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1. Introduction: Massive (gauge-fixed) gluons and Gribov arhiguities

Progress in the understanding of the phase structure of @@1ainly driven by lattice results.
It is, by now, well established that there is a crossover fetmadron phase to a quark-gluon
plasma phase along the temperature axis [1, 2]. In contasitnple perturbative description of
the confinement-deconfinement transition seems out of reaes in the case of pure Yang-Mills
theories because weak coupling techniques break down petainres of the order of the transition
temperature. Continuum calculations are either based ppanturbative approaches such as the
functional renormalization group (FRG) or Dyson-Schwingguations (DSE) [3, 4, 5], or on the
use of phenomenological models [6, 7].

However, the failure of standard perturbative techniqudevatemperatures should be inter-
preted with care due to the Gribov problem. Indeed, the Fad&®pov (FP) quantization proce-
dure ignores the Gribov ambiguities inherent to the issdixiofg a gauge in a continuous way in a
nonabelian theory [8] and is, at best, a good approximatitwigh energies, where the Gribov am-
biguities play a negligible role. A fully consistent quaatiion procedure must take into account the
Gribov problem. A well-established example is the so-chitenimal Landau gauge in the context
of lattice gauge-fixed calculations, which consists intitdg one (arbitrary) Gribov copy on each
gauge orbit. Explicit calculations of the Euclidean vacyumpagators in this gauge have revealed
that the gluon behaves as a massive field in the regime of addéigpdd momenta, whereas the
ghost remains massless [9]. This demonstrates that the BR&inetry of the FP action—which
prohibits a gluon mass or, more precisely, a nonzero valdlkeoinverse gluon propagator at zero
momentum—is not realized in a fully gauge-fixed setting.dctfit is also well-known that lattice
implementations of the BRST symmetry typically lead taddifined zero over zero expressions for
physical observables [10].

Unfortunately, the minimal Landau gauge cannot be implaatein terms of a local renor-
malizable action and is not suited for continuum approackesearly attempt to go beyond the
FP quantization consists in restricting the path integvalr gauge fields to the first Gribov region,
where the FP operator is positive definite [8, 11]. The oggproposal predicts a vanishing gluon
propagator at zero momentum, which agrees with latticelteeguthe Coulomb gauge [12] but
not with those in the Landau gauge mentioned above. A refieesion, which includes various
condensates of mass-dimension two gives results in agreemith the lattice data in the Landau
gauge [13]. Finite temperature effects have been invdstiga this context in Refs. [14, 15, 16].

Yet another approach to the Gribov problem, advocated is.lRET, 18], is to acknowledge the
fact that the BRST symmetry is likely not to be realized in agistent gauge fixing procedure and
to consider the minimal extension of the FP action condistéh locality and renormalizability. In
the case of the Landau gauge, this is given by the Landaudirttie Curci-Ferrari (CF) model [19]
which corresponds to the FP action augmented by a bare glass tarm. One-loop calculations
of the vacuum ghost and gluon propagators in this model haea Bhown to be in quantitative
agreement with the aforementioned lattice data [17]. MegedTissier and Wschebor have shown
that the model admits infrared-safe renormalization grtoajectories, where the coupling constant
remains finite at all scales, which allows one to push peativé calculations down to deep infrared
momenta. The gluon mass regulates the infrared divergeaspensible for the Landau pole in the
FP theory. This approach has also been successfully agplige one-loop calculation of three-
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point vacuum correlators in Yang-Mills theories [20], te ttacuum propagators of QCD [21] and
to the ghost and gluon propagators of Yang-Mills theoridmée temperature [22].

Finally, the relation of this phenomenological approacthtissue of Gribov ambiguities has
been given a more solid theoretical foundation in Ref. [28]ere a novel quantization procedure
for Yang-Mills theories was put forward, which consists @king a particular average over all
Gribov copies instead of trying to select a unique one. Th@ds the Neuberger 0/0 problem
mentioned above. For a suitably chosen averaging proceitisecan be formulated as a local ac-
tion which is perturbatively renormalizable in four spaeet dimensions. In the case of the Landau
gaugé and for a suitable definition of the renormalized mass paramie resulting gauge-fixed
theory has been shown to be perturbatively equivalent t&€thenodel for the calculation of ghost
and gluon correlation functions. The bare gluon mass ise@lo the averaging weight which lifts
the degeneracy between Gribov copies.

