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1. Introduction

Almost all information about the Universe is carried by photons. And it is obvious that we
miss most of the photons emitted by the astronomical objects. Therefore, most of the matter in the
Universe is dark. So, why bother? In fact, people did not, until it became compelling to believe
that the bulk of the dark matter must be totally different in nature from the luminous one.

Such a dramatic result came about by combining the theory of galaxy formation with the obser-
vations of the cosmic microwave background (CMB), and requires that the Universe is dominated
by the so-called cold non-baryonic dark matter – cold dark matter (CDM) for short – consisting
of some new kind of neutral and effectively stable elementary particle which is non-relativistic
when it decouples from the rest of the matter as the Universe expands and cools. Quite remarkably,
elementary-particle physics offers many realistic candidates for CDM – neutralinos, axions, etc. –
even if none of them has been detected so far. Equally remarkable is the fact – often not sufficiently
appreciated – that the CDM scenario is in agreement with the observational lack of luminous mat-
ter in galaxies and their clusters, since otherwise there would be no room for CDM. Indeed, such a
“missing mass” should be just CDM.

Surprisingly – even by taking CDM into account – consistency with cosmological observations
also concerning the CMB leads to the conclusion that about 70% of the stuff present in the Universe
is missing. The way out of this conundrum came in 1997, when it was discovered that the present
cosmic expansion is accelerated. Clearly, in order for the expansion to be accelerated gravity
must become repulsive over cosmic scales. This can happen within general relativity provided that
some sort of stuff with positive energy like luminous matter and CDM but with negative pressure
dominates. Such a stuff generating repulsive gravity is also self-repulsive, and so it should be
uniformly spread throughout the Universe without making structures: in the lack of any idea about
its nature it has been called dark energy. By employing Type Ia supernovae as standard candles 1

it has been shown that the amount of dark energy is just right to fill the gap.
In conclusion, while nowadays we have a precise and consistent inventory of the various forms

of invisible stuff, their physical nature still remains elusive. It is certainly frustrating that about 95%
of what is out there is something that we have not even the slightest idea about.2

It will be assumed throughout this Proceeding that gravity is described by Einstein field equa-
tions.

2. Astrophysical approach

Basically, two completely different methods are used to discover the presence of dark matter
and quantify its amount in galaxies and their clusters.

1Consider an astronomical effectively point-like object that emits isotropically in empty space, and denote by L its
absolute luminosity. It is well known that the observed flux at distance r is given by F(r) = L/(4πr2). Usually, by
determining both F(r) and r one obtains L. However, for certain well studied astronomical objects one can estimate L
without using the above procedure. For instance, for Cepheid variable stars, one can infer L by measuring their period.
Objects of this kind are called standard candles, since from the knowledge of L and F(r) one can derive the distance r.

2We recall that the amount of baryons is less than 5%.
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2.1 Dynamical analysis

It relies upon the gravitational effect produced by dark matter on the luminous mass. More
precisely, the existence and morphology of dark matter is estimated from a careful dynamical
analysis of some suitably chosen astronomical object called mass tracer, and often a set of mass
tracers is employed.

A brief historical sketch of the dynamical analysis is enlightening. It was started by the great
mathematician Bessel in 1844, when he studied the orbit of Sirius, the brightest star in the sky.
Needless to say, his expectation was that it ought to be elliptical. However, he found that in reality
it exhibits small fluctuations about an ellipse. His interpretation was that there should be some
hidden astronomical object nearby that perturbs Sirius orbit. Owing to his mathematical skillness,
he was able to determine the position of the perturber, which soon thereafter was discovered by
means of a pointed observation: it has become known as Sirius B, which is a white dwarf. In this
example, Sirius plays the rôle of mass tracer, while Sirius B that of dark matter. Just two years
later, Adams and Le Verrier independently observed the orbit of Urans, and again noted that it
slightly fluctuates about an ellipse. On the wake of Bessel’s discovery, they supposed that the small
perturbations are brought about by a hidden astronomical object. Again its position was calculated,
and by a pointed observation the perturber was found to be the planet Neptune. As before, Urans
is the tracer, whereas Neptune is the dark matter. Only in 1915 was the dynamical analysis ap-
plied to the Milky Way. Specifically, Öpik asked the question whether there is some dark matter
in our neighborhood. To this end he studied the vertical motion of stars in the considered region.
Since they respond to the total gravitational mass in the disk, from this kind of observations one
can infer whether the total mass in our neighborhood exceeds the luminous one – whose amount
can be evaluated by star counts – in which case there would be positive evidence for the existence
of local dark matter. His conclusion was that no dark matter exists. A subsequent step was taken
in 1922 by Kapteyn (who coined the word dark matter) [1] and in 1922-1923 by Jeans [2, 3],
considering again the vertical motion of stars. However, while Kapteyn treated stars incorrectly –
like Öpik – as collisional objects, Jeans considered them correctly as collisionless ones. Kapteyn
reached basically the same conclusion of Öpik, while Jeans found that the existence of dark matter
is quite likely and its amount can be twice as large as that of stars. A more careful treatment along
the same lines was performed in 1932 by Oort, who found that the local dark matter density is
ρdark ' 2.05(GeV/c2)cm−3 [4]. In a subsequent reanalysis which included also the gas contri-
bution in 1960 Oort found ρdark ' 2.66(GeV/c2)cm−3 [5]. In all this examples stars in vertical
motion clearly form the set of mass tracers. This problem is deceptively simple, and it has been the
subject of hot debates for decades. Only recently a general agreement has been achieved, leading
to 0.2(GeV/c2)cm−3 < ρdark < 0.6(GeV/c2)cm−3 [6]. Incidentally, this quantity is of crucial
importance for all direct underground dark matter searches.

A different approach was pursued in 1933 by Zwicky, who applied for the first time the virial
theorem to the Coma cluster of galaxies, which is the archetype of a regular galaxy cluster. As is
well known, the virial theorem tells that twice the average kinetic energy plus the average potential
energy is zero provided that the system is in equilibrium. As far as Coma is concerned, the latter
condition is certainly met because the time needed by a generic galaxy to cross the cluster is much
shorted than the presumed age of Coma. This means that Coma must have reached an equilibrium
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configuration, otherwise its galaxies would have flied apart since a long time. By measuring the
line-of-sight velocity of 7 galaxies – taking them as representative for the whole galaxy population
– Zwicky came to the result that the potential energy is by a factor of order 400 larger than the
contribution of galaxies similar to the field galaxies in our neighborhood. Thus, he concluded that
on average each Coma galaxy should contain an amount of dark matter roughly 400 larger than
that of luminous mass, assuming that the fraction of dark matter in our neighboring galaxies is
negligible as compared with luminous mass (we shall repeat this exercise below) [7]. It must be
said, though, that in a more detailed analysis of this problem in 1937, Zwicky withdrew his original
suggestion of dark matter and explained the huge value of the mass of the Coma galaxies by arguing
that cluster galaxies should be much more massive than field galaxies because of a very efficient
merging [8].

We shall be much more specific about the application of the dynamical analysis when its
applications will be addressed.

2.2 Gravitational lensing

According to general relativity, any mass distribution makes the surrounding tridimensional
space curved. As a consequence, any light ray that passes close enough to a mass clump follows a
highly nontrivial null geodesic, and so gravitational lensing can magnify, distort and multiply the
images of background sources [9].

It looks rather strange in retrospect that Einstein did not recognize its importance, even when
the amateur astronomer Mandl urged him to investigate the problem. Quite likely – more to make
Mandl happy that for his own true belief – Einstein published in 1936 a short paper on gravitational
lensing in which both a background star (source) and a foreground one (lens) lie along the same
line of sight [10]. He found that the image is a perfect circle, the so-called Einstein ring, and since
the specific intensity is conserved, the whole surface brightness of the source gets squeezed into the
Einstein ring, which is therefore much brighter than an ordinary star (we shall repeat this exercise
below). Yet, Einstein was quite skeptical that such phenomenon could ever be seen, given the
vanishingly small probability of such a perfect alignment. Just one year later, Zwichy considered
the same configuration, replacing however stars by galaxies. He immediately noted that in this case
the probability of observing gravitational lensing becomes much larger than in the case of stars [11].
Soon thereafter, he claimed that such a probability actually becomes a certainty, provided that the
lens is a cluster galaxy with the estimated mass that he previously obtained for Coma [12].

We neglect for simplicity cosmological effects and work in flat space, so that the background
metric is that of Minkowski. Any application of gravitational lensing considered in this Proceeding
is based on the thin-lens approximation, according to which the typical size of the lens DL is much
smaller than all involved distances. One of the several consequences of such an approximation –
which is always met for galaxies and their clusters – is that the whole resulting gravitational effect
on light rays is simply embodied in a refraction index of the form

n(x) = 1− 2Φ(x)
c2 , (2.1)
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where Φ(x) is the newtonian potential (|Φ(x)| � c2). So, we see that a mass clump acts exactly
like a normal lens as far as the images of background luminous objects are concerned. Moreover –
at variance with ordinary optics – gravitational lensing is frequency-independent, or achromatic.

Figure 1: Typical lensing situation.

Let us now sketch a typical lensing situation. An optical ray emitted by a point S of an extended
source S gets deflected of an angle ααα by an extended lens L whose centre-of-mass (CM) lies in
L before reaching the observer O in O: this is the lensed optical ray x(t). We denote throughout
the present discussion by I either the observed single image of S or a generic component of a
multiple image, and by I the observed image of S or a component of a multiple image thereof.
Lensing implies that I is in a position different from S. The straight line joining O with L is called
the optical axis, the plane perpendicular to the optical axis through L is named the lens plane while
the plane perpendicular to the optical axis through S is called the source plane. We denote by θθθ the
angular position of I – or of a single component of a multiple image – with respect to the optical
axis, and similarly by βββ the angular position of S 3. Letting A be the projection of S on the optical
axis, we denote by ηηη the distance of S from A in the source plane, and by ξξξ the distance of x(l)
from L in the lens plane. We stress that unless L is symmetric about the optical axis the point
I does not belong in general to the plane defined by the points S, L and O, so that I can have an
arbitrary position.

All this is shown in Figure 1 for a single image for simplicity, but the same construction can
be applied to every component of a multiple image. We let R be the point where x(l) as emitted by
S crosses the lens plane. Because in general the point I does not belong to the plane defined by the

3Clearly these angles are represented by two-dimensional vectors.
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points S, L and O, Figure 1 is generally the projection of the real geometric setting onto the latter
plane.

