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1. Introduction

Due to the quite complex nature of this topic we limit oursslto a rather basic description
of our method, trying to grant a more intuitive insight. Faletailed treatment we refer the reader
to an elaborate discussion of our method in [1].

Color decomposition offers a systematic tool to deal withrtiost complicated color structures
in QCD amplitudes with large numbers of particles. In thecsdled color—flow decomposition [2]
the factorization of color information and kinematicalanhation,

o =% GA, (1.1)
|
is thereby such that the color coefficie@sare products of open and closed color strings, given by
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where the empty closed string is givendyssed ) = N. The partial amplitudes; are gauge invari-
ant subsets of color—stripped diagrams, which are by diefindolor-ordered and are built from
color—stripped Feynman rules (to be found for example ir8[L, The color-stripped Feynman
rules are by construction antisymmetric in the exchangbegkternal legs, which means that also
the diagrams in the partial amplitudes are distinguishetheyyclic orderings of the external legs
around the diagrams (usually defined in clockwise diregtiddne peculiarity of the color—flow
decomposition is the decomposition of the gluon field in ®ohits natural matrix representation,
which leads to the decomposition of tBg (N) gluon propagator in terms of @(N) part and a

U (1) part and is schematically depicted by

a b R 13 -.b 1 13 -Tb
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which is well known from the AN expansion of ar8J (N) theory. The kinematical parts of the
U (N) andU (1) gluon propagators are thereby identical, whereas the palts are different. Since
the color coefficients in the color—flow decomposition aree products of Kronecker deltas of
fundamental and antifundamental color indices, the cotitna of the color indices, upon squaring
the amplitude, becomes trivial. The color-flow decompositllows for a quite natural picture in
terms of all possible flows of color through an amplitude amdain efficient organization in the
number ofU (1) gluons.

Partial amplitudes are in general not cyclic ordered, whigkans that not all diagrams in a

partial amplitude possess the same cyclic ordering of thereal legs: We decompose the partial
amplitudesA; further into so—called primitive amplitudé¥ through

%ZZCiAiZIZCiZFuij- (1.4)

The primitive amplitude®; are gauge invariant subsets of color—stripped diagramghvere by
definition cyclic ordered and are built from color—strippeelynman rules. At the one—loop level,
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primitive amplitudes are further characterized by the iprtcontent in the loop (either closed
fermion loops or loops with at least one gluon or ghost piatiand by the position of the loop
with respect to the external fermion lines upon followingithfermion—flow arrow (a fermion
line can either be right— or left—routing). Due to their égardering, primitive amplitudes can be
efficiently constructed by means of recursion relationsd,tamy contain in general smaller numbers
of kinematical invariants. Many modern methods to complaevirtual contribution in a next—to—
leading order computation, such as the virtual subtractiethod [4] or unitarity based techniques
[5], utilize cyclic ordered primitive amplitudes. To findeHinear relationss; between theA;
and theP; (i.e. to find all cyclic orderings to a specific color flow) iretlyeneral case of QCD
amplitudes with arbitrary numbers of quarks and gluons isrivial: In the case of tree—level
amplitudes, the cyclic ordering is destroyed by the preserfdree—level likeJ (1) gluons. In the
case of one—loop amplitudes the cyclic ordering is desttdyethe additional presence 0f(1)
gluons in the loop, or because of an additional closed string

For the cases of tree—level amplitudes with only gluons d¢hwhe quark pair plus gluons,
the decomposition into primitive amplitudes is trivial: threse cases the partial amplitudes are also
primitive. Also at the one—loop level closed formulae efistthe cases of amplitudes with only
gluons or with one quark pair plus gluons [6]. For the casesnafloop QCD amplitudes with
arbitrary numbers of quarks and gluons approaches existhvaie based on Feynman diagrams
and the inversion of systems of linear equations [7]. Howevem a certain point of view these
approaches are somewhat unsatisfactory, since one hdsddqlsnge) systems of linear equations
and because they rely on Feynman diagrams, which is unéiestieeall other parts of a next—to—
leading order calculation can be performed without resgrtdo Feynman diagrams.