The results mentioned above in the CF model show that thimapp leads to a better-behaved
perturbation theory than the usual FP procedure. A quiaktéiut instructive analogy can be made
with the physics of the Kosterlitz-Thouless transitionfie XY model in statistical physics [25]. In
terms of usual spin waves, the physics of the transitiontigsically nonperturbative: perturbation
theory shows no sign of the transition at all orders. Altéwedy, taking explicitly into account the
vortex excitations of th&XY model leads to a valid perturbative description of the iteoms

These considerations have motivated the works of Refs.42k,summarized below, where
the confinement-deconfinement transition of pure$Xang-Mills theories at finite temperature
is studied in the context of the modified (massive) pertivbatpproach described above. A crucial
ingredient is to devise a loop expansion which correctituwas theZy center symmetry of the
theory, which is spontaneously broken in the deconfined gahdasis is easily achieved in the
context of background field methods. In particular, we adeisthe minimal massive extension
of the standard Landau-DeWitt gauge, the background fiehergdization of the Landau gauge.
A one-loop calculation of the effective potential for thelyRdov loop—the order parameter of
the Zy transition—correctly describes a confined phase at low é&aipres and a deconfinement
transition of second and of first order for the cabkes 2 andN = 3 respectively, with transition
temperatures in qualitative agreement with known valués [Rinally, we briefly review the work
of Ref. [27] concerning the calculation of the critical teenature as well as of the thermodynamic
pressure and entropy of the SU(2) theory at two-loop order.

2. Massive Landau-DeWitt gauge

We consider the Euclidean Yang-Mills actiondn= 4 dimension$

1
Sy = é/xtr{FwFuV} , 2.1)

whereF,, = duAy — d,A, —ig[A,, Av], with g the coupling constant, amj, = Ajjt®, with SUN)
generator$? normalized as t3") = 5°°/2. Finally, [, = /& dt [ d3x, with B = 1/T the inverse
temperature. We quantize the theory using the backgroutdirfiethod [28] with a background

1A more general class of (nonlinear) covariant gauges has émesidered in Ref. [24].
2For simplicity, we ignore regularization and renormali@atissues in this contribution. For details, see Ref. [27].
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field A_\u = 6,10,6_"(‘;" in the temporal direction and in the Cartan subalgebra sghhy the generators
tX withk=1,...,N — 1. Our gauge-fixed action reads

1 - _ i
S:/Xtr{EF,NFW+mza,1au+2D,1cD,lc+2|hDua,l}, (2.2)

with a, = A, — A, the fluctuating gluon fieldh a (real) Nakanishi-Lautrup field ardandc the
FP ghost and antighost fields. HeB,¢ = d,¢ —ig[A,, ] andD,¢ = d, ¢ —ig[A,, ¢]. Apart
from the bare gluon mass termn?, Eq. (2.2) is nothing but the FP action corresponding to the
Landau-DeWitt gaugeﬁpau = 0. The relation of the gluon mass term in Eq. (2.2) with thebGvi
ambiguities of this gauge condition is discussed in Ref].[26

To evaluate physical observables at zero sources, one camize the following background
field effective potential .
FA¢=0

BQ
whererk = BgA_('g, Q is the spatial volume, and where we have subtracted the eerperature
contributionVyac. Here,F[K, @] is the effective action in presence of the background, itk
(ay,c,c,ih). The loop expansion of the potential (2.3) corresponds texgansion in powers af
with gAg ~ 0 (1). We write the corresponding series as

V(T, rk) — —V\/ac, (23)

V(T,r) = 5 VV(T,r), (2.4)

n>0

with V(W ~ ¢(g?"~2) the n-loop order contribution. The tree-level contribution igres identi-
cally, VO (T,rk) = 0, and the first nontrivial term is the one-loop contribution