Note that at this stage the thin-lens approximation can be formalized as DL �OL and DL �
LS, besides the previous assumption that the gravitational field produced by L is weak enough. It
is easy to show that in such a situation all involved angles are very small, and so we will assume
throughout our discussion α � 1, β � 1 and θ � 1.

As a matter of fact, the thin-lens approximation possesses two further implications.

• Gravitational lensing is effective only in a very small region surrounding L and in fact can
be thought to occur instantaneously and only in the lens plane (namely at the point R), so
that the lensed optical ray x(l) can be approximated to a very good accuracy by the broken
line SRO even if in reality it is a smooth curve close to L .

• Owing to the smallness of α , β and θ , x(l) and the unperturbed optical ray x0(l) are nearly
orthogonal to the source and the lens planes. In order to avoid misunderstandings, we stress
the difference between the unlensed and the unperturbed optical rays. The former is the
ray emitted by S which reaches O in the absence of L . The latter is the ray emitted by S
in the same direction of the ray x(l) that reaches O because of lensing (straight line SR in
Figure 1). Note that the unperturbed ray does not cross O . So, both x(l) and x0(l) have the
same tangent unit vector êS at S, which in first approximation is normal to the source and the
lens planes.

Deflection angle: An advantage of the thin-lens approximation is that the deflection angle α(ξ )
can be straightforwardly evaluated as in geometric optics starting from the Fermat principle

δ

∫ S

O
dl n

(
x(l)

)
= 0 , (2.2)

where n(x) is given by Eq. (2.1) and δ denotes an arbitrary variation – vanishing at the end points
– of the arbitrary smooth parametrized path x(l) joining O and S. The result is

ααα(ξξξ ) =
4G
c2

∫ O

S
d2

ξξξ
′ ξξξ −ξξξ

′

|ξξξ −ξξξ
′|2

Σ(ξξξ ′) , (2.3)

where Σ(ξξξ ) is the density of L as projected onto the plane of the sky: the independence of the
tridimensional lens density ρ(x) is another consequence of the thin-lens approximation. So, turning
the argument around, gravitational lensing allows only for the determination of Σ(ξξξ ) but not of ρ(x)
from observations.

Lens equation: The three angles α , β and θ are not independent, but they are related by the
lens equation. Basically, the lens equation arises by representing the vector SI in two different
ways. One is SI = (θθθ −βββ )OS, while the other reads SI = ααα(ξξξ )RS. Upon their equality and the
replacement RS→ LS, we get

βββ = θθθ −ααα(ξξξ )
LS
OS

. (2.4)
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In view of our purposes, we better rewrite Eq. (2.4) in terms of ηηη and ξξξ . This goal is easily
achieved by inserting ηηη = βββ OS and θθθ = ξξξ/OL into the latter equation, thereby obtaining

ηηη = ξξξ
OS
OL
−ααα(ξξξ )LS . (2.5)

Even if the angle βββ and the distance ηηη are not observable since we cannot remove the lens, we shall
see that the lens equation plays a fundamental rôle in the astrophysical applications of gravitational
lensing.

It looks quite instrumental for our subsequent analysis to consider a lens which is axially
symmetric about the optical axis and a point-like source just on the optical axis. In such a situation,
it can be shown that the deflection angle lies along the vector ξξξ . Specifically, we have

ααα(ξξξ ) =
4GM(ξ )

c2 ξ 2 ξξξ , M(ξ )≡ 2π

∫
ξξξ

0
dξ
′
ξ
′
Σ(ξ ′) , (2.6)

so that the lens equation (2.5) becomes one-dimensional and reads4(
OS
OL
− 4GM(ξ )LS

c2ξ 2

)
ξξξ = 0 . (2.7)

Suppose first that the lens has constant surface density equal to its critical density Σcr ≡
c2 OS/(4πGOLLS), which yields M(ξ ) = π Σcr ξ 2. Hence the lens equation (2.7) degenerates
into 0 ·ξξξ = 0. Manifestly, this means that all rays emitted by S get focalized onto O .

Consider now the previously discussed configuration envisaged by Einstein, namely a point-
like L of mass M on the line of sight to a point-like S . Accordingly, we have Σ(ξξξ ) = M δ 2(ξξξ ),
which yields M(ξ ) = M, leading in turn to the following lens equation(

OS
OL
− 4GM LS

c2ξ 2

)
ξξξ = 0 . (2.8)

Because the lens is opaque, the solution ξξξ = 0 has to be discarded, so that Eq. (2.8) gives

ξE =
(

4GM
c2

OLLS
OS

)1/2

, (2.9)

which is called Einstein radius. So, O will see the image I of S as a perfect ring – the Einstein
ring – of radius ξE .

Owing to our subsequent applications, we have to distinguish between two quite different
situations.

A. Strong lensing

This phenomenon concerns only regular clusters and some massive galaxies. It is character-
ized by the existence of giant arcs inside the image of the lens. Let us now discuss how these giant
arcs arise and how they can be used to estimate the lens mass [13].

4In this case, Figure 1 represents the real situation.
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In order to be specific, we consider regular clusters, but as we said the same strategy applies
also to massive galaxies. First of all, we recall that regular clusters possess spherical symmetry
at least in first approximation, which means axial symmetry about the optical axis. Let us first
address the situation in which L is a regular cluster and the S is a point-like source as a star.
Accordingly, it can be shown that O sees I as an Einstein ring whenever the average surface
density Σ(ξE)≡M(ξ )/(π ξ 2) equals the critical density Σcr. Whence

M(ξE) =
c2

4πG
OS

OLLS
ξ

2
E = π Σcr ξ

2
E . (2.10)

So, we see that by measuring the Einstein radius and knowing OL, LS and OS we immediately find
the lens mass enclosed by the Einstein radius.

Suppose next that the star is replaced by a galaxy, namely an extended S . It can be shown
that in such a situation I becomes a pair of oppositely-located giant arcs which are sectors of the
Einstein ring, but Eq. (2.10) retains its validity.

Suppose finally that the axial symmetry is slightly perturbed. Then one of the two arcs is
greatly demagnified whereas the other is not – which is very bright because it contains the whole
galaxy luminosity – and in first approximation Eq. (2.10) is still valid. As a result, by determining
the distances of the lens and the source – and the Einstein radius traced by the giant arc – we are
able to determine the cluster mass enclosed by ξE .5

Let us address the main limitations of this technique. First of all, the formation of giant arcs
requires the nearly perfect alignment of O, L and S, which is clearly a very unlikely situation.
Finally, only the mass inside the Einstein ring can be estimated in this way [13].

B. Weak lensing

Every cluster or massive galaxy acts as a lens L , producing weakly distorted images I of all
background galaxies S whose projected position lies close enough to its position on the sky, while
their distance along the line of sight is arbitrary and does not matter at all. It can be shown that in
general weak lensing squeezes I along the radial projected direction – namely that joining the I
to L – while stretching the image along the tangential projected direction, which is orthogonal to
the above radial direction. As a result, the image of a round background galaxy becomes elliptical,
and that of an elliptical galaxy acquires a larger observed ellipticity. Hence, these images are called
arclets [14].

Now, if the background galaxy population were fully made of round galaxies alone, the ob-
served ellipticity of every arclet would tell us how strong is the gravitational field at any arclet
position, from which the cluster mass reconstruction would be straightforward. Unfortunately, life
is not that easy, since we know that background unlensed elliptical galaxies have an unknown in-
trinsic ellipticity. So, the knowledge of the ellipticity of a single corresponding arclet is useless.
Still, this trivial remark naturally suggests the way towards a successful achievement. Indeed, sup-
pose to contemplate many background galaxies at once. Since their position along the line of sight
is arbitrary, they are certainly uncorrelated, which implies in turn that their individual ellipticities

5The source distance is determined through the redshift of I – which is obviously the same as that of S – since
S is typically at a cosmological distance.
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are uncorrelated as well, and so manifestly randomly oriented. Therefore – in the absence of weak
lensing – their intrinsic average ellipticity vanishes, and of course the same is true for their images.
Yet, owing to the above properties of weak lensing, the average ellipticity of the corresponding
arclets – which is called the polarization – directly quantifies the weak lensing effect, which is
obviously proportional to the cluster surface density Σ(ξ ), and so ultimately allows to determine it.

Finally, an important remark is in order. At variance with other methods to determine the
cluster mass determination, this does not require any assumption about the dynamical state of the
cluster.

2.3 Mass-to-light ratios

A concept of paramount importance for the discussion of dark matter is that of mass-to-light
ratio.

Consider first an astronomical object made of luminous matter alone. Then we define the
associated luminous mass-to-light ratio as

ϒlum ≡
Mlum

L
ϒ� . (2.11)

The masses of galaxies and their clusters are currently expressed in terms of the solar mass M� =
1.99 ·1033 g, and likewise their luminosities in terms of the Sun luminosity L� = 3.84 ·1033 ergs−1.
So, it is natural to express ϒlum in units of ϒ� ≡M�/L�, with the obvious understanding that in Eq.
(2.11) both Mlum and L are dimensionless numbers in the considered units. For instance, since for
main-sequence stars – which contain no dark matter – we have on average L/L� = (Mlum/M�)3.5,
Eq. (2.11) entails ϒlum = M−2.5

lum ϒ�, with Mlum expressed in solar units.

* * *

Now, the crux of the argument is that even if galaxies contain quite a lot of dark matter as we
shall see, nonetheless the value of ϒlum can be evaluated by means of stellar population synthesis
models, without any need for observations. As is well known, according to Hubble, galaxies are
classified as ellipticals (E), lenticulars (S0), spirals (Sa, Sb, Sc, with the size of the bulge decreasing
from Sa to Sc) and irregulars (Irr). Accordingly, the average values of ϒlum are reported in Table 1.

Table 1

Y 〈ϒlum,B〉Y/ϒ�,B

E 6.5
S0 4.7
Sa 3.2
Sb 2.3
Sc 1.8
Irr 1.1

* * *
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Suppose now that an astronomical objects contains both luminous and dark matter, as we shall
see to be the case of galaxies and clusters. In such a situation, we also define a total mass-to-light
ratio as

ϒ≡ M
L

ϒ� , (2.12)

where M is the total dynamical mass, namely the sum of Mlum and Mdark (as before M and L are
supposed to be expressed in solar units).

