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Recent radio polarization observations of nearby edge-on spiral galaxies have revealed the pres-
ence of X-shape magnetic fields in their halos. Whether the halo of our own Galaxy also hosts
an X-shape magnetic field is still an open question, as such a field would be very hard to de-
tect from inside. In this paper, I propose a mathematical description of X-shape magnetic fields,
which can be used for fitting purposes or as inputs to various theoretical studies — including that
of cosmic-ray propagation in galaxies.
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1. Introduction

Low-frequency radio waves provide the best observational tool to probe interstellar magnetic
fields in galaxies. In the disks of external spirals, magnetic fields have long been observed to be
generally horizontal (parallel to the disk plane) and to follow a spiral pattern, while in the halos of
external edge-on spirals, they were recently found to possess an overall X shape, with a vertical
component (perpendicular to the disk plane) that increases with both galactic radius and height in
the four quadrants (see, e.g., [7, 5, 2] for recent reviews).

Several physical scenarios have been put forward to explain the origin of X-shape magnetic
fields in galactic halos (see [4]). The first class of scenarios rests on the hypothesis that the X shape
pertains to the large-scale regular magnetic field. Under this hypothesis, the simplest possibility
would be that the X shape is produced by a conventional galactic dynamo operating in the halo
[12, 9]. However, conventional dynamo fields do not naturally come with an X shape. To overcome
this difficulty, a large-scale galactic wind has been invoked [12, 1, 6, 10] — either a wind originating
near the galactic plane and advecting the disk dynamo field into the halo, or a wind blowing from
the base of the halo and stretching out the halo dynamo field into an X shape [4]. In the second
class of scenarios, the X shape pertains to a small-scale anisotropic random field. For instance, a
spiky wind [3] could create extremely elongated magnetic loops that would line up with the local
effective gravity (Michat Hanasz, private communication).

Independent of the question of their physical origin, a mathematical description of X-shape
magnetic fields is often needed — for instance, to construct synthetic maps of rotation measures
or synchrotron emission, or to study theoretical problems such as cosmic-ray propagation. The
purpose of this paper is to provide simple descriptive equations that are both handy and consistent
with the magnetic field divergence-free condition.

2. Magnetic field models

In this section, I present the four analytical models that [4] constructed to describe X-shape
magnetic fields in galactic halos. Each of these models is initially defined by the shape of its field
lines together with the distribution of the magnetic flux density on a given reference surface. Using
the Euler formalism [8, 11], [4] derived the corresponding analytical expression of the magnetic
field vector, (B,,By,B;), as a function of galactocentric cylindrical coordinates, (7, ¢,z).

In models A and B, a fixed reference radius, ry, is introduced, and field lines are labeled by
the height, z;, and the azimuthal angle, ¢;, at which they cross the vertical cylinder of radius ry.
In models C and D, a fixed reference height, z;, is introduced (more exactly, one reference height,
z1 = 0, in model C where all field lines cross the galactic midplane, and two reference heights,

z1 = *£|z1], in model D where field lines do not cross the midplane), and field lines are labeled
by the radius, ry, and the azimuthal angle, ¢;, at which they cross the horizontal plane (or one
of the two horizontal planes) of height z;. Thus, the point (|, @;,z;) of a given field line can be
regarded as its footpoint on the reference surface (vertical cylinder of radius | in models A and B

and horizontal plane(s) of height z; in models C and D).
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2.1 Poloidal field

The four models are distinguished by the shape of field lines associated with the poloidal field
(hereafter referred to as the poloidal field lines), and hence by the expressions of the radial and
vertical field components.

2.1.1 Models A and B

In model A, the shape of poloidal field lines is described by the quadratic function

1+ar?
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where a is a free parameter governing the opening of field lines away from the z-axis, r; is the
prescribed reference radius and z; is the vertical label of the considered field line (see Fig. 1a).

Conversely, the vertical label of the field line passing through (7, ¢,z) is given by

l+ar%
1+ar?