The method which we present here avoids Feynman diagrantbaum/ersion of a system of
linear equations, but utilizes (generalized) shuffle refet to derive results for the decomposition
of one-loop amplitudes with an arbitary number of quarksguadns in closed form.

At this point we would like to mention a few other quite recefforts, which are related to
our work: Closed results for the decomposition of multi-guane—loop amplitudes were recently
derived in [8] as well. Relations between multi—-quark tteeel primitive amplitudes, based on
Dyck words, were recently derived in [9]. General symmetgperties of color structures in one—
loop amplitudes, where all fields are in the adjoint reprdam, were recently studied in [10].

2. Basic tree-level operations

In the following we will elaborate on some necessary basaraons. Consider therefor the
alphabetA = {I;} = {q1, 0, ..-,01,0, ---, 01,02, ... }, made of quark, antiquark and gluon indices: A
word w = I;...Ix is an ordered sequence of lettérs A. Consider further ordered sequences up
to cyclic permutationsiily...lx ~ lo...1kl1. A cyclic word w = [l;...I] is then the corresponding
equivalence class, denoted by a square bracket aroundeseapative sequence. We define the
shuffle product between two wordg = I1...Ix andwy, = Iy, 1...1; by

Wi LLIWp = ; |0(1)...|U(r) s (21)

shuffleso

where the sum runs over all permutations, which preserveeiaéve order of;...Ix andly1...Iy,
while permutations, where the crossing of fermion linesncare avoided, are excluded. Further
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we define the shuffle product between two cyclic worgds= [l;...Ix] andw; = [lx;1...I;] by

W1 @ Wp = Z [Ia(l)lcr(r)] s (22)
(cyclicshutfleso) /Z;

where the sum runs over all permutations, which preserveetia¢ive cyclic order of;...Ix and
lki1...Ir, while permutations, where the crossing of fermion linesnca be avoided, as well as
cyclic permutations off(y)...l5() are excluded. We then define pimitive amplitu®®) as linear
operators on the vector space of cyclic wonds

P(w) = A1P(W1) +A2P(Wp) . (2.3)

WEAT W1 +AoWo

Due to the antisymmetry of the color—stripped verticesRfw) have a reflection identitP(w) =
(—=)"P(w"), wherew" : w = [l1...In] = W' = [I5...l1], and obey partial reflection as well, e.g.
P(t1t1G2G2) = —P(1t1G202)-

For our purposes we need to generalize the above, in ordenteect two cyclic wordsi and
v by aU (1) gluon. Consider first that we want to connect a quark liimeu = [g;u; rq;U; | with a
quark linej in v = [qjv; rQ;jV;,L], as depicted in fig. 1, wherg r andu; | (vjr andv; ) denote the
remaining sequences to the right and lefgpfn u (g; in v) in clockwise direction. We can then
define a generalized shuffle product by

Uij(u,v) = > lo@)-lom)] (2.4)

(cyclizishuﬁleszflzr

(GG -0 )

where the sum runs over all permutations, which preservediagive cyclic order of;...Ix and
lki1...Ir, while permutations, where the crossing of fermion linesnca be avoided, as well as
cyclic permutations of5(y)...l4(r) and permutations with cyclic ordef [g...q;...q;...Q;...] are ex-
cluded. It can be shown that this corresponds indeedx¢la—like connection between the quark
linesi and j of two cyclic wordsu andv respectively [1]. The definition df;;(u,v) is not unique,
reflecting the fact that the decomposition of partial amipléts into primitive amplitudes is not
unique. Now suppose thatcontainsng, quark pairs labeled bye K = {1,2,...,nq, } and thatv
containsng, quark pairs labeled by € L = {ng, +1,ng, +2,...,ng, 4+ ng, }. We then set

U (u,v) :i; JZLU”(U,V). (2.5)

The definition ofU (u,...,u;) with more than two arguments is more involved. Suppose uhat
containsng quark pairs labeled fromg, +... +ng_, +1 tong + ...+ nNg_, + Ng. The operation
U (uy,...,ur) is then defined by the following algorithm:

1. Draw all connected tree diagrams witkiertices, labeled by, ..., u.

2. For every edge connecting andu; use an operatiold;;, wherei labels a quark pair i
andj labels a quark pair im;, and sum overand j. The order in which these operations are
performed is irrelevant, since the operations for a giveplgrare associative.

