov (NSVZ) [20] from instanton calculations of the gaugino condensate and

by Jones [21] using Ward identity arguments.

Quantum anomalies affect the chiral R—current and the trace of the energy-momentum tensor,
or the dilatation current. The U (1) transformation of the gaugino A, with charge ¢ = 3/2 induces

a one-loop chiral ﬁ—gauge—gauge mixed anomaly: 3

. 1 3 ~ ~ a3 1 —
oMM = 2C(G)TrF*Y Fyy + ..., J AGHA. (5.10)
T 162 2 v T 2g2 ()
Since J* j, = —%Im fx in the supercurrent structure, the anomaly adds a quantum correction to
the chiral source superfield
1 ~
X(anomaly) = —@C(G) T W . (5.11)
Comparing with X in (4.32), we can write
4~ ~ 3 ~
X(anomaly) = _gA(anomaly)a A(anoma/y) = WC(G) Ty, (5.12)

And using the definition (4.25), the anomaly could be generated in an effective lagrangian with the

F—term superpotential

1 _ _
Wianomaty) = 5325 C(G)TW 0/ [nTen 0/ — 1} (5.13)

since Tr#/ # has R—charge and scale dimension three.3! At the perturbative level, as earlier in-
dicated, the superpotential (5.13) is fermionic. When gauginos condensate, it gives rise to the
Veneziano-Yankielowicz superpotential [22]. Under a scale or R transformation with parameters f3
and o,

3C(G)

5/d4x/d29 Wanomaty) +h-e. = =2 (B +ia) /d4x/d29 Tt# ¥ +h.c. (5.14)

2 And C(G) is the quadratic Casimir C(G)8% = 2@ fbcd in terms of structure constants.
30Dots indicate terms needed by supersymmetry.
31Up to an arbitrary term linear in Tr#¥ % which would set its scale.
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This is precisely the variation induced by a formal rescaling pt — eP%y of the Wilson scale in the
lagrangian defined by expression (5.9). In this sense, the one-loop correction to .Zjy,, is a one-loop

anomaly-matching term.
Supersymmetry relates the contributions of X(,,pmaty) t0 o ju and to TH

3C(G) ~ .y~ 3C(G
oMj, = 32(nz)TlrF#VFWJr... — T+, = Siz)fsywr... (5.15)

but the last equation is not the result predicted by the dilatation anomaly of a gaugino with scale

dimension 3/2,%

1 3
T, = —~C(G) Z 5.16
u 12752 2 ( ) SYM + ( )
Hence, there is a residual anomaly
3C(G) C(G)
T, — —/— = — 17
- Lsym P Lsym + (5.17)

This residual anomaly must be compensated in the Wilson effective lagrangian by renormalization-

group invariance of the theory, in terms of the dependence on M or g?(M) or C.

We can now use the real L and the source superfield X(anomaly)e. Tor this cancellation mecha-

nism. We need ©)
C(G)— _ .
X(anomaly)a = _WDDD(X L. (5.18)

The last eq. (5.5) indicates that this contribution is generated by the anomaly counterterm

CG) Ly L
jﬁanomaly) = W W |:11’1 ﬁ - l} ) (5.19)
up to an arbitrary invariant linear term.>* This counterterm is the all-order correction Hperr. in the

effective lagrangian which is then defined by

. 3C(G), u, CGr.. L .
24y 2 200G), H L
m- 7 =m"InL+ a2 In— L+ = [Lln = L]. (5.20)

Hence, the presence of the gauge coupling superfield L takes care of the different values of the chiral
R and T* u anomalies, and produces the all-order correction .77, . In the lagrangian defined by

eq. (5.20), the Wilson gauge coupling is

C
g (u) C " 8xr M 8m2 m?

1 3C(G). u C(G)
= In =
g3 (M) + gz M + 812
I +C(G)
gy (M) g¥ (M) 8n?

32Gauginos are superpartners of gauge fields, their anomalous dimensions vanish.

Ing*(M), (5.21)

Ing?(M).

33Which is a one-loop term, see eq. (5.7).
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Finally, since the reference energy scale M is arbitrary, the renormalization-group equation

d ,
MWgW(.U) =0 (5.22)
leads to the 8 function
d 3C(G) ~ g 3C(G)
DN=M—o*(M) = N 7l - Rt Sl — 5.23
B(g) dMg ( ) 72 [m CC] ]2 1—#C(G)g2 ( )

with g2(M) = C/m?. Hence, the NSVZ S function (5.23) [20], with its two coefficients, follows
from the matching of the U(1)z and dilatation anomalies and, in the Wilson effective lagrangian,
from the one-loop running which defines the Wilson coupling gZ,. The important point is the
existence of two gauge-invariant superfields, the chiral Te#/ W, as usual, and the real L — 2Q
which appears when the linear superfield is used as gauge coupling field. These two superfields
are in natural relation with the two anomaly superfields X and y, of the supercurrent structure.
Notice also that holomorphicity is entirely absent in this discussion of .4 = 1 super-Yang-Mills, in
contrast with .4 = 2 with its Kihler scalar manifold. A similar line of reasoning can be followed to

derive the effective action for gaugino condensation, using both counterterms (5.13) and (5. 19).34

In simple string compactifications to four dimensions with .4#” = 1 supersymmetry, the lin-
ear multiplet L describes the dilaton and is then, naturally, the gauge coupling and loop-counting
superfield [17]. Its role in anomaly cancellation of Kihler anomalies [24] and in particular in the
derivation of heterotic gauge threshold corrections [25] has been established long ago. As a sequel,
in the framework of conformal supergravity, a (somewhat obscure) derivation from anomalies of
the NSVZ f function with the linear gauge coupling field has already been given in ref. [26]. In
this approach, the renormalization-group behaviour is the response of the theory to a rescaling
of the compensating field for dilatation symmetry [27, 28]. This section proposes a derivation in
the simpler framework of global .4~ = | supersymmetry, based on similar arguments and using

supercurrent structures.

With constant gauge coupling, the all-order results (5.21) have been obtained by Shifman and
Vainshtein [18]. The importance and a calculation of the residual anomaly (5.17) for the NSVZ 8

function has been given with much clarity by Arkani-Hamed and Murayama [29].

Strictly speaking, theory (5.4) does not have an axion: the helicity zero superpartner of C is
the antisymmetric tensor By, with gauge invariance 6B,y = dyAy — dyAy and L only includes the
gauge-invariant curl

Hyyp = 30)uByp) — Opvp- (5.24)

The antisymmetric tensor couples to the gauge Chern-Simons form @y, and the effective la-

grangian does not have a perturbative dependence on a vacuum angle even if the gauge coupling

34See refs. [23, 7].
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has an all-order expansion. The antisymmetric tensor is dual to a pseudoscalar o with axionic shift
symmetry and universal coupling

1 ~ =~

Z o TrF, IJVF g
for all functions .77 the quantum corrections to .7 appear in the kinetic lagrangian

~(Hec) ™! (duo) (9" 0).

It is admissible to work with C and o but the resulting chiral supermultiplet is not in a Kahler
basis and supersymmetry variations explicitly depend on the function 7 defining the lagrangian.
With 27 as given in expression (5.20), the Legendre transformation turning C into the standard
superpartner of ¢ in a kihlerian chiral multiplet cannot be analytically solved and information

would be lost in an approximate treatment.
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