3. One-loop results

Remarkably, the leading-order, one-loop contributioh (T, rk) already captures the essential
physics of theZy transition. This arises from the interplay between theeetye contributions of
the massive (gluon) and the massless (ghost) degrees dbfreel'he one-loop expression reads

1 (1
. - _
VT, %) = 5a {ETr InA,—Trin Acc—l} , (3.1)

with Al andAg the tree-level inverse propagators in ttzeh) and in the(c,C) sectors in the
presence of the background field. The notation Tr on the-tigind side involves a trace over
color and Lorentz indices as well as a sum over Matsubaradmges and an integral over spatial
momenta. The Matsubara sums are easily evaluated usirdastcontour integration techniques.
Below we summarize the main results for the gauge groups )@ SU(3) [26].

3.1 Second order phase transition for SUE)

In that case, the Cartan subalgebra has a single directibankg to the symmetries of the
problem one can reduce the analysis to the domairO, 7). Introducing the function

Fon(T, 1) = % /omdqqz{ In (1— e*ﬁfq) +1n <1+e*2f’Eq —2e P cosr> }, (3.2)

4
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Figure 1: The SU(2) dimensionless background field poternti@ll,r) =V (T,r)/T4, normalized to its
value at the confining poimt= 11, for temperature§ = T (black), T < T¢ (blue), andT > T (red). The
minimum is atr = mfor T < T¢ (black line) and continuously moves toward zero for higleenperatures.
The left figure shows the Weiss and inverted Weiss poterttlsibh and low temperatures respectively. The
right figure is a close-up view arourig.

which is such that, for € [0,2r1],

T4 [(r—mn?
90('“):? T

— — 2 J—

the one-loop background field potential can be written as
(l) 3 1 o
VO = S Fm(T.0) = 5 Fo(T.1). (3.3)

The first term on the right-hand side is the contribution ftbemmassive gluons and the second one
is due to the incomplete cancelation of the massless modbs (&, h) and in the(c, c) sectors. At
the same order of perturbation theory, the order paramétbe@, transition, i.e., the average of
the traced Polyakov loop is given by its tree-level expassi

UT) = cos(rmmiz(-r)) : (3.4)

wherermin(T) is the absolute minimum of the one-loop potential (3.3) aditemperatur@. In
the high temperature limit, the effective gluon mass isigédgk and one recovers the well-known
Weiss potential [29], which corresponds to the standard&htigation,

VI (T0) & Fo(T,r). (3.5)

The minimum sits at = 0, corresponding to a deconfined phase, wli€fg # 0. In contrast, at
low temperatures the contribution from massive modes israptially suppressed and one obtains
an inverted Weiss potential from the massless modes, adificsissed in Ref. [4]:

1
Vi 2m(T0) & =5 Zo(T, ). (3.6)

The minimum is now at = 11, which corresponds to a confined phase, Witfi) = 0. A de-
tailed study of the expression (3.3) reveals a second ottgeptransition from the confined to the
deconfined phase at a critical temperaflygn~ 0.33, as illustrated in Fig. 1.
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Figure 2: The SU(3) dimensionless background field poteriiél,r3,rg) =V (T,r3,rg)/T#in therg = 0
direction (where the absolute minimum always sits), noizedl to its value at the confining poit; =
4m/3,rg = 0), for temperature§ = T; (black), T < T; (blue), andT > T (red). The right figure is a
close-up view aroundl.. One observes a finite jump of the absolute minimurm at Te.
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Figure 3: The Polyakov loop as a function of the temperature norméliaehe transition temperature for
SU(2) (blue) and SU(3) (red), from the leading-order caltioh.

To estimatel,, we use the value of the effective gluon mass parameternautdiy fitting the
lattice data for the vacuum gluon propagator in the Landaiggagainst the tree-level expression
in the present theory at vanishing background. This is ratdtl by the fact that, fof < T,
the physical background is given @) = 1T /g and thus vanishes at = 0. Ind = 4, we obtain
m= 710 MeV, which gived, ~ 238 MeV. The typical lattice value [30] §2" = 295 MeV and the
most recent value from FRG/DSE studi¢4] is T-R® = 230 MeV. Although such a comparison is
only qualitative because of the issue of properly settirgsitale, it is remarkable that the present
one-loop result falls in the right ballpark.