3. Sum over all diagrams.
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Figure 1: U(1)-like connection between the quark lirieend j of two cyclic wordsu andv, respectively, where; g,
uiL, Vj,r andvj | may contain further quark and antiquark indices, as wellasrgindices.

The reason for this definition is that a naive iteration ofdperation with two factors in eq. (2.5)
is not associative and the corresponding result would nigtr@duce to diagrams that connect all
quark lines in all possible ways by tvi(1) gluons, but also take unwanted diagrams into account.

Another possibility to define the operatibh;(u,v) is the following: Imagine an ordered am-
plitude, corresponding to a cyclic word= [qu; rq;iU; | as depicted by the left diagram in fig. 1,
with two setsu; g andu; | of color—connected particles, separated by a partoni li®ippose we
want to have both sets on one side of the parton ilireuch that the members of one set never
directly couple to the members of the other set: Using shudfletions and the antisymmetry of
the color-stripped vertices we can “flip” the elementsiqf to the other side of the parton ling
such that diagrams, where the elements;@fandu;; would couple, cancel each other. In terms
of primitive amplitudes, this is known as Kleiss—Kuijf rétmns:

P,ﬁo)(u) — (1) z prgo) W), (2.6)

we [ (ui RIu )]

whereny,, denotes the size ang, the reverse of the sequengg . Imagine now the full scenario
depicted in fig. 1: In a similar fashion to above we can “flipé telements oti; andv; to the
other sides of the quark linésnd j, respectively. Connecting then the quark linesd j is indeed
U (1)-like, and we may thus define the operatigi(u,v) equally well by

Uij (u,v) = (—1)™e i > W 2.7)

we 6 (U rLUUT | )G (v RLUVT | )]
3. Tree-level multi-quark amplitudes

We concentrate on the case of amplitudésvith distinct quark pairs, since the case of ampli-
tudes with identical quark pairs can always be related tddheer by antisymmetrization [1, 3].
The color decomposition of a tree—level amplitude wiglgluons andy distinct quark pairs reads

n—2
dn(O) = <%> Z' Z Copen(qlagala magcri1>q_r(1)copen(QZ>gml+1, "'>gUil+i2>q_TQ)
MExg  f1ing=0  T€g
I1+...4ing=Ng
-o-Copen(an gail+~~~+inq—1+1’ ceey gai1+.--+inq ) q_Thq)Af('IO) (CI1> gU;u ceey gUil ) q_T(lana LKD) gCTi1+_,+inq ) q_ﬂhq) ) (31)
which generates all possible distinct color—flow combimagi by summing over all permutations

rtof ng antiquark indices, all partition§iy, ...,in, } 0f ng gluon indices amongg open strings, and
all permutationso of ng gluon indices. Without loss of generality we can relabeldbarks and
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antiquarks such that the permutatiamf antiquark indices can be written in termsrafycles with
sizesk; (j =1,...,r):

m= (1, 2,...,k1) (k1+l,...,k1—|— kz) .. (k1—|— vt k1 + 1 kg —{—kr) , (3.2)

wherek; + ... + k- = ng. Each cyclej in rm corresponds directly to a product of open strings and
defines a cyclic word

uj = [QK1+...+kj,1+1---CIk1+...+kj,1+2CIk1+...+kj,1+2---CIk1+...+kj,1+3---CIk1+...+kj,1+kj---Qk1+...+kj,1+l} , (3.3)

where every cyclic word simply contains an ordered sequencgiark, antiquark and gluon in-
dices, corresponding to the members of a color—connectestieel Each partial amplitude can thus
be associated to a sy, ..., ur } of r cyclic words, corresponding to the associated permutation
of antiquark indices. Two cyclic words are thereby connétigaU (1) gluon, and each partial am-
plitude contains thereforg — 1) U (1) gluons. We can then use the shuffle operatidn;, ..., u),
defined in the previous section, to determine all cyclic ardgs to this partial amplitude, such that
its decomposition into primitive amplitudes reads

r—1
A=) S AW, (3.4)