21 (2.2)

It then follows (see [4] for the detailed derivation) that the radial and vertical field components can
be written as

r z

B, = = L B,(r1,01,21) (2.3)
r z
2ar1Z1

B, = Tar B, (r1,¢1,21) , (2.4)

with, for instance, B,(r1, ¢1,z1) obeying Eq. (2.9).
In model B, the corresponding equations read
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with n a power-law index satisfying the constraint n > 1 (see Fig. 1b),
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In both models A and B, the radial field component on the vertical cylinder of radius ry is
chosen to have a linear-exponential variation with z; and a sinusoidal variation with @y :

—H
B,(r1,¢1,21) = B1 fsym [’2’ exp (JZI‘PI)] cos (m (o1 —<P*(Z1))) ; (2.9)



X-shape magnetic fields in galactic halos Katia Ferriere

(a) Model A (b) Model B

(c) Model C (d) Model D
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Figure 1: Sample of field lines for each of the four models of poloidal fields, in a vertical plane through the
galactic center: (a) model A with r; = 3 kpc and @ = 1/(10 kpc)?; (b) model B with r; = 3 kpc and n = 2;
(c) model C with a = 1/(10 kpc)? (and, as always, z; = 0); and (d) model D with |z;| = 1.5 kpc and n = 2.
Each panel is 30 kpc x 30 kpc in size, with the trace of the galactic plane indicated by the horizontal, red,
solid line, and the z-axis by the vertical, black, dot-dashed line.

)

where By is the normalization field, fsyn is a factor setting the vertical parity of the magnetic field!
(fsym = 1 for symmetric fields and fgy, = sign z; for antisymmetric fields), H is the exponen-
tial scale height, m is the azimuthal wavenumber and ¢, (z;) the fiducial angle of the azimuthal
modulation.

2.1.2 Models C and D

Models C and D are the direct counterparts of models A and B, respectively, with the roles of
the coordinates r and z inverted in the equation of field lines.
In model C, the reference height is set to z; = 0, and the shape of poloidal field lines is
described by the quadratic function
r=r (14+az%), (2.10)

I A magnetic field is symmetric/antisymmetric with respect to the galactic midplane (or quadrupolar/dipolar) when
its horizontal components, B and By, are even/odd functions of z and its vertical component, B, is an odd/even function
of z.
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with a a free parameter governing the opening of field lines away from the r-axis and r; the radial
label of the considered field line (see Fig. 1c). Conversely, the radial label of the field line passing
through (r, ¢,z) is given by

;
=7 .2 2.11
" 1 + LZZZ ( )
The radial and vertical field components can then be written as
2ariz
By = rzl B:(ri,¢1,21) (2.12)
2
BZ = ﬁBZ(rl?(pth)a (213)

with, for instance, B;(r1, ¢1,21) obeying Eq. (2.18).

In model D, where every field line remains confined to one side of the galactic midplane, a
reference height, z; = |z1] sign z, is prescribed on each side of the midplane, such that the ratio
(z/z1) is always positive. We then have
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with n > 7 (see Fig. 1d),
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In both models C and D, the vertical field component on the horizontal plane(s) of height z;
is chosen to have an exponential variation with r; and a sinusoidal variation with @ :

B(r1.91.21) = B1 fuym exp (=7 ) cos (m (91— 9.(n)) ) 2.18)

with B the normalization field, fsym a factor setting the vertical parity of the magnetic field ( fyym =
1 in model C, which is always antisymmetric, and in the antisymmetric version of model D, and
Jsym = sign z; in the symmetric version of model D), L the exponential scale length, m the azimuthal
wavenumber and @, (r}) the fiducial angle of the azimuthal modulation.

