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We present a minimal model of inflation where the Planck scale is dynamically generated from
dimensionless interactions. The inflaton field φ gets a vacuum expectation value via dimensional
transmutation. The Planck scale is generated via its non-minimal coupling to gravity ξ φ 2R. To
generate the minimum of the inflaton potential, one needs a singlet scalar and new fermion(s)
which can provide a dark matter candidate. The spectral index is predicted to be ns ≈ 0.96. The
tensor-to-scalar ratio can vary from r ≈ 0.13 down to r ≈ 0.04 in presence of large couplings
or r ≈ 0.003 if the Lagrangian contains an R2 term, interpolating between the quadratic and
Starobinsky inflation. These theories relate the smallness of the weak scale to the smallness of
inflationary perturbations: both arise naturally because of small couplings, implying a reheating
temperature of 107...9 GeV. A measurement of r by Keck/BICEP3 would give us information on
quantum gravity in the dimensionless scenario.
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1. Classical Scale Invariance

We introduce a classically scale invariant model [1] with no explicit mass scales at tree level
in the Jordan frame. Quantum corrections break classical scale invariance and induce a vacuum
expectation value (VEV) for the inflaton via the Coleman-Weinberg mechanism. We perform a
conformal transformation of the potential into the Einstein frame, where we have usual general
relativity + inflation.

Classical scale invariance may help solve the naturalness problem [2], physical naturalness
[3], finite naturalness [4], and many others (for the full list of references please see [1]).

Classical scale invariance strongly restricts the terms that can be included in the Lagrangian.
In particular, there are no mass terms, no soft (cubic) terms, no Planck mass MP and no cosmolog-
ical constant Λ. Dimensionless terms such as Yukawa couplings and scalar quartic couplings are
allowed, whereas all dimensionful terms will be generated by quantum corrections.

The small amplitude of scalar perturbations PR =(2.14±0.05)×10−9 [5] means that Einflation�
MP and the fact that the Planck scale does not seem to produce appreciable quantum corrections to
the Higgs mass, despite the ratio Mh/MP ∼ 10−16 suggests that quantum gravity should be weakly
coupled.

2. Induced Gravity and Inflation

in the Jordan frame, physics is described by√
−gJL J =

√
−gJ

[
−ξS

2
s2R+

(∂ s)2

2
− 1

4
λS(s)s4 +Lextra matter

]
, (2.1)

where s is the inflaton. Extra matter is needed to induce the correct renormalisation group running
of the inflaton quartic λS.

As usual, we take µ = s to resum log-enhanced loop corrections. Thus the potential in the
Jordan frame

V (s) =
1
4

λS(s)s4 (2.2)

gets a non-zero minimum due to running λS. The Jordan frame potential is sketched in Figure 1.
The minimum that induces the Planck mass allows two kinds of inflation, small-field (hilltop) and
large-field inflation.

We have three conditions on the minimum:

• Planck mass generation ξS
2 s2R→ M2

P
2 R implies

v2
s =

M2
P

ξS
,

• Dark energy Λ' 0 and no eternal inflation imply

V (vs)' 0, thus λS(vs)' 0, (2.3)

• of course, the minimum condition

dλS

dt
(vs) = βλS(vs) = 0. (2.4)
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Figure 1: A sketch of the Jordan frame potential. Blue means small-field and red means large-field inflation.

To go to the Einstein frame, we perform the conformal transformation

gE
µν = Ω(s)2gJ

µν , where Ω(s)2 =
ξSs2

M2
P

=
s2

v2
s
. (2.5)

In the Einstein frame, the potential of the inflaton consists of only a cosmological constant
term:

VE(s) =
V (s)
Ω(s)4 =

1
4

λS(s)
M4

P

ξ 2
S
. (2.6)

However, because λS is running, the cosmological constant depends on s and can accommodate
inflation.

What does the potential look like in the Einstein frame?
The Taylor expansion of λS around vs in the Jordan frame is

λS(s) = λS(vs)+βλS(vs) ln
s
vs

+
1
2

β
′
λS
(vs) ln2 s

vs
+

1
6

β
′′
λS
(vs) ln3 s

vs
+ . . . . (2.7)

By conditions (2.3) and (2.4), the first two terms are zero.
Now in the Einstein frame, the field s is not canonically normalised. We define a canonically

normalised field sE by

s = vse

√
ξS

1+6ξS

sE
MP . (2.8)

Inserting (2.8) into the expansion (2.7), we obtain in the Einstein frame

VE(s) =
1
4

λS(s)
M4

P

ξ 2
S
=

1
4

[
1
2

β
′
λS
(vs)

ξS

1+6ξS

s2
E

M2
P
+

1
3!