4. Basic one-loop operations

In one-loop amplitudes we encounter color flows of doublegstructure, with emissions
from an inner and an outer ring. Consider these structureone@spond to two cyclic words
u=[l1...l] andv = [lx;1...I¢], where emission from the outer ring is in clockwise ordeun,ofrhile
emission from the inner ring is in anti—clockwise ordervpfas for example depicted in the left
diagram of fig. 2 withu = [gc...0n] andv = [g;...gc_1]. If we want to find all cyclic orderings cor-
responding to the color flow of the associated contributieemay use the cyclic shuffle product:

(-1 kuev'. (4.1)

Further we can have exchangelfl) gluons between tree-like quark lines and loop struc-
tures, where we distinguish two cases:

(i) A quark line color—connected to the loop, in which caser¢his a cyclic wordJE”, with | =
1/2,1, color—connected to the loop (regarding the lddekee sec. 5). In this case the tree—
level operatiorJ on the cyclic wordgui; } anduE'] suffices:U (uy, ..., Uj_1, uE'],qu, oy Up ).

(i) A closed fermion loop, in which case there is a cyclic wet/2, corresponding to a separate
color cluster. In this case the tree—level operatibron the cyclic words{u;} and vi¥/2
suffices:U (uy, ..., Ur,V).

Finally we can havéJ (1) gluons in the loop, where we distinguish three cases:
(i) A U(1) gluon closing on the same quark line: Considet [giu; rQiU;i ], as depicted by
the left cyclic word in fig. 1. The loop shall be closed by &l)—like connection, which is
implemented by the operation

G=(D" Y w 4.2

we|g; (Ui LU )G]
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Figure 2:
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The two diagrams on the left depict examples for color—flovagdams corresponding to

the middle corresponds thereby for example to a contributith one quark pair, where the associated continuous
fermion line is indicated in red. The diagram on the very triglomotes two quark linesand j in the cyclic word

u = [0 u1 G U2djuzqjua], where the sequences throughus may contain further quark and antiquark indices, as well as
gluon indices. The bold lines in red correspond to the coiotits fermion lines of the two quark pairs.

where we essentially “flip” the elements @f, to the other side of the quark lineClosing
the loop on the “lower” side is theld (1)—like. The definition ofCij(u) is not unique.

(i) A U(1)gluon closing between two quark lines of the same cyclic wetda; g U0 usqj Ua)

as depicted on the very right of fig. 2. The loop shall be cldsed U (1)—like connection
between the quark linésand j, which is implemented by the operation

CRR(u) = (1) > w, (4.3)

WO ((uafuzgfus) wiug )af]

where we essentially “flip” the elements of to the other side of thg—q; line. Closing
the loop on the “lower” side between the quark linemnd j is thenU (1)-like. There are

in total four categories of this type, corresponding to tifieient “routing” combinations of
the fermion—flow arrows of and j with respect to the loop, which we need to sum in the
end:Cij (u) = Cf(u) +Ci-(u) +Cj7(u) +Cj-(u). Again, their definition is not unique.

(iii) Multiple U(1) gluons closing between quark lines of different cyclic wordutting one

U (1) gluon gives a tree and we expect that the remaikirigj) gluons can be treated with
the operatiorlJ;;. We define an operatio@U (uy, ...,u), acting onr cyclic words, which
combines the operatidd;j andCi; by the following algorithm:

1. Draw all connected one—loop diagrams witbertices, labeled by, ..., ur, including
diagrams with self—loops. Select in each diagram one eggsuch that upon removal
of this edge the diagram becomes a connected tree diagram.