3.2 First order phase transition for SU(3)

The Cartan subalgebra has now two directions, convenhjoteden as(rs,rg). The calcula-
tion of the one-loop contribution (3.1) is, again, elementaAs in the previous case, it reduces
to the perturbative SU(3) Weiss potential at high tempeestand to a confining, inverted Weiss
potential at low temperatures. The transition is now of farster, as shown in Fig. 2, with a tran-
sition temperaturd./m~ 0.36. As before, we estimate the gluon mass parameter fromffits o
SU(3) lattice data for the vacuum propagator in the LandaggaWe findm = 510 MeV, which

3The authors of Ref. [4] mention that their FRG result is medifto TSR® = 300MeV when some backreaction
effects—neglected in their main study—are included.
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Figure 4: Temperature dependence of the Polyakov loop at leadiny &retinext-to-leading (blue) orders
in the SU(2) theory. The horizontal dashed lines denote tneesponding asymptotic values at high tem-
perature, denoted here 6 and¢2, respectively. The respective one- and two-loop critieatperatures
are indicated by vertical dashed lines. We have also inglictite temperaturg at which the leading-order
Polyakov loop reaches its asymptotic value.

yields T, = 185 MeV. With the same word of caution as in the SU(2) case, amtion the results
from lattice calculations [30]T/2% = 270 MeV, and from FRG/DSE studies [4]7R¢ = 275 MeV.
Our one-loop results are summarized in Fig. 3, which showsdmperature dependence of the
Polyakov loop for both SU(2) and SU(3). We mention that afl tontinuum approaches men-
tioned here produce a rapid increase of the Polyakov loopealig in sharp contrast with the
existing lattice data [7, 31, 32].

4. Two-loop results

An important aspect of the present perturbative approatiiaisthe above leading-order re-
sults can be systematically improved by computing highdeocorrections. The next-to-leading-
order, two-loop contributiol (® (T, r¥) to the background effective potential has been computed in
Ref. [27] for the SU(2) theory. The calculation is consididyanore involved than the leading-order
one, but it can be done almost completely analytically, upmo-dimensional radial momentum
integrals involving Bose-Einstein ditribution functignghich can be easily computed numerically.

Such a calculation is of interest, first, in assessing theergence of the present perturbative
approach and, second, because the two-loop contributes@vie some unphysical artifacts of
the leading-order results. The first aspect is illustratedrig. 4, which shows the temperature
dependence of the Polyakov loop at one- and two-loop oré&ensillustration, the next-to-leading-
order expression reads

UT) = cos(rm"’z(T)> {1+ gz?m [32H+ a(T’;"I‘T"Z‘(T)) sir? <r’“‘”2(T)>] } (4.1)

wherermin(T) is the absolute minimum of the two-loop background field pté and

a(T,r) = /0 ) k;gk{ 1 /& } >0, 4.2)

cosh(Bk) —cosr  coshBec) — cosr
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The critical temperature now depends on both the effectivergmass and the coupling. We es-
timate the latter using the same strategy as before: we filattiee data for the vacuum ghost

and gluon propagators in the Landau gauge against the lpatitter expressions at vanishing back-
ground field at the appropriate order of approximafioVe obtain a 20% correction for the critical

temperatureT; ~ 284 MeV. This is summarized in the following Table.