We stress that it is of paramount importance to keep the two mass-to-light ratios ϒlum and ϒ

sharply distinct. In fact, since ϒ/ϒlum = M/Mlum it follows that the ratio ϒ/ϒlum yields the ratio of
the total-to-luminous mass present in a galaxy or in a cluster. As it will become clear later, often it
turns out to be more convenient to use ϒlum and ϒ rather than Mlum and M, respectively, in order to
quantify the amount of luminous and dark matter in the considered system, since the luminosity is
always supposed to be a known quantity.

In general both ϒlum and ϒ are expressed in terms of the luminosity in the visual (V) or blu
(B) band. Finally, it goes without saying that it will be crucial to keep the two mass-to-light ratios
sharply distinct if we are to avoid misunderstandings.

3. Astrophysical evidence of dark matter

Because CDM plays an essential rôle in the process of galaxy formation, a natural expectation
is that it should be found in galaxies and their clusters. So, we proceed to investigate this issue in
detail.

* * *

Before starting our real discussion, we point out that according to the Hubble classification
galaxies consist – apart from irregulars – of two basic structure: the Bulge and the Disk. The bulge
is a spheroidal structure made of old stars only. Disks are more complex objects, containing stars
and cold atomic and molecular hydrogen clouds, often hosting a strong activity of star formation.
Specifically, the situation is summarized as follows.

Ellipticals (E): They entirely consist of the bulge, which is of a spheroidal form as seen in projec-
tion.

Lenticulars (S0): They are made of a disk dominated by a very large spheroidal central bulge.

Spirals (Sa, Sb, Sc): They consist of disks with a central spheroidal bulge, whose size decreases
along the sequence Sa→ Sc.

These qualitative statements have been quantified in 1985 by Kent in terms the average ratio BY,B

of the fraction of the bulge luminosity over the total luminosity for elliptical, lenticular and spi-
ral [15]. Their values are reported in Table 2.
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Table 2

Hubble type Y BY,B

E 1
S0 0.64
Sa 0.33
Sb 0.16
Sc 0.061

Furthermore, population synthesis models predict the mass-to-light values for bulges, disks
and irregulars. They are reported neglecting errors in Table 3.

Table 3

Y 〈ϒ∗,B〉Y/ϒ�,B

Bulges 6.5
Disks 1.5

Irr 1.1

It is a simple exercise to obtain the values listed in Table 1 from those reported in Table 2 and
Table 3.

3.1 Spiral galaxies

Spiral galaxies are the easiest ones to discover evidence for dark matter. The stellar disk has
an exponential optical surface brightness profile

Iopt(R) ∝ e−R/Rd , (3.1)

where R is the galactocentric distance and Rd denotes the disk scale lenght. Typically, it is found
2kpc < Rd < 4kpc and the disk optical radius turns out to be Ropt ' 4Rd . The stellar disk coexists
with a gaseous disk, mostly made of cold neutral hydrogen (HI) clouds, whose radius is generally
twice as large as compared to that of the stellar disk. Both stars and cold HI clouds travel on nearly
circular orbits around the galactic centre with velocity vc(R), and so their centripetal acceleration
equals the gravitational one

v2
c(R)
R

=−gR(R,0) . (3.2)

Hence, the rotation curve – namely the plot of vc versus R – traces the gravitational acceleration
in the disk gR(R,0). This fact lies at the basis of the best strategy to uncover dark matter in spiral
galaxies.

A. Rotation curve

Basically, a rotation curve is constructed by measuring the circular velocity – at different
values of R – through the Doppler shift, either of certain optical spectral lines of stars or of the
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line at 21 cm in the radio band emitted by HI clouds. We recall that the 21 cm line is due to the
transition from the upper to the lower hyperfine level in which the non-relativistic ground state
is split because of the interaction between the electron and proton magnetic moments, and the
higher level is populated because the temperature of the interstellar medium is definitely larger
than the energy gap between the hyperfine levels. The observed rotation curve of a given spiral is
then compared with the one ideally produced by luminous matter alone: a discrepancy would be a
clear-cut signal of dark matter.

Let us consider first the rotation curve arising solely from luminous matter, whose evaluation
proceeds as follows. In the first place, the surface brightness profile – as given by Eq. (3.1) with Rd

fixed by a photometric fit – has to be converted into the disk surface density profile Σ(R). Because
color and luminosity gradients in spiral disks are generally modest, the luminous mass-to-light ratio
of the disk ϒlum can be taken as constant. Accordingly, we get Σ(R) ∝ ϒlum Iopt(R), and so Eq. (3.1)
entails

Σ(R) ∝ e−R/Rd , (3.3)

It can next be shown that this mass distribution produces the following rotation curve

vc(R) ∝

[
I0

(
R

2Rd

)
K0

(
R

2Rd

)
− I1

(
R

2Rd

)
K1

(
R

2Rd

)]1/2

R , (3.4)

where I0(·), I1(·), K0(·) and K1(·) are modified Bessel functions [16]. Although Eq. (3.4) looks
complicated, its qualitative behavior is very simple: a linear rise in the inner region continues until
a maximum is reached at R = 2.2Rd , which is followed by a keplerian fall-off at larger galactocen-
tric distances. To a good approximation, Eq. (3.4) can be rewritten as

vc(R)∼
{

R , R < Rd

R−1/2 , R > 3Rd .
(3.5)

What is the information provided by observations? The systematic analysis of the optical
rotation curves of spiral galaxy started in 1980 by Rubin and collaborators [17, 18, 19, 20, 21].
In spite of the fact that it is virtually impossible to find identical rotation curves, their result was
astonishing, since the rotation curves of all considered galaxies share the same qualitative behavior:
they rise linearly in the inner region until a maximum is reached close to R = 2Rd , beyond which
they stay flat out to the last measured point to within 10%. This conclusion has been confirmed by
subsequent optical observations [22, 23]. Schematically

vc(R)∼
{

R , R < Rd

constant , R > 3Rd .
(3.6)

Apparently, in the outer region R > 3Rd the disagreement between the expectation based on
luminous matter alone and observations is great. Still, such a conclusion should be understood
more like as a strong suggestion than a real proof. Indeed, the considered method is – just by
definition – bound to probe the optical region, namely R < 4Rd , and in fact the above analysis by
Rubin and collaborators has been carried out up to R ' 3.5Rd . Unfortunately, Eq. (3.4) implies
that at R = 3.5Rd the circular velocity of luminous matter has decreased only by 8% relative to its
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maximum at R = 2.2Rd . So, it is very difficult to rule out the keplerian fall-off by restricting the
attention to the optical region.

Quite remarkably, radio observations have settled the issue [24, 25]. As we said, HI clouds
typically extend out to twice the optical radius, thereby allowing for the determination of vc(R)
out to R ' 8Rd , and in some cases farther out. In this way it has been show that the result in Eq.
(3.6) actually retains its validity out to the edge of the gaseous disk, thereby providing a clear-cut
evidence against the keplerian behavior. A beautiful example concerns the Sc spiral galaxy NGC
3198, whose rotation curve has been mapped out to R' 10Rd ' 30kpc [26].

Figure 2: Rotation curve of NGC 3198.

In order to find out the meaning of the observations, let us compare Eqs. (3.6) and (3.5). As
far as the inner region R < Rd is concerned, the agreement is good, thereby implying that here
luminous matter is the whole story. But in the outer region R > 3Rd the disagreement is dramatic,
with the circular velocity systematically larger and larger than expected on the basis of luminous
matter alone as R increases. Actually, for fixed R a larger vc implies by Eq. (3.2) a bigger gR, which
entails in turn by the Poisson equation (see below) a larger mass density ρ . Consequently, dark
matter must lurk at galactocentric distances R > 3Rd .

Clearly, the flat behavior of the observed rotation curves provides solid evidence that the outer
region of spiral galaxies is dominated by dark matter. This turns out to be a universal properties of
spiral galaxies.

All these results hold true for the so-called high surface brightness spirals, which show a re-
markable property: all their rotation curves fit within the universal rotation curve, which is uniquely
fixed in terms of the luminosity LB of the considered spiral [28, 29].
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Yet, the actual shape of the dark matter distribution cannot be unambiguously determined from
the rotation curve alone. This is true even under the simplifying assumption that such a distribution
– just like the one of luminous matter – is axisymmetric about the galaxy rotation axis. Indeed, by
employing cylindrical coordinates (R,φ ,z), the gravitational acceleration in a generic point g(R,z)
is related to the mass density ρ(R,z) by the Poisson equation

1
R

∂

∂R

(
RgR(R,z)

)
+

∂gz(R,z)
∂ z

=−4πGρ(R,z) . (3.7)

Owing to Eq. (3.2), the rotation curve merely fixes gR(R,0), and so the lack of knowledge about
gR(R,z) with z 6= 0 and gz(R,z) prevents an unique determination of ρ(R,z). Only by assuming that
the dark matter distribution has spherical symmetry about the galaxy centre can the dark matter
density profile ρ(r) be uniquely derived from the rotation curve. To see this, consider the Poisson
equation which now reads 6

1
r2

d
dr

(
r2gr(r)

)
=−4πGρ(r) . (3.8)

So, upon integration we get

gr(r) =− GM(r)
r2 , (3.9)

where M(r) denotes throughout this Proceeding the integrated has profile

M(r)≡ 4π

∫ r

0
ds s2

ρ(s) , (3.10)

namely the total mass inside the sphere of radius r. Combining Eqs. (3.2) and (3.9), we find

M(r) ∝ v2
c(r)r . (3.11)

So, in the region where the observed rotation curve is flat eq. (3.11) becomes

M(r) ∝ r , (3.12)

and so Eq. (3.10) implies
ρ(r) ∝ r−2 , (3.13)

which is called an isothermal profile, since it is the same as the density profile of a singular isother-
mal sphere (SIS) 7. Thus, we come to the conclusion that spiral galaxies are surrounded by an
isothermal halo dominated by dark matter. Within such scenario, optical observations typically
show that Mdark(Ropt) ' Mlum(Ropt), whereas in the case of NGC 3198 radio observations yield
Mdark(30kpc) ' 16Mlum. However, one should not forget that this conclusion rests on the simple
but unproved assumption of spherical symmetry.

6Notationally, we denote by r or R the radius of a sphere, while R stands for the radius of a circle.
7A SIS is a self-gravitating spherical model with diagonal pressure tensor and velocity dispersion independent of

position [27]. We stress that this terminology is somewhat sloppy, since it does not mean that the halo velocity dispersion
is constant.
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B. Satellite galaxies

Beyond the gaseous disk, no stars or cold HI clouds are present. Therefore, tracers of a differ-
ent kind have to be identified if we are to probe the mass profile of dark halos.

Several bright spirals are surrounded by satellite galaxies, considerably less luminous and thus
presumably less massive. Therefore, the possibility arises to use these satellite galaxies to probe
the behavior of the gravitational field of the corresponding primary galaxies. Note that it makes
sense to treat both primary and satellite galaxies as point-like objects in first approximation, since
their separation is much larger than their size. It goes without saying that the orbital period of these
satellites is by far too long to observe a sizeable portion of their orbits, so that it is unavoidable to
resort to a statistical treatment of the sample of satellite galaxies [30]. The key-assumption which
lies at the basis of this method is that all primary galaxies are sufficiently similar to produce in
first approximation the same effects on their satellites. As a consequence, the so-called stacking
technique can be applied: all N satellite galaxies are be supposed to orbit around a single primary
P , thereby considerably increasing the statistical relevance of the satellite sample in question
{Sα} (1≤ α ≤ N).

Actually, denoting by M the mass of P the simplest approach is to employ a statistical version
of the virial theorem, which reads

M =
4

GN

N

∑
α=1

v2
r,α rα , (3.14)

where rα and vr,α denote the distance and the radial velocity of the α-th satellite galaxy (1≤ α ≤
N), respectively, as measured with respect to the primary at an arbitrary time [31].

This method has been applied to a sample of 115 satellites around 69 primaries, having mean
luminosity LB ' 2 ·1010 L�,B. Such an analysis entails that dark halos extend beyond R' 200kpc,
with M(200kpc)' 2 ·1012 M� [32].

Then the corresponding mass-to-light ratio is ϒB ' 100ϒ�,B. Because this relation can be re-
garded as typical for spiral galaxies, we can state that the mean mass-to-light ratio of these galaxies
is

〈ϒB〉S ' 100ϒ�,B . (3.15)

Recalling the values quoted in Table 3) it follows that any spiral obeys the condition

Mdark > 30Mlum , (3.16)

thereby implying that all spiral galaxies are totally dark matter dominated.

O O O

An analysis of all data available in 1995 for spiral galaxies gives [33]〈
ϒB(r)

〉
S
' (60±10)

(
r

0.1Mpc

)
ϒ�,B , r < 180kpc . (3.17)
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3.2 Elliptical galaxies

Stars in elliptical galaxies have a totally different dynamical behavior as compared to stars
in spiral galaxies. Indeed, an elliptical galaxy is a totally disordered system, with stars randomly
moving in every direction, much in the same way as the molecules of a gas. Nevertheless, an
important difference exists with the behavior of a gas. While a gas reaches an equilibrium state
through collisions – which ultimately leads to energy equipartition – the stellar population of an
elliptical galaxy is collisionless, and the equilibrium state is attained through a process called by the
oxymoron of violent relaxation. Basically, it is the time-varying gravitational field during galaxy
formation that leads to the equipartition of velocity among stars (why velocity instead energy is
evident from the fact that mass drops out from the equations of motion, thanks to the equality of
inertial and gravitational mass) [34]. Actually, numerical simulations of this process have shown
that the resulting surface brightness has the form Ilum ∝ R1/4, where R is the projected galactocentric
distance, which is in very good agreement with observations (see below) [35].

Indeed, luminous matter in elliptical galaxies has a spheroidal distribution, well described by
the De Vaucouleurs surface brightness profile

I(R) ∝ exp
{
−7.67

[
(R/Re)1/4−1

]}
, (3.18)

where Re is the effective radius (typically 3kpc < Re < 10kpc). In spite of the fact that the stellar
motion in ellipticals is highly chaotic – with velocity dispersions usually as large as velocities them-
selves – another difference with respect to the molecules of a gas exists: due to non-collisionality,
the stellar velocity dispersion along the radial direction is generally different from the velocity dis-
persion along the tangential direction. Manifestly, in such a situation a rotation curve provides no
information whatsoever about the galactic gravitational field, and so different techniques have to
be devised to look for dark matter in elliptical galaxies.

A. Dynamical analysis

A classic approach rests upon the dynamical analysis of stellar motion and can be summarized
as follows. Any specific stellar population of ellipticals can be thought of as a collisionless fluid in a
steady state, resulting from the balance between the kinetic pressure – brought about by the above-
mentioned chaotic motion like in a gas – and the overall gravitational field. Assuming spherical
symmetry – which is realistic for ellipticals of the Hubble subtypes E0, E1 and E2 – and denoting
by r the galactocentric distance, it can be shown that the star number density profile n∗(r) obeys
the Jeans equation [27]

d
dr

(
n∗(r)σ

2
r (r)

)
+

2n∗(r)β (r)σ2
r (r)

r
+

GMtot(r)n∗(r)
r2 = 0 , (3.19)

where n∗(r) is the number density of a given set of stellar tracers while Mtot(r) it the total mass of
the galaxy responsible for the overall gravitational field. Note that this is just the Euler equation
for a collisionless fluid with non-diagonal pressure tensor and velocity parametrized by the radial
dispersion σr(r) and the anisotropy function β (r). It is very easy to see that Eq. (3.19) can be
rewritten in the form

Mtot(r) =− σ2
r (r)
G

(
d lnn∗(r)

d lnr
+

d lnσ2
r (r)

d lnr
+2β (r)

)
r . (3.20)
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So, we can find the overall integrated mass profile Mtot(r) of the elliptical in question provided
that we succeed in determining the three functions n∗(r), σr(r) and β (r) from observations. From
a conceptual point of view, Mtot(r) plays here the same rôle as vc(R) did for spiral galaxies: a
discrepancy between Mtot(r) and the integrated mass profile of luminous matter alone Mlum(r)
would quantify the amount of dark matter.

Unfortunately, only the surface brightness profile on the sky I∗(R) and the velocity dispersion
profile along the line-of sight σ‖,∗(R) are the commonly available observables, and so there is not
enough information to uniquely fix the unknown functions n∗(r), σr(r) and β (r) by deprojection.
As a result, Mtot(r) can be determined only by making some Ansatz on the functional form of β (r),
such as the Osipkov-Merritt one [36, 37]

β (r) =
r2

r2 +a2 , (3.21)

where a is an arbitrary constant.
For a long time, instrumental limitations prevented the application of such a dynamical ana-

lysis to a tracer population having a sufficiently large galactocentric distance, thereby severely
hindering its effectiveness. But in the last decade the situation has considerably improved and
today globular clusters and planetary nebulae (PNe) allow to map a bright elliptical out to r' 7Re.
Moreover, it has become possible to infer β (r) by a careful analysis of the galaxy spectral line
profiles [38, 39].

As far as dark matter is concerned, the above dynamical analysis leads to a result which
strongly depends on the galaxy luminosity.

Intermediate ellipticals: As an example of this class, we consider the E1 elliptical NGC 4494
with Re = 3.57kpc. The line-of-sight velocities of 255 PNe out to 7Re have been measured. It is
found that 0.2M∗ < Mdark < 0.5M∗ at R = Re [40]. Similar results have been obtained for other
intermediate ellipticals. Thus, the intermediate ellipticals analyzed so far by PNe as mass tracers
are all consistent with Mdark ' 0.4M∗ inside the optical region.

Bright ellipticals: An enlightening example is provided by the analysis of a set of 21 E0, E1 and
E2 ellipticals. It is found that only for three galaxies the existence of dark matter is compelling for
R < 1.5Re even though it is likely to be present in eight of them [41]. A more detailed analysis
of the same sample has led to a clarification of the dark matter distribution: some galaxies show
no evidence for dark matter inside 2Re, while others have 20ϒB,� < ϒB < 30ϒ�,B at 2Re. In the
latter case – even maximizing the stellar mass – the contribution of dark matter is 10% – 40% at
Re, which means that the condition Mdark 'M∗ holds true in the range 2Re < R < 4Re [42].

B. X-ray emission

Bright elliptical galaxies contain ionized gas at temperature 3 · 106 K < Tgas < 107 K, that
emits X-rays through the process of ion-recombination and so producing a diffuse luminosity of
1038 ergs−1 < LX < 1042 ergs−1, which has first been detected by the Einstein satellite. By using
exactly the same method that will be described in detail for regular clusters valuable results have
been obtain concerning the dark matter halos surrounding the galaxies in question.

O O O
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An analysis of all data available in 1995 for elliptical galaxies gives [33]〈
ϒB(r)

〉
E
' (200±50)

(
r

0.1Mpc

)
ϒ�,B , r < 70kpc , (3.22)

which holds true for lenticular galaxies as well.

C. Gravitational lensing

A great progress has been made during the last few years in the application of gravitational
lensing to elliptical galaxies. As compared to the case of cluster of galaxies the situation is obvi-
ously more difficult, because of the much smaller value of the lens mass. Nevertheless, remarkable
results have been obtained.

Strong lensing: It can be shown that for a pretty nearby lens the we have ξE < Re, and so only
information about the central galactic region can be obtained. However, when the lens is located at
redshift z > 1 it turns out that ξ exceeds several Re, which allows to probe the region where dark
matter should dominate. In 2008 a sample of 131 elliptical galaxies with an associated giant arc
has been obtained from observations with the Hubble Space Telescope. An analysis of this sample
shows that dark matter starts to dominate between 2Re and 3Re [43].

Weak lensing: An alternative strategy for determining the mass of the dark halos exploits the
phenomenon of weak lensing. This technique has initially been used in order to discover the
presence of dark matter in clusters of galaxies, because – owing to their much larger number of
arclets – the polarization can be reliably determined, and so the technique outlined in Section
2.2 (Part B) can be straightforwardly applied. In spite of the great advance in the observational
techniques during the last few years, even for massive galaxies the number of arclets around a
single elliptical is too small to draw statistically reliable conclusions.

Yet, the so called galaxy-galaxy lensing has allowed to sidestep such a difficulty, and so to
successfully employ weak lensing even for elliptical galaxies. The way out of the conundrum
proceeding as follows. Consider a sample of lenses sufficiently rich and homogeneous made of
bright elliptical galaxies. Much in the same way as for the method of satellite galaxies applied to
spiral galaxies in Section 3.1 (Part B), the key-assumption here is that all lenses are sufficiently
similar to produce in first approximation the same effects on the background galaxies close to
them in projection. As a consequence, we can again apply the technique of stacking: all arclets are
attributed to a single lens L , thereby largely increasing the statistical relevance of the arclet sample
in question. Several results have been obtained in this way. However, the specific implementation
of this approach varys considerably, and so there is no wonder that also some results can be in
disagreement among each other. We limit ourselves to quote two of them.

• For non-parametrized lens models with ϒB,lum = 3 the halo mass turns out to be Mhalo =
2 ·1012 M� and ϒB,halo ' 100ϒ� [44].

• For parametrized lens model the total mass profile can be probed over a typical galactocentric
distance Re < r < 100Re, and turns out to be isothermal. Moreover, for ϒV,lum = 4.5ϒ� it is
found that ϒV,halo ' 170ϒ� [45].
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3.3 Clusters of galaxies

Galaxies are not randomly distributed throughout the Universe, but tend to aggregate into
groups and clusters. As a rough indication, 50% of all galaxies belong to the field, 40% to groups
while 10% to clusters. The precise definition of galaxy associations has been provided by Abell
in 1958. Broadly speaking, groups contain at most 30 galaxies inside a sphere of the Abell radius,
conventionally defined as RA ' 2.14Mpc. On the other hand, clusters are made of more than 30
members. For dark matter studies, regular clusters are the most suited ones, since they are the
most luminous – encompassing typically more than 500 galaxies – and especially because they are
spherically symmetric in first approximation. Their resulting optical luminosity lies in the range
1.2 · 1013 L� < L(RA) < 1.2 · 1014 L�. While clusters may extend beyond RA as gravitationally
bound systems, as a rule the region inside RA is in equilibrium.

A. Dynamical analysis

Actually, any isolated self-gravitating system reaches an equilibrium state when the age of the
system exceeds the time needed by a generic constituent to cross it. This condition is indeed largely
met for regular clusters within RA. Therefore the validity of the virial theorem in this case is fully
justified.

As already pointed out, the first evidence for a large amount of dark matter in the Universe
came from the virial analysis of the Coma cluster as carried out by Zwicky in 1933 [7]. This
strategy has since been applied to many regular clusters and it is enlightening to repeat Zwicky’s
exercize in somewhat general term.

Let us apply the virial theorem to the cluster galaxies – assuming that they are the only matter
component – according to which the average potential energy U is related to the average kinetic
energy K by

2K +U = 0 . (3.23)

Assuming spherical symmetry, the potential energy can be represented as

U =−αGM2
A

RA
, (3.24)

where MA is the total cluster mass in galaxies inside RA and α is a constant which reflects the
actual density profile of cluster galaxies. Because we can only measure the global line-of-sight
velocity dispersion σ‖, we have to assume global isotropy in velocity space, so that we have

K =
1
2

M〈v2〉= 3
2

M σ
2
‖ . (3.25)

Whence

M =
RA σ2

‖
G
' 5 ·1014

(
σ‖

1000Kms−1

)2

M� , (3.26)

since the observed galaxy density profile leads to the choice α = 3. Because for regular clusters the
median value of σ‖ is σ‖ ' 750Kms−1 and the median number of galaxies is 500, we ultimately
get M ' 5.6 · 1011 M�. Recalling for comparison that the luminous mass of the Milky Way is
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MMW,lum ' 5.4 · 1010 M�, we conclude that 90% of the mass in each cluster galaxy is missing on
average. A more sophisticated analysis shows that the missing mass is even larger [46].

A sample of values of the mass-to-light ratio ϒRC for regular clusters derived by the virial
theorem is reported in Table 3 [47].

Table 4

Cluster ϒRC/ϒ�,RC

A2390 173
MS0016+16 202
MS0302+16 157
MS0440+02 218
MS0451+02 250
MS0451−3 275
MS0839+29 200
MS0906+11 560
MS1006+12 204
MS1008−12 154
MS1224+20 148
MS1231+15 123
MS1358+62 138
MS1455+22 412
MS1512+36 164
MS1621+26 106

B. X-ray emission

Regular clusters of galaxies contain a large amount of hot ionized gas at a temperature 1 ·
107 K < Tgas < 1.5 · 108 K – whose mass exceeds the luminous mass in galaxies – that produces a
diffuse X-ray emission with luminosity 6 ·1042 < LX < 2 ·1045 ergs−1 which has first been detected
by the Uhuru satellite. The situation is analogous to what happens in elliptical galaxies, apart from
the fact that the higher temperature makes thermal Bremsstrahlung the dominant process [48].

It has soon been recognized that such an X-ray emission can be used to estimate the total
cluster mass where the gas is present under the following assumptions.

• The gas should be spherically distributed and gravitationally bound to the cluster.

• The gas can be treated as an optically thin, weakly collisional perfect fluid in ionization and
local thermodynamic equilibrium.

• The gas has to be in hydrostatic equilibrium in the overall gravitational potential

Let us schematically outline the logic of the argument. For simplicity, we suppose that Tgas =
constant.
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Step 1: An excellent fit to the data is provided by the so-called β -profile as an Ansatz for IX(R)

IX(R) = IX ,0

[
1+
(

R
aX

)2
]−3β+1/2

, (3.27)

which determines the free parameters IX ,0, aX and β . As an orientation, according to the obser-
vations performed with the last generation of X-ray observatories it is typically found 150kpc <

aX < 200kpc and 0.4 < β < 1.0, with median values aX ' 150kpc and β ' 0.67. More accurate
but also more complicated parametrizations can be employed, but the logic remains unchanged.

Step 2: We deproject IX(R) thereby finding the volume emissivity

E tb
X (r) ∝

[
1+
(

r
aX

)2
]−3β

. (3.28)

Step 3: Recalling that in the present case the volume emissivity is

E tb
X (r) = n2

gas(r)Λtb(T ) ∝ n2
gas

(
Tgas

107 K

)1/2

ergcm3 s−1 , (3.29)

we obtain

ngas(r) ∝

[
1+
(

r
aX

)2
]−3β/2

. (3.30)

Step 4: By combining the conditions of hydrostatic equilibrium, local thermodynamic equilibrium
and Tgas = constant, it is a simple exercise to recast the usual equation dP(r)/dr =−Gρ(r)Mtot(r)/r2

into the form

Mtot(r) =− kBTgas

Gµmp

d lnngas(r)
d lnr

r , (3.31)

where µ ' 0.6 denotes the mean molecular weight for a fully ionized gas with solar composition.

Step 5: By inserting Eq. (3.30) into Eq. (3.31) we finally get

Mtot(r) =
3β kB Tgas

Gµmp

(r/aX)2

1+(r/aX)2 r , (3.32)

Now, in order to bring out the physical meaning of Eq. (3.32) we take typical values for the
relevant parameters: aX = 175kpc, β = 0.67 and Tgas = 108 K. Since modern models of structure
formation predict that also regular clusters are surrounded by a dark matter halo, we want to use
Eq. (3.32) to figure out its integrated mass profile. So, we work in the approximation r > aX . As a
consequence, we see that in this region the halo has an isothermal profile. Moreover, we find from
Eq. (3.32) for our benchmark values of the parameters

Mtot(r)' 6.49 ·1014
(

r
Mpc

)
M� . (3.33)

While the gas is obviously a constituent of the cluster halo, a nontrivial contribution from dark
matter is present. Indeed, we know that dark matter dominates galaxies, and so it necessarily lurks
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inside regular clusters. Moreover, some further dark matter can exist in the intracluster space. So,
the real question is whether hot gas or dark matter dominates the cluster mass budget. It goes
without saying that this issue can be resolved by evaluating the gas mass fraction

fg(r)≡
Mg(r)
M(r)

(3.34)

for the above benchmark values of the parameters. Under our assumptions it turns out that fg is
independent of r (this is simply due to β ' 0.7) and we get

fg ' 0.12 . (3.35)

In addition, the total gas mass comes out invariably larger than the luminous mass of the cluster
galaxies. Thus, we conclude that also regular clusters of galaxies are dominated by dark matter [49,
50, 51].

C. Gravitational lensing

Strong lensing: The application of strong gravitational lensing is straightforward, and we have
nothing to add to the discussion presented in Section 2.2 (Part A). A wonderful picture of an almost
perfect Einstein ring in the image of a lensing cluster is shown in Figure 4.

Figure 3: Giant arcs in the image of sdp81-alma

Weak lensing: As already anticipated, the application of weak lensing to regular clusters is straight-
forward due to the presence of the so-called Tyson population of background faint blue galaxies
with a surprisingly high surface number density, so that the arclet polarization can be easily deter-
mined (at least in principle) [14].
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Figure 4: Arclets in the image of Abell 2218

We stress that – at variance with the previous methods – the mass determination based on
gravitational lensing does not require any assumption about the dynamical state of the cluster. It is
gratifying that even this strategy yields values of the mass-to-light ratio which generally agree with
those derived by the virial analysis and X-ray studies.

Specifically, the application of the above-discussed techniques to regular clusters gives values
lying around the mean 〈

ϒB

〉
RC
' 210ϒ�,B . (3.36)

Because regular clusters contain mostly lenticular and elliptical galaxies and only a small fraction
of spirals, Eq. (3.36) is in very good agreement with Eqs. (3.17) and (3.22).

Clusters obviously contain the dark matter present in the cluster galaxies, but it might well
happen that additional dark matter lurks in the intracluster space. However, an explicit analysis
shows that the total galactic matter plus the hot gas fully account for the total cluster mass, thereby
ruling out such a possibility [33].

4. A glimpse to cosmology

The hot big bang cosmological model describes an idealized Universe made of a smooth mass
distribution. Such a smeared-out mass distribution forms a fluid called the cosmic substratum (CS)
by Weyl, which is a self-gravitating system described by general relativity. So – denoting by gµν(x)
the metric of the CS – its constituents move along the corresponding time-like geodesics.

The conceptual basis of the hot big bang cosmological model is the Weyl principle stated in
1923, according to which the geodesics of the CS form a normal congruence of time-like world-
lines with the exception of a point in the past and possibly a point in the future [52]. The Weyl
principle surprisingly predates the Hubble’s discovery in 1929 of the expansion of the Universe [53]
and has several far-reaching consequences.
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• The observers {OF} co-moving with the CS form a set of preferred observers, who are on
the same footing as far as the description of the Universe is concerned.

• The time-like geodesics of any {OF} can be represented as xi = constant (1≤ i≤ 3).

• The three-dimensional hyper-surfaces anywhere normal to the time-like geodesics in ques-
tion can be represented as x0 = constant.

• Each {OF} can use the four-dimensional coordinate system {xµ} (0 ≤ µ ≤ 3). Moreover,
the metric of all {OF} lacks terms mixing x0 and {xi} (1≤ i≤ 3).

• Since all {OF} are free-falling in the gravitational field produced by the CS, each measures
his/her proper time, which turns out to be the same for all of them. Therefore, there exists a
universal cosmic time t which is just the proper time measured by a generic {OF}.

• At any value of t the cosmological principle holds true for any {OF}, who therefore sees
that the Universe is homogeneous and isotropic. As a consequence, the three-dimensional
space has constant curvature.

Because homogeneity holds true at any time, it turns out that the most general metric of the
CS as seen by a generic {OF} has the Robertson-Walker form

ds2 = c2dt2−R2(t)
[

dr2

1− kr2 + r2
(

dθ
2 + sin2

θ dϕ
2
)]

, (4.1)

where R(t) is the cosmic scale factor and the constant k is proportional to the gaussian curvature of
tridimensional space. Then we have

Tridimensional space is


OPEN or HYPERBOLIC for k < 0 ,

FLAT or EUCLIDEAN for k = 0 ,

CLOSED or SPHERICAL for k > 0 .

(4.2)

Thus, the only possible fate of the Universe is a global expansion or contraction. We assume
henceforth that the Universe expands, in accordance with observations. We also denote by t0 the
present time. Another implication of the cosmological principle is that the CS is a perfect fluid
described by the energy-momentum tensor T µν(t) containing the energy density ρ(t)c2 and the
pressure P(t) of the CS (they do not depend on x because of space homogeneity). The co-moving
coordinates are taken to be dimensionless, and it is evident that all lengths scale proportionally
to R(t). In particular, this is true for the wavelength λ of photons, so that we have λ (t) ∝ R(t).
Let us consider a photon emitted at time t < t0 with wavelength λ (t) and detected at present with
wavelength λ (t0). As in the Doppler effect, it is very useful to define the redshift

z≡ λ (t0)−λ

λ
, (4.3)

which – owing to λ (t) ∝ R(t) – becomes

z =
R(t0)−R(t)

R(t)
=

R(t0)
R(t)

−1 . (4.4)
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Hence, we see that as long as R(t) is a monotonic function of t the redshift is a very suitable
parameter to describe the evolution of the Universe: during the expansion we have R(t) < R(t0),
which implies that R(t) increases with t and λ increases as well, thereby entailing that the radiation
we receive is shifted towards larger wavelengths. However, the interpretation is different from that
of the Doppler effect: here the redshift is not due to the receding motion of a source with respect
to us, but rather to the expansion of tridimensional space.

The dynamics of the Universe is parametrized by the cosmic scale factor, which obeys the
equations arising upon insertion of the metric gµν(x) as dictated by Eq. (4.1) and T µν(t) into
Einstein field equations. This step is deceptively simple. Einstein field equations hold true in
the real world, but here we are concerned with the idealized world made of the CS, where mat-
ter is smoothed out. Whatever smoothing process is adopted, the Einstein field equations with a
smoothed energy-momentum tensor cannot yield the smoothed metric of the CS simply because
the are highly non-linear. As a consequence, the so-called back-reaction shows up [54, 55], which
is unfortunately generally ignored. Hence we get the Friedmann equations(

Ṙ(t)
R(t)

)2

=
8πG

3
ρ(t)− kc2

R2 , (4.5)

R̈(t)
R(t)

=−4πG
3

(
ρ(t)+

3P(t)
c2

)
, (4.6)

which describe our idealized Universe (provided that the back-reaction is negligible). Observe that
by combining Eqs. (4.5) and (4.6), the following conservation equation arises

d
dt

(
ρR3(t)

)
=−3P(t)

c2 R2(t)Ṙ(t) . (4.7)

What remains to be specified at this point is the equation of state of the cosmic substratum, namely
the relationship between ρ(t) and P(t). It is useful to write such a relation in the form

P(t) = wρ(t)c2 , (4.8)

where w – which can be supposed constant – takes the values 0 for non-relativistic matter, 1/3
for radiation and −1 in the presence of a nonvanishing vacuum energy, usually described by the
cosmological constant. Note that in the latter case, ρ(t) and P(t) have opposite signs, and so when-
ever ρ(t)+3P(t)/c2 is positive the r.h.s. of Eq. (4.7) is negative and the expansion is decelerated,
whereas in the opposite case the expansion is accelerated. Finally, by inserting Eq. (4.8) into Eq.
(4.7), we get

ρ(t) ∝ R−3(1+w)(t) , (4.9)

thereby implying that ρ ∝ R−3(t) for nonrelativistic matter, ρ ∝ R−4(t) for radiation and ρ = con-
stant for a cosmological constant.

Now, it is very convenient to define the following parameters, where the suffix 0 denote the
present value, namely at time t0.

Hubble parameter:

H(t)≡ Ṙ(t)
R(t)

, H0 ' 70Kms−1 Mpc−1 , (4.10)
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which entails that the Universe expands for H(t) > 0 and contracts for H(t) < 0.

Hubble time:
tH(t)≡ 1

H(t)
, tH,0 ' 13.97Gyr . (4.11)

Hubble radius:
dH(t)≡ c

H(t)
, dH,0 ' 4.29Gpc . (4.12)

Critical density:

ρcr(t)≡
3H2(t)
8πG

, ρcr,0 ' 9.21 ·10−30 gcm−3 . (4.13)

Cosmic density parameter:

Ω(t)≡ ρ(t)
ρcr(t)

, Ω0 =? . (4.14)

It is also very useful to define for each component of the CS a cosmic density parameter
ΩM(t), ΩR(t) and ΩΛ which add up to Ω(t). Moreover, we shall see that it proves very convenient
to similarly define ΩLUM(t) for the luminous matter, ΩGAL(t) for the whole matter in galaxies
and ΩB(t) for the total ordinary matter, conventionally referred to as baryons (even is it includes
leptons). Now, Eqs. (4.10), (4.13) and (4.14) allow us to rewrite the Friedmann Eq. (4.5) as

Ω(t) = 1+
k c2

H2(t)R2(t)
. (4.15)

which implies that

Tridimensional space is


OPEN or HYPERBOLIC for Ω(t) < 1 ,

FLAT or EUCLIDEAN for Ω(t) = 1 ,

CLOSED or SPHERICAL for Ω(t) > 1 .

(4.16)

Deceleration parameter:

q(t)≡−R(t)R̈(t)
Ṙ2(t)

=
1
2

(
ΩM(t)+2ΩR(t)−2ΩΛ

)
. (4.17)

Therefore, by assuming that the Universe is expanding at time t, it follows that the expansion is
decelerated for 2ΩΛ < ΩM(t)+2ΩR(t) whereas it is accelerated for 2ΩΛ > ΩM(t)+2ΩR(t).

Observe that no transition among the three possibilities in Eq. (4.16) is allowed.

O O O

The foregoing discussion has shown that the knowledge of the various cosmic density param-
eters is crucial for cosmology.

• According to Eq. (4.15), the actual value of Ω(t) tells us about the geometry of tridimen-
sional space.
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• Moreover, the relative values of ΩM(t), ΩM(t) and ΩΛ establish whether the expansion is
decelerated or accelerated.

Before proceeding further, we stress that all cosmological density parameters to be quoted
below refer to the present Univserse, and for notational simplicity the subindex 0 will be dropped.

Therefore, the rest of this proceeding is devoted to the observational determination of the
present values of the various cosmic density parameters.

5. Cosmological relevance of the astrophysical analysis

What does the astrophysical analysis tell us about such a crucial issue?
To this end, we have to consider the galaxy luminosity function ϕ(L), which yields the average

number density of galaxies per unit volume and per unit luminosity. As a consequence, the average
luminosity density of all galaxies L reads

L =
∫

∞

0
dL Lϕ(L) . (5.1)

The best-fit analytic expression for ϕ(L) is the one proposed in 1976 by Schechter [56]. It has
become known as the Schechter luminosity function and is written in the conventional form

ϕ(L) =
ϕ∗

L∗

(
L
L∗

)α

e−L/L∗ , (5.2)

where L∗, ϕ∗ and α are free parameters to be determined by observations. Accordingly, Eq. (5.1)
becomes

L =
∫

∞

0
dL Lϕ(L) = ϕ

∗L∗Γ(α +2) , (5.3)

where Γ(·) is the Euler gamma function. What Schechter discovered is that this expression for
ϕ(L) is accurate for field galaxies, but in first approximation it applies to galaxies in groups and
clusters as well.

As a matter of fact, a crucial circumstance is that the whole optical luminosity of the Universe
is produced by galaxies (this is not the case for instance in the microwave band). Now, the concept
of mass-to-light ratio can be appreciated, since it is a very simple device to turn the luminosity of
a galaxy into its mass density. As an application, we estimate ΩLUM following Fukugita, Hogan
and Peebles (FHP) [57]. In spite of the fact that today the observed values of LY are known
with the limitation that ellipticals are not distinguished from lenticulars and that the value for
irregulars is unknown [58], the forthcoming analysis relies only on the total luminosity density
LB as given by Eq. (5.3) with L∗B = 1.96 ·1010 L�,B, ϕ∗ = 5.52 ·10−3 Mpc−3, α =−1.21, leading
to LB = 1.27 · 108 L�,B Mpc−3 as determined by the 2dF (2 degree field survey) [59], in good
agreement with the one derived by the SDSS (Sloan digital sky survey) [60].

As a first step, the whole galaxy population is divided into bulges, disks and irregular galaxies.
Accordingly, one has to infer the average luminosity density contributed by each of them, namely
LBulge,B, LDisk,B and LIrr,B. Next, they can be translated into the corresponding average luminous
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mass densities ρBulge, ρDisk and ρIrr upon multiplication by the 〈ϒ∗,B〉Bulge, 〈ϒ∗,B〉Disk and 〈ϒ∗,B〉Irr,
respectively, which are given in Table 3.

We proceed by expressing LBulge,B, LDisk,B and LIrr,B in terms of two previously defined
quantities: the B-band bulge luminosity fraction BY,B and the mean fractional luminosity density
FY contributed by all galaxies of the Hubble type Y. Whence

LBulge,B = LB ∑
Y

BY,B FY , LDisk,B = LB ∑
Y

(
1−BY,B

)
FY , LIrr,B = LB FIrr , (5.4)

where in the sum the irregulars should be excluded. The values of BY,B are taken from Table 2.
Previous studies [61, 62] give the values of FY, which are reported in Table 5.

Table 5

Y FY

E 0.11
S0 0.21
Sa 0.28
Sb 0.29
Sc 0.045
Irr 0.061

Accordingly, Eqs. (5.4) yields

LBulge,B = 0.385LB , LDisk,B = 0.556LB , LIrr,B = 0.061LB , (5.5)

and so it follows that the average luminous mass density of all galaxies ρLUM reads

ρLUM = 〈ϒ∗,B〉Bulge LBulge,B + 〈ϒ∗,B〉Disk LDisk,B + 〈ϒ∗,B〉Irr LIrr,B . (5.6)

Finally, by inserting the values reported in Table 3, adopting the value of LB quoted above and
dividing by ρcr,0 we get

ΩLUM = 0.0035 . (5.7)

This is a fundamental result, because it tells us the value of the cosmic density parameter if only
luminous matter were present.

O O O

Because regular clusters are so extended and practically nothing escapes from them during
their evolution, it seems natural to suppose that they just reflect the mean composition of the whole
Universe [63]. As a consequence, the cluster baryon fraction fB should equal the cosmic baryon
fraction, and so we get

fB =
ΩB

ΩM
. (5.8)

According to the result of the satellite PLANCK we have fB = 0.144 [64]. Therefore Eq. (5.8)
yields

ΩM = 6.94ΩB . (5.9)
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6. Cosmological approach

Cosmological observations not only provide additional and dramatic evidence for the existence
of a large amount of dark matter in the Universe, but they also offer fundamental information about
its physical nature.

6.1 Primordial nucleosynthesis

A crucial implication of the hot big bang cosmological model is that light elements – like
deuterium D, helium He3, He4 and lithium Li7 – must have formed during the first few minutes of
the life of the Universe. Incidentally, we know that the overwhelming majority of the elements are
produced in stellar nucleosynthesis, but in order for its prediction to agree with observations the
original material forming the first stars should contain about 75% of hydrogen, 25% of He4 with
some traces of D and Li7.

Because the temperature monotonically decreases during the cosmic expansion, atomic nuclei
can form when the energy of background photons becomes lower than the nuclear binding energy.
With the number of light neutrinos fixed to 3, the predicted light element abundances depend on
a single free parameter, the cosmic baryon density ΩB. In fact, calculations show that an increase
of ΩB leads to slightly more He4, but the resulting amounts of D and He3 drop dramatically. So,
a comparison between the predicted and observed light element abundances unambiguously fixes
ΩB [65]. Indeed, the agreement is achieved for ΩB within a narrow range

0.04≤ΩB ≤ 0.05 . (6.1)

In Figure 5 the abundances of light elements as predicted by the big bang nucleosynthesis are
plotted versus the baryon-to-photon ratio η , which can be shown to be related to ΩB by

ΩB = 7.47 ·107
η . (6.2)

Also the observed light element abundances are indicated by boxes. The narrow vertical band
indicates the CMB measure of the cosmic baryon density (three-year WMAP data), while the
wider band indicates the big bang nucleosynthesis concordance range (both at 95% CL).

A remark is in order. No astrophysical process is known in which D is produced, and so all
deuterium present in the Universe should be cosmological. Consequently, the comparison between
theory and observation is particularly clean in this case. In addition, local estimates of D abundance
are in good agreement with measurements in high-redshift clouds along the line of sight to a distant
quasar.

Regardless of big bang nucleosynthesis, an independent estimate of ΩB – which turns out to
agree with Eq. (6.1) – arises from the features of high-redshift Lyman-α forest absorption lines of
neutral hydrogen observed in the spectra of background quasars [66].

O O O
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22. Big-Bang nucleosynthesis 3
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Figure 22.1: The abundances of 4He, D, 3He, and 7Li as predicted by the standard
model of Big-Bang nucleosynthesis [14] − the bands show the 95% CL range. Boxes
indicate the observed light element abundances (smaller boxes: ±2σ statistical
errors; larger boxes: ±2σ statistical and systematic errors). The narrow vertical
band indicates the CMB measure of the cosmic baryon density, while the wider
band indicates the BBN concordance range (both at 95% CL).

June 18, 2012 16:19

Figure 5: The abundances of D, He3, He4 and Li7 as predicted by the big bang nucleosynthesis. The bands
represent the 95% CL range. Boxes indicate the observed light element abundances (smaller boxes: ±2σ

statistical errors; larger boxes: ±2σ statistical and systematic errors). The narrow vertical band indicates the
CMB measure of the cosmic baryon density (three-year WMAP data), while the wider band indicates the
big bang nucleosynthesis concordance range (both at 95% CL).

Before turning to a different argument, an important point should be stressed. Combining Eqs.
(5.9) and (6.1), we find

0.28 < ΩM < 0.35 . (6.3)

This simple argument shows that a Universe made of matter alone is necessarily open (hyperbolic)
and the expansion is necessarily decelerated. Since matter attract itself, such a conclusion seems
obvious.

6.2 Cosmic Microwave Background

The existence of the Cosmic Microwave Background (CMB) is not only a wonderful confir-
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mation of the hot big bang cosmological model, but also provides a wealth of information about
the early Universe [67, 68, 70, 69].

As we have seen, about a few minutes after the big bang light nuclei form, when the temper-
ature falls below the nuclear binding energy. At this epoque the Universe is made of an optically
thick plasma: the photon mean free path is very small and photons are in thermodynamic equilib-
rium with matter. Hence, they have a blackbody spectrum. After about 380.000 years since the
big bang, the temperature drops to such a value that stable atoms can form, a process currently
referred to as recombination (even though electrons and nuclei had never combined before). This
process takes place at zrec ' 1100, corresponding to trec ' 3 · 105 years after the big bang. As a
consequence, matter becomes neutral and decouples from radiation, so that the Universe now be-
comes transparent to photons. They can travel unimpeded, thereby carrying us a snapshot of the
Universe when it was only 380.000 years old. Moreover, it is easy to show that blackbody spectrum
is preserved during the expansion: only its temperature decreases as Tcmb(t) ∝ R−1(t). Today the
peak temperature of the CMB is Tcmb(t) = 2.725K.

Early analyses showed that the CMB is highly isotropic, once our peculiar motion – producing
the dipole anisotropy with ∆T/T0 ∼ 10−3 – is corrected for. However, in 1992 the COBE mission
discovered intrinsic anisotropies in the CMB spectrum, corresponding to temperature fluctuations
∆T/T0 ∼ 10−5 on the angular scale of 7◦. Remarkable progress has been made in the subsequent
years, with the BOOMERANG [71], MAXIMA [72] and DASI [73] missions detecting similar
temperature fluctuations down to 1◦. More recently, the WMAP mission has succeeded in dis-
covering temperature fluctuations on the angular scale of 0.2◦ [74], which are confirmed by the
presently operating PLANCK mission.

What is the physical meaning of the CMB fluctuations? Because the post-recombination Uni-
verse is essentially transparent to the CMB photons, those which we detect now had their last
interaction with matter on a virtual sphere – centered at our position – named last scattering sur-
face (LSS). At the time of recombination, a generic point of the LSS had an horizon of radius
Rrec = 3ctrec (since the Universe is matter dominated), which we see today under an angle θ1.
Therefore, only events lying within θ1 – about a given direction in the sky – were causally con-
nected at recombination. As a consequence, only CMB fluctuations on angular scales θ < θ1 yield
information about physical processes occurring during recombination. However, recombination
was not an instantaneous process, and this fact implies that the LSS is a shell of finite thickness,
corresponding to an observed angular scale θ2 (obviously θ2 < θ1). As a result, CMB fluctua-
tions get smeared out over angular scales θ < θ2. Thus, we conclude that recombination physics
shows up in CMB fluctuations on angular scales in the range θ2 < θ < θ1. These fluctuations are
the imprint on the CMB of baryon acoustic oscillations in the matter-radiation fluid just before
decoupling, with gravity providing the driving force while radiation pressure causes the restoring
one [75].

A quantitative description of the CMB fluctuations emerges from a statistical treatment based
on the harmonic analysis of ∆T/T0. Were measurements be performed on a plane, ∆T/T0 would de-
pend on x,y and we would represent ∆T/T0(x,y) as a Fourier series. However, ∆T/T0 is measured
on the celestial sphere and so it depends on θ ,ϕ . Accordingly, the following multipole expansion
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naturally arises
∆T
T0

(θ ,ϕ) =
∞

∑
l=0

l

∑
m=−l

almYlm(θ ,ϕ) , (6.4)

where Ylm(θ ,ϕ) are spherical harmonics and the coefficients alm are gaussian random variables
defined by

〈alm〉= 0 , (6.5)

〈alma∗l′m′〉= clδll′δmm′ , (6.6)

with 〈· · · 〉 representing the average over the whole sky. Denoting by α the angle between two
arbitrary directions n̂≡ (θ ,ϕ) and n̂′ ≡ (θ ′,ϕ ′) (cosα = n̂ · n̂′), the CMB autocorrelation function
is

C(α)≡
〈

∆T
T

(θ ,ϕ)
∆T
T

(θ ′,ϕ ′)
〉

. (6.7)

It can be shown that the autocorrelation function is represented in terms of the multipole moments
cl as

C(α) =
1

4π

∞

∑
l=0

(2l +1)clPl(cosθ) , (6.8)

where Pl(cosθ) are Lagendre polinomials. It turns out that each term in Eq. (6.8) corresponds to a
well-defined angular scale, given by

θ ' 180◦

l
. (6.9)

Hence, fluctuations on small angular scales correspond to large multipole orders and vice-versa.
Consider now the CMB power spectrum, namely the plot of l(l + 1)cl versus l, and denote by l1
and l2 the multipole orders corresponding – through Eq. (6.9) – to θ1 and θ2, respectively. Then
the baryon acoustic oscillations show up as acoustic peaks in the CMB power spectrum within the
interval l1 < l < l2. It is precisely these peaks that tell us much about dark matter.

Specifically, the situation can be summarized as follows. It would be impossible to derive the
results presented below in an analytic fashion, and the standard derivation is accomplished with the
computer package CMBFAST [76].