2. For every edge # ec connectingux andu; use an operatiob;j, wherei labels a quark
pair in ux and j labels a quark pair iy and sum over and j. The order in which
these operations are performed is irrelevant, since theatpes for a given graph are
associative.

3. If ec is not a self-loop and conneatg andu; use an operatio;;, wherei labels a
quark pair inugx and j labels a quark pair inj and sum over andj.

4. If ec is a self-loop connected t use an operatio@;j, wherei and j label quark pairs
in ux and sum over andj subject ta < j.

5. Divide by the symmetry factor of the diagram. Sum over @bdams.
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5. One-loop multi-quark amplitudes

The color decomposition of a one—loop amplitude wigrgluons andg distinct quark pairs
reads

n
%(1) N (\g/sé> 7'(; i Z 0 SZ/Z COpen(qlagala ...,gail,C]_nl)copen(angCTi1+1’ .-.,gcn1+i23(:l_7'l'2)
[FPR ing.m> gc m
i1+f4+in2+n’\:ng K

e Copen(an7 go’i1+_.+inq71+17 ey g(7i1+___+inq 9 quhq ) CC|OSEd(gUil+_..+inq+17 ceey gO’ng)

Af(’|17)“(ql7 gC’l? s gC’il ) q_7T17 az; .- gUi1+...+inq ’ q_Tqu ; go—ngferl? A gUng) ) (51)
which generates all possible distinct color—flow combimrai by summing over all permutatiorns

of nq antiquark indices, all partition§iy, ..., in,,m} of ng gluon indices amongg open strings and
one closed string, and all permutatioosof nyg gluon indices, except those that leave the closed
string invariant. Again, the permutationof antiquark indices can be written in termsradycles,

as given in eq. (3.2), where each cycle defines a cyclic wardj\een in eq. (3.3). The additional
closed string defines an additional cyclic werdvhich containgn gluon indices:

Cclosed(gang,mp ---7gong) =V= [gangfml"'gang] . (5.2)

One-loop partial and primitive amplitudes, as already imeet, are further characterized by
two additional propertiesist) Additional routing labeld. or R distinguish whether fermion lines
(following their fermion—flow arrows) turn left or right witrespect to the loop. The reflection
identity states then tha&® (w) = (—1)"P(M(w"), while {L <+ R}. In the following we will not
concentrate any further on the assignment of routing lali&id) For each partial amplitude we
separate contributions with a closed fermion loop, whichlatel by [1/2], from those without,
which we label by{1]: A = ADY2 1 AW, Primitive amplitudes are to be labeled accordingly.

The decomposition of the partial amplituda?)%/2 into primitive amplitudes reads

W2 _ Omo 1\ g (L2
Az dmoy (L) 5 P (w)
N N =1 T
weU(ul,...,uJ,l,uj ,qu,...,ur)
l r
+on(-y) Y2 ) 53)
weU (ug,...,Ur,V)

where in general we may haw flavors running in the loop ancheseq(...) may be empty. Ifit
consists ofr cycles, we can have eithér — 1) or r tree—likeU (1) gluons in the amplitude. The
first term in eq. (5.3) corresponds to contributions wheme afrthe color clusters, which we denote
by u[jl/z], is color—connected to the closed fermion loop, i.e. it dbotes to the casen= 0. We
need, however, an explicit fact%r to compensate for the factogesed () = N, which is not present
in these contributions. There afe— 1) tree—likeU (1) gluons, which connect betwe¢n;; } and
u[jl/z]. Since each of the color clusters can be the one color—ctethéa the closed fermion loop,
we need to sum ovelr. The second term in eq. (5.3) corresponds to contributiomsrevnone of
the external quark lines is color—connected to the closadié® loop. The closed fermion loop
corresponds to a closed string with gluons attached andiblomgs to a separate color cluster,
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Figure 3: Examples of color-flow diagrams for the three cases disduisseq. (5.4). The first diagram shows an
example with a closed string on the inner ring (case 1). Thersdiagram shows an example without a closed string.
Here, particles attached to the outer ring are colour—disected from particles attached to the inner ring (casel. T
third diagram shows also an example without a closed strinngvith aU (1) gluon in the loop. Here, particles attached
to the outer ring are colour—connected to particles attbthi¢he inner ring (case 3). The bold lines in red indicate the
continuous fermion lines of quark pairs, the double linesespond tdJ (N) gluons, the dashed linestb(1) gluons.