T. (MeV) | one loop [26]| two loop [27] | lattice [30] | FRG/DSE [4]
SU(2) 238 284 295 230 (300)
SU(3) 185 work in progress 270 275

As for the second aspect mentioned above, there are indedisvainphysical artifacts of
the one-loop results which disappear at two loop. The firstisrthe fact that the leading-order
Polyakov loop reaches its asymptotic high temperatureevéllu= 1 at a finite temperaturg,,
see Fig. 4, which results in a spurious singularity in thedgmamic quantities, as discussed in
Ref. [27]. Such a singularity is not present at two-loop ordehere the Polyakov loop only
reaches its high temperature valu@ asymptotically. Another example concerns the calculation
of thermodynamic quantities such as the pressfie) = —V (T,rmin(T)) or the entropy density
s(T) = dp/dT; see Fig. 5. At leading order, we find a narrow range of tentpeza aroundr
wherep and/ors are negative. Again, both unphysical behaviors are curatidoywo-loop contri-
butions which are important near the critical temperatasepne might expect. This is discussed in
detail in Ref. [27].

It is also interesting to compare the present calculatioth@fressure with a nontrivial back-
ground field to that at vanishing background, which is edaivato the (massive) Landau gauge.
Figure 5 shows that in the latter case, the leading-ordesspre is always negative below a cer-
tain temperatufand that the two-loop corrections make the problem everhvgimce the pressure
seems always negative. Clearly, neglecting the nontfddakground in the low temperature regime
amounts to expand around an unstable point. This suggestththstrong systematic effects ob-
served in lattice calculations of the Landau gauge gluompayator near criticality [34] might be
resolved by performing lattice calculations in the Land@/itt gauge, e.g., along the lines of
Ref. [35].

Finally, we mention that there remain unphysical contidng to thermodynamic quantities
from the massless (e.g., ghost) modes of the gauge-fixedytheor instance, these leads to spu-
rious T4 contributions to the pressure at low temperatures, adriites! in Fig. 5. If, as we have
discussed above, these modes play a crucial role in ensaigogfining potential for the Polyakov
loop at low temperatures, they should not directly contabio physical quantities such as the
pressure or the entropy. At high temperatures, the cotiwits from unphysical modes cancel out
thanks to the effective restoration of the BRST symmetryweleer, the cancelation is only incom-
plete at low temperatures, where the effective gluon massdannot be neglected. This important

4We employ the same renormalization conditions as in Ref, {ifiere such fits have been performed. The best fits
are obtained withm = 680 MeV andg = 7.5 at a scalet = 1 GeV. As a rough error estimation, we have checked that a
30% change in the value of the coupling results in a 10% chamthe critical temperature.

5The high temperature limit considered here is only formahim sense that it ignores important physical effects
such as the running of the coupling or the physics of hardthEloops.

6A similar observation has been made in a different conteRef [33].
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Figure 5: Left: Thermodynamic pressure at one-loop (red) and twq-lgdue) orders, obtained from the
minimum of the background field potential as a function oftéraperature. The plot in the inset is a zoom
on the low temperature region. The respective one- and dwp-tritical temperatures are indicated by
vertical dashed lines. Right: Comparison between one-{oext) and two-loop (blue) results in the massive
Landau-DeWitt gauge (plain) and in the massive Landau gélaghed).

open conceptual issue requires further investigation. Marésting proposal in this direction has
been made in Ref. [36] in the context of the Gribov-Zwanzegproach.

5. Conclusions and perspectives

In conclusion, we have proposed a modified perturbativecampr to the physics of the static
quark confinement-deconfinement transition that takes aotmunt the Gribov issue in (gauge-
fixed) continuum calculations in an effective way. This isé@ on a massive extension of the
Landau-DeWitt gauge in the context of background field meéshd he approach correctly captures
the physics of the phase transition in Yang-Mills theorikeaaly at leading order in perturbation
theory and next-to-leading-order corrections clearlyriowp the results. Although there are still
important open questions, in particular, concerning tloelynamic quantities at low temperatures,
we believe this is an interesting step towards a (semi)éinalyunderstanding of the dynamics at
work in the transition region.

There are obvious extensions of the work presented heraygmbich, the calculation of the
two-loop contributions in the SU(3) theory, the applicatimf our approach at finite (real or imag-
inary) chemical potential, or the calculation of the finienperature ghost and gluon propagators
at one-loop order in presence of the nontrivial backgroueld.fiThese are works in progress.
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