2.2 Azimuthal field

In all four models, field lines are assumed to spiral up or down (see Fig. 2) according to the
equation

O =01+ fo(r2), (2.19)
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where f,(r,z) is a winding function which vanishes on the reference surface (fy(r1,21) = 0) and
decreases or increases monotonically away from it. The field line passing through (r, ¢, z) can then
be traced back to the azimuthal label

01 =0~ fo(r,2) - (2.20)

In practice, it is often more convenient to describe the spiraling of field lines with the pitch
angle, p(r,z), defined as the angle between the tangent to the field line projection onto the galactic
plane and the local azimuthal direction:
dp _ dfy

-
cotp = dr | dr’

2.21)

where the derivative with respect to r is to be taken along field lines. The simplest possible
choice for the pitch angle is a constant value, which leads to a logarithmic spiral with f,(7,2) =
cotp In(r/ry). Another simple choice, which reflects the expected increase of the pitch angle with
increasing height, is
N 1
Z
p(1,2) = Peo + (P0 — Po) <1+ <I|-1’> ) , (2.22)
P

with pg the pitch angle at midplane, p.. the pitch angle at infinity and H,, the scale height.

For a given pitch angle distribution, the winding function is obtained by integrating Eq. (2.21)
along field lines:

Ny 1
fo(r2) :/ cotp(r,?) < dr (2.23)
r r
or, equivalently,
folr )—/Zcot o2y (LA g (2.24)
o\Z) = . p\r,z Vod7 z .

where 7’ is the height of the considered field line at radius 7.
In models A and B, where poloidal field lines are defined by z as a function of r, it is more
appropriate to use Eq. (2.23), with 7’ inferred from Eq. (2.1) in model A:

14 ar?
Z/ =z m s (2.25)
and 7' inferred from Eq. (2.5) in model B:
P\ r
()"
=N/ N (2.26)

In contrast, in models C and D, where poloidal field lines are defined by r as a function of z,
it is more appropriate to use Eq. (2.24), with 7 inferred from Eq. (2.10) in model C:

, 1+az?
r=r
1+az?

(2.27)
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(a) Model A (b) Model B

1
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(d) Model D
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Figure 2: Sample of field lines for each of the four complete magnetic field models, as seen from an oblique
angle. The parameters of the poloidal field have the same values as in Fig. 1, while the pitch angle is set to
p = —30°. The selected field lines are the wound-up versions of the field lines displayed in Fig. 1 (except
in model D, where fewer field lines are drawn for clarity). Each box is a (30 kpc)? cube, with the galactic
plane traced by the red, solid circle, and the z-axis by the vertical, black, dot-dashed line.

and , .
1 dr 2az
(&)~ irem 20

and 7’ inferred from Eq. (2.14) in model D:

. (2.29)

and

Z\" 7
</ ?) _ i/ A (2.30)
r Z
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Since the magnetic field is by definition tangent to field lines, the pitch angle also represents
the angle between the horizontal field and the local azimuthal direction, so that the azimuthal
component of the field is related to its radial component through

By =cotp B, - (2.31)

3. Summary

In this paper, I presented four analytical models of X-shape magnetic fields in galactic halos.
The poloidal field is described by Eqgs. (2.3) — (2.4) in model A, Eqgs. (2.7) — (2.8) in model B,
Egs. (2.12) — (2.13) in model C, and Egs. (2.16) — (2.17) in model D, while the azimuthal field
is described by Eq. (2.31), with, for instance, Eq. (2.22), in all models. Together, these equations
relate the magnetic field at an arbitrary point (7, ¢, z) to the field component normal to the reference
surface (vertical cylinder of radius r; in models A and B and horizontal plane(s) of height z; in
models C and D) at the footpoint (r1,¢;,z;) on the reference surface of the field line passing
through (r, ¢,z). The footpoint, in turn, is determined by the reference coordinate (r; in models A
and B and z; in models C and D), the poloidal label of the field line (Eq. (2.2) in model A, Eq. (2.6)
in model B, Eq. (2.11) in model C, Eq. (2.15) in model D), and its azimuthal label (Eq. (2.20) in
all models).

An important remark must be made regarding model A. As can be seen from Fig. 1a, all field
lines, from all meridional planes, converge to the z-axis, so that B, — oo for r — 0 (see Eq. (2.3)).
In reality, this unphysical behavior poses an insuperable problem only in the axisymmetric case.
In non-axisymmetric configurations, a slight modification of the magnetic topology near the z-axis
may be sufficient to remove the singularity.
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