associated to the cyclic worg i.e. it contributes to the casa > 0. We need no explicit factq%
here, since any factayesed () = N generated fom= 0, is genuine to these contributions. There
arer tree—likeU (1) gluons, which connect betweén; } andv. In everyP,§1>[l/ 2 (w) an additional
minus sign needs to be included, due to the closed fermigm loo

The decomposition of the partial amplitud&@)[! into primitive amplitudes reads

1 r-1 r
A= cn () 3 5 P (w)
1=lweu (u174447uj,1,u51],uj“,...,ur)@VT
Smo 1\t . 1L
() T > P (w)

I=1i=d weU (ul,...,u-k,...,u-},mur,(u.ouT)[ )

1N\'

weClU (uy,...,ur )

where we have to deal with double—ring structures now, anereilx denotes that the cyclic word
Uk is to be taken off the list of arguments Of(...). If 7T consists ofr cycles, we can have either
(r—1), (r—2) orr U(1) gluons in the amplitude. The first term in eq. (5.4) corresjsoto
contributions where we have a closed string witld gluons attached, i.e. it contributes to the case
m > 0 (we define the closed string to be on the inner ring). Onettkelic wordsu corresponds
to the loop, which we denote b;lj'”, while the others correspond to tree—like structures. & hee
(r—1) tree-likeU (1) gluons, which connect between theycles. Since each of the color clusters
can be the one color—connected to the loop, we need to sumj oére second term in eq. (5.4)
corresponds to contributions where we have no closed siragit contributes to the case= 0.
Two of the cyclic wordsu correspond now to the loop, where one is associated to tlee nmg
and the other to the outer ring, and where particles on theriring are color—disconnected from
particles on the outer ring. There dre-2) tree—likeU (1) gluons, which connect betwegny.; ; }
and (ui@uJT)m, and we need to sum oveand j < i. The third term in eq. (5.4) corresponds also
to contributions where we have no closed string, i.e. it dbates also to the casa= 0. There
arer U(1) gluons, of which at least one is in the loop, and particleshenitner ring are color—
connected to particles on the outer ring. Here we use theatpeCU (uy, ..., U, ), defined in the
previous section. Examples of color—flow diagrams in akéhcases are shown in fig. 3.
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6. Summary

The color—flow decomposition yields a systematic approaatomplicated color structures.
The reduction to primitive amplitudes, particularly in ttese of one—loop amplitudes with arbitary
numbers of gluons and quarks, is thereby a non—trivial problClosed expressions can neverthe-
less be formulated through (generalized) shuffle relatione have validated the formulae that
result thereby from our method to converge to the known tesnl[6], for the case of one—loop
amplitudes with one quark pair and an arbitrary number obwgh and further compared to the
results of Ita et al. in [7], e.g. for the case of one—loop amgés with two quark pairs plus two
gluons. The corresponding checks and examples, as weltthgificomments as to the assignment
of routing labels or the loop closing operation in eq. (4.&8),ecan be found in [1]. We want to
stress that shuffle operations yield in general a decomgositto primitive amplitudes with a high
degree of symmetry, but not necessarily with a minimum nuroberms. However, by using iden-
tities between primitive amplitudes, e.g. the reflecticeniity, one can always reduce the number
of terms. Finally we want to note that the method, which wesene here, offers the possibility
to study subleading effects in th¢N expansion of one—loop QCD amplitudes with an arbitrary
number of quarks and gluons in a systematic way. Moreover atdonike to suggest that shuffle
operations might also be of help in order to study the colurcstire of two—loop amplitudes.
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