• The position of the first peak is controlled by θ1. Being an angle, θ1 is very sensitive to the
geometry of the Universe, that is to say to Ω. So, the actual position of the first peak yields
the specific value of Ω. The result of the PLANCK collaboration is [77]

Ω = 1±0.012 . (6.10)

• The ratio of the heights of the first to the second peak gives ΩB, whose value reported by the
PLANCK collaboration is [77]

ΩB = 0.049±0.92 . (6.11)
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Figure 6: Acoustic peaks in the CMB.

O O O

Let us pause a while to discuss the results we have obtained so far.
Perhaps, the most dramatic result is expressed by Eq. (6.10), since it implies that the Universe

is spatially flat – namely euclidean – in agreement with the natural expectation based on cosmic
inflation [78]. Nevertheless, a warning is in order. Because the Einstein field equation tell us only
about the metric properties, the topology of the Universe is totally unknown. Therefore, we should
keep in mind that space can actually be topologically nontrivial, and so it can well happen that it is
not flat but cylindrical.

Another remarkable fact is that the value of ΩB – as given by Eq. (6.11) – fits within the range
(6.1) even though it is quite close to the upper bound. Hence, we see that cosmology provides a
solid prediction about the total amount of baryons in the Universe. Consequently, Eq. (5.9) implies

ΩM = 0.340±0.92 , (6.12)

in very good agreement with the result reported by the Planck collaboration [77]

ΩM = 0.308±0.012 . (6.13)

Usually, we are accustomed to think that galaxies are the building blocks of the Universe and
the main place where matter is located. But this view must be wrong, since we have ΩM = 0.308
while we know that Ω = 1. So, we are missing roughly two-third of the stuff the Universe is made
of!
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6.3 Accelerated cosmic expansion

The solution to this puzzle came in April 1997. Two independent collaborations, the Super-
nova Cosmology Project [79, 80] and the High-z Supernova Search Team [81, 82], reported that the
observation of a set of Type Ia supernovae at cosmological distance implies that present Universe
is undergoing an accelerated expansion.
568 PERLMUTTER ET AL. Vol. 517

FIG. 1.ÈHubble diagram for 42 high-redshift type Ia supernovae from the Supernova Cosmology Project and 18 low-redshift type Ia supernovae from the
Supernova Survey after correcting both sets for the SN Ia light-curve width-luminosity relation. The inner error bars show the uncertainty dueCala! n/Tololo

to measurement errors, while the outer error bars show the total uncertainty when the intrinsic luminosity dispersion, 0.17 mag, of light-curveÈwidth-
corrected type Ia supernovae is added in quadrature. The unÐlled circles indicate supernovae not included in Ðt C. The horizontal error bars represent the
assigned peculiar velocity uncertainty of 300 km s~1. The solid curves are the theoretical for a range of cosmological models with zero cosmologicalm

B
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in Fig. 4, the exact choice of a does not change the Hubble
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of Figure 1 are Ðtted to the Friedman-Robertson-Walker
(FRW) magnitude-redshift relation, expressed as in P97 :

m
B
eff 4 m

R
] a(s [ 1) [ K

BR
[ A

R
\ M

B
] 5 log D

L
(z ; )

M
, )") , (4)

where is the ““ Hubble-constantÈfree ÏÏ lumi-D
L

4 H0 d
Lnosity distance and log is theM

B
4 M

B
[ 5 H0 ] 25

““ Hubble-constantÈfree ÏÏ B-band absolute magnitude at
maximum of a SN Ia with width s \ 1. (These quantities

are, respectively, calculated from theory or Ðtted from
apparent magnitudes and redshifts, both without any need
for The cosmological-parameter results are thus alsoH0.
completely independent of The details of the ÐttingH0.)
procedure as presented in P97 were followed, except that
both the low- and high-redshift supernovae were Ðtted
simultaneously, so that and a, the slope of the width-M

Bluminosity relation, could also be Ðtted in addition to the
cosmological parameters and For most of the)

M
)".

analyses in this paper, and a are statistical ““ nuisance ÏÏM
Bparameters ; we calculate two-dimensional conÐdence

regions and single-parameter uncertainties for the cosmo-
logical parameters by integrating over these parameters, i.e.,

da.P()
M

, )") \ // P()
M

, )", M
B
, a)dM

BAs in P97, the small correlations between the photo-
metric uncertainties of the high-redshift supernovae, due to
shared calibration data, have been accounted for by Ðtting
with a correlation matrix of uncertainties.11 The low-
redshift supernova photometry is more likely to be uncor-
related in its calibration, since these supernovae were not
discovered in batches. However, we take a 0.01 mag system-
atic uncertainty in the comparison of the low-redshift
B-band photometry and the high-redshift R-band photo-
metry. The stretch-factor uncertainty is propagated with a
Ðxed width-luminosity slope (taken from the low-redshift

11 The data are available at http ://www-supernova.lbl.gov.

Figure 7: Hubble diagram for 42 high-redshift type Ia supernovae from the Supernova Cosmology Pro-
jectand 18 low-redshift type Ia supernovae. The inner error bars show the uncertainty due to measurement
errors, while the outer error bars show the total uncertainty when the intrinsic luminosity dispersion, 0.17
mag, of light-curve-width-corrected type Ia supernovae is added in quadrature. The unfilled circles indicate
supernovae not included in fit C. The horizontal error bars represent the assigned peculiar velocity uncer-
tainty of 300kms−1. The solid curves are the theoretical meff

B (z) for a range of cosmological models with
zero cosmological constant: (ΩM,ΩΛ) = (0,0) on top, (1,0) in middle, and (2,0) on bottom. The dashed
curves are for a range of flat cosmological models: (ΩM,ΩΛ) = (0,1) on top, (0.5,0.5) second from top,
(1,0) third from top, and (1.5,−0.5) on bottom.

The idea goes back to Hubble, who realized that information about the geometry of the Uni-
verse can be obtained by observing standard candles located at cosmological distances. Accord-
ingly, a measurement of the apparent luminosity (radiation flux) yields the luminosity distance
while the redshift z is obtained by measuring that of the host galaxy. Because the luminosity dis-
tance depends not only on z but also on ΩM and ΩΛ, it follows that a curve in the plot of apparent
luminosity versus redshift – the so-called Hubble diagram – is labelled by the pair (ΩM,ΩΛ).
Suppose now that both apparent luminosity (apparent magnitude) and redshift are measured for a
sample of identical standard candles, chosen to be Type Ia supernovae. Accordingly, a curve in the
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Figure 8: Best-fit confidence regions in the (ΩM,ΩΛ) plane for our primary analysis. The 68%, 90%,
95%, and 99% statistical confidence regions in the (ΩM,ΩΛ) plane are shown.

Hubble diagram gets singled out, and so a well-defined functional relationship between ΩM and
ΩΛ emerges.

For instance, the Supernova Cosmology Project yields fit of the magnitude-redshift data for 42
Type Ia supernovae with 0.18≤ z≤ 0.83 plus another supernova survey with z≤ 0.1. Their results
are exhibited in Figure 7. At the 99% confidence level their data imply that ΩΛ > 0, whereas their
best fit gives

0.8ΩM−0.6ΩΛ =−0.2±0.1 , (6.14)

which corresponds to major axis of the various blue ellipses in Figure 8. Correspondingly, the
deceleration parameter q0 reads

q0 =−0.63ΩΛ−0.13±0.06 , (6.15)

thereby implying that the present Universe is undergoing an accelerated expansion. For a flat
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Universe they also report the age of the Universe t0 = 13.4+1.4
−1.1 Gyr as well as ΩM ' 0.28, as it

can be seen from the intersection of the flat straight line corresponding to ΩM + ΩΛ = 1 with the
ellipses corresponding to 68% confidence level in Figure 8.

Basically, the same conclusion has been reached by the High-z Supernova Search Team.
Now, by combining Eqs. (6.13) and (6.14) we get ΩΛ = 0.74, and so Ω = 1.05, which is

perfectly consistent with Ω = 1 when errors are taken into accounts.
Thus, we conclude that the vacuum energy is just the missing stuff which fills the gap. As we

have seen, having large negative pressure, it makes gravity repulsive. Moreover, it is self-repulsive,
and so we expect to be spread out throughout the Universe without making structures. In addition,
its contribution to galaxies and its clusters is irrelevant, thereby not upsetting our previous analysis.

7. Nature of dark matter

Finally, we briefly address the nature of dark matter as implied by the above analysis.

Baryonic dark matter: Our estimates of ΩLUM = 0.0035 and ΩB = 0.049 imply that more than
90% of the baryons do not emit light in the optical band. Surely, some of them are present in
the intracluster region and emit X-rays. In addition, baryons constitute the so-called warm-hot
intergalactic medium [83]. Nevertheless, a carefully inventory shows that about 50% of the baryons
are dark, thereby giving rise to the problem of non-baryonic dark matter [57]. Their form is
unknown. Still, several proposal have been made. For instance, it has been shown from a careful
analysis of the formation process of the Milky Way and Andromeda that the observed properties
can be reproduced only if 50− 75% of the galactic baryons are dark [84]. In addition, it seem
that the observed distribution of the rotation velocity of a statistically meaningful sample of spiral
galaxies can be explained only if roughly 1/3 of the dark baryons lurk in galactic halos of spiral
galaxies [85].

Non-baryonic dark matter: Clearly, ΩM = 0.308 exceeds ΩB = 0.049 by more than a factor of 6,
thereby showing that this gives the leading contribution to the mass budget. Its need is absolutely
compelling for the formation of structure in the Universe, provided it is cold (namely that it is
non-relativistic when it decouples from the rest of the Universe) [86]. Unfortunately, their nature is
totally unknown. The most popular candidates for cold dark matter are WIMPs (weakly interacting
massive particles), which can be very heavy [87, 88]. Alternatively, cold dark matter can be made
of very light particles, like axions [87] or axion-like particles (ALPs) [89, 90].

Dark energy: This is the stuff responsible for the accelerated cosmic expansion and described by
ΩΛ = 0.74. Manifestly, this is the leading stuff in the Universe, and so we can well say that we do
not have even the slightest idea concerning what the Universe is made of [91].

In conclusion, while all astrophysical and cosmological observation lead to results that numer-
ically fit very nicely together, we still do not know the physical nature of the leading components
of the Universe.
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