β
′′
λS
(vs)

(
ξS

1+6ξS

) 3
2 s3

E

M3
P
+ . . .

]
M4

P

ξ 2
S
. (2.9)

The potential in the Einstein frame (with the VEV shifted to zero for convenience) for the
particular set of parameters ξS(vs) = 300, β ′

λS
(vs) = 6×10−5 and β ′′

λS
(vs) = 9×10−6 is shown on

Figure 2. The gray dashed line shows the quadratic approximation that is quite bad for all but small
values of couplings.
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Figure 2: An example of the Einstein frame potential. Gray dashed line shows the quadratic approximation.
Blue means negative-field and red means positive-field inflation.

3. The Minimal Model

In order to fulfill the minimum condition (2.4), the one-loop β -function for λS in the approxi-
mation λS ' 0 must contain at least one negative and one positive term that can cancel each other.
Therefore the minimum set of extra matter is a Majorana fermion ψ and a real scalar σ , and the
full Lagrangian in the Jordan frame is given by

√
−gJL J =

√
−gJ

[
LSM−

ξS

2
s2R

+
(∂ s)2

2
+

(∂σ)2

2
+

i
2

ψ̄
c /Dψ +LY −V

]
,

LY =
1
2

ySsψ̄
c
ψ +

1
2

yσ σψ̄
c
ψ,

V =
1
4

λSs4 +
1
4

λSσ s2
σ

2 +
1
4

λσ σ
4.

Then the one-loop β -function at the minimum is

16π
2
βλS(vs) =

1
2

λ
2
Sσ (vs)−4y4

S(vs) = 0.

In the Einstein frame, the Lagrangian is

√
−gEL E =

√
−gE

[
LSM

Ω(s)4 −
1
2

M2
PR+

(∂ sE)
2

2
+

(∂σE)
2

2
+

i
2

ψ̄
c
E /DψE +LYE −VE

]
, (3.1)

LYE =
1
2

ySvsψ̄
c
EψE +

1
2

yσ σEψ̄
c
EψE ≡

1
2

mψ ψ̄
c
EψE +

1
2

yσ σEψ̄
c
Eψ, (3.2)

VE =
1
4

λSv4
s +

1
4

λSσ v2
s σ

2
E +

1
4

λσ σ
4
E ≡ Λ+

1
2

m2
σ σ

2
E +

1
4

λσ σ
4
E , (3.3)

where the inflaton self-coupling has become the (running) cosmological constant, the Yukawa term
of the inflaton has become a fermion mass term and the portal coupling to the scalar singlet σ the
mass of that scalar.
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Matching the renormalisation group equations in the two frames [1] gives us that

Frame equivalence (at loop level)
in the weak/soft gravity limit

⇒

{
λS� λSσ � λσ

βyS � yS, βξS
� ξS

.

The predictions for the tensor to scalar ratio r and the spectral tilt ns together with the 1 and 2σ fit
of the latest combination of the Planck/BICEP2/Keck [6, 7, 8, 5] are given in the left side panel of
Figure 3.
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Figure 3: r vs. ns in the effective theory and in agravity.

Adding an R2 term to general relativity gives the Starobinsky inflation with r = 0.003 [9]. With
both the inflaton s and an R2 term, we can interpolate between quadratic and Starobinsky inflation
as shown on the right side panel of Figure 3 in a concrete realisation of such a model is inflation in
agravity (an ultraviolet completion of general relativity) [10].

4. Conclusions

In conclusion, we have a classically scale invariant model with Planck mass generated by
the inflaton. The minimal field content required comprises the inflaton s, an extra scalar σ and
a Majorana fermion ψ . The Einstein frame potential is generated by the running of the inflaton
self-coupling λS. With large couplings, large deviations from quadratic inflation can be obtained.
Another way to deviate from quadratic inflation is to add an additional R2 term, which allows to
interpolate the tensor to scalar ratio between 0.003 6 r 6 0